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СНАРТЕК 1 


1. (1) 
(х — у)(х + у) = [х + (—у)](х + у) = х(х + у) + (—у)(х + у) 
= x(x + y) — [у(х yl = x? + xy — [yx + у?] 
= х? + ху- у = х? — у2. 
(iv) 


(x — у)(х? + xy + y?) 2 xa? + ху + у?) - [у(х + ху + y?)] 
= х? + х?у + ху? — [yx? + ху? + у] = xà — УЗ. 


(у) 
(х = yo" + ху +... xy"? ер yr) 
= ge yp eee ху" aay} 
e [y(x^7! RE xy +... + Хүлэг 2 у"-1)| 
= x" ху... xiyt 4 ху"! 
— [x^^ y + x^72y2 +... p хул! + yh] 
= х" — y". 


Using the notation of Chapter 2, this proof can be written as follows: 
n—1 | n—1 n—1 
œ= y) У xiy = (Уу) - (Sx) 
j=0 j=0 1=0 
n—2 n—1 
=x" + D tye! EE рэа юу! 
j=0 j=l 


n—2 n—2 
= x” + P i E ЕЗ » хе yn- Gen) кВ »| 
j=0 k=0 


(letting k = j — 1) 
= x" — у”. 
A formal proof requires such a scheme, in which the expression (577! + x"^?y + 
n—-l . | 
Зэ xy"? + у" 1) is replaced by the inductively defined symbol Y^ x/ y" 177. 
j=0 
Along the way we have used several other manipulations which can, if necessary, 
be justified by inductive arguments. 


3. (iv) (a/b)(c/d) = (ab ')(cd !) = (ac)(b !d^!) = (ас) (Бау”! (by (11) = 
(ac)/ (bd). 
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(vi) If ab^! = cd™', then (ab~')bd = (са Ба, or ad = bc. Conversely, if 
ad = bc, then (а4а)47157! = (bc)d-!b^!, ог авг! = са !. If ab^! = bam, 
then a? = b’, so by Problem (iii), а = b or a = —b. Conversely, if a = b, then 
a/b = b/a = 1 and if a = —b, then a/b = b/a = —1. 


4. (ii) All x. 

(iv) x >30rx <1. 

(vi) x > [-1 t 45]/2 or x < [-1 — 45]/2. 
(viii) All x, since x? + x + 1 = [x + (1/2)? + 3/4. 
(X) x > X2 or x < X2. 

(xil) x < 1. 


(xiv) x > lorx < -1. 


5. (ii) b — a isin P, so —a — (—b) is in P. 
(iv) b —a is in P and c is in P, soc(b — а) = bc — ac is in Р. 
(vi) If a > 1, then a > 0, so а? > a - 1, by part (iv). 


(viii) If a = О or c = 0, then ac = О, but bd > О, so ac < bd. Otherwise we have 
ac « bc « bd by applying part (iv) twice. 


(x) На < b were false, then either a = b or a > b. But if a = b, then а? = P?, 
and if a > b > 0, then a? > b?, by part (ix). 


6. (a) From 0 < х < y and Problem 5(viii) we have x? < y? [as in Problem 5(ix)]. 
Then from 0 « x « y and x? « y? we have x? « y?. We can continue in this way 
to prove that x" < y" for n = 2, 3,... (a rigorous proof uses induction, covered in 
the next chapter). 


(b) If 0 x x < y, then x" < y" by part (a). If x < y < 0, then 0 < —y < —x,so 
(—y)" < (—x)' by part (a); this means that — y" < —x" (since n is odd) and hence 
x" < y". Finally, if x < 0 < y, then x" < 0 < y" (since n is odd). Thus, in all 
cases, if x < y, then x" - у”. 


(c) This follows immediately from part (b), since x < y would imply that x" < y", 
while y « x would imply that y" « x". 


(d) Similarly, if n is even, then using part (a) instead of part (b) we see that if 
x,y > О and x" = y", then x = y. Moreover, if x, y < 0 and x” = y", then 
—x, —y > 0 and (—x)" = (—y)", so again x = y. The only other possibility is 
that one of x and y is positive, the other negative. In this case x and — y are both 
positive or both negative. Moreover x" = (— у)", since n is even, so it follows from 
the previous cases that x — — y. 
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7. Га < b, then 


at+a a+b b+b 
a= < < —— =b. 
2 2 2 


If 0 < a < b, then a? < ab by Problem 5(iv), so a < vab by Problem 5(x). 
Moreover, (a — b)? > 0, so 








a? + b? > 2ab, 
а? + 2ab + b? > 4ab, 
(а + Ь)? > 4ab, 


soa+b > 24/ab. Moreover, for ай a, b we have (a — b)? > 0, and thus (a+b)? > 
4ab, which implies that a + b > 2V ab for a, b > 0. 


8. Two applications of P’12 show that if a < b and c < d,thena+c < b+c < 5-4, 
soa+c <b+d by P'11. In particular, if 0 < b and 0 < d, then 0 < b +d, which 
proves P11. It follows, in addition, that if a < 0, then —a > 0; for if —a < 0 
were true, then 0 = a + (—a) < 0, contradicting P’10. Consequently, any number 
a satisfies precisely one of the conditions а = 0, a > 0, a < 0, the last being 
equivalent to —a > 0. This proves P10. Finally, P’13 shows that if 0 < a and 
0 < с, then 0 < ас, which proves P12. 


9. (ii) |a| + |b| — |a + DI. 
(iv) x? —2xy+ у2. 


10. (ii) 
x-1 їх» 1; 
1-х ifO0<x <1; 
l+x if -l<<x <0; 
—]-x ifx<-l. 
(iv) 
aifa>0; 
3a if a < 0. 


11. (i) —5 <x < 11. 

(iv) x < 1 or x > 2 (the distance from х to 1 plus the distance from x to 2 equals 
1 precisely when 1 < x < 2). 

(vi) No x. 

(viii) If x > 1 or x < —2, then the condition becomes (x — 1)(x + 2) = 3, or 
x? + x — 5 = 0, for which the solutions аге (—1 + 4/21)/2 and (—1 — V21) /2. 


4 Chapter 1 


Since the first is > 1 and the second is < —2, both are solutions to the equation 
Ix — 1|- |x + 2| = 3. For —2 < x < 1 the condition becomes (1 — x)(x + 2) = 3 
or x? + x + 1 = 0, which has no solutions. 


12. (ii) |1/x| - |x| = |(1/x) - x| (by (0) = |1| = 1, so |1/x| = 1/Ix]. 
(iv) |x — yl = Ix + (-y)| < IxI| +| yl = |x| + Iyl. 


(vi) Interchanging x and y in part (v) gives |y| — |x| x |x — y|. Combining this 
with part (v) yields |(|x| — |y] < |x — yl. 


13. If x < y, then |y — x| = ух, 0х + у+ |у-х| = х+ у+у-х = 2у, 
which is 2 тах(х, у). Interchanging х and у proves the formula when x > у, and 
the same type of argument works for min(x, y). Also 


max(x, y, Z) = max(x, max(y, z)) 


PE n dod act UN уте ус... 


Ш 2 2 
E 2 
_ |у—@+у+@+2х+]у+4+]у—@—2х| 
аала Е 
14. (a) If a > 0, then |a| = a = —(—а) = |—а|, since —а < 0. The equality is 


proved for a < 0 by replacing a by —a. 


(b) If |а| < b, then clearly b > 0. Now |а| < b means that a < b if a > 0, and 
surely a < b if a < 0. Similarly, |a| < b means —a x b, and hence —b < a, if 
а < 0, and surely —b < a if a > 0. So —b <a <р. 

Conversely, if —b < a < b, then |a| =a < b if a > 0, while |a| = —a < b if 
а <0. 


(c) From —|a| < a < |а| and —|b| < b < |b| it follows that 
—(la|+ 10) x a +b < |а| + Ibl, 
so |a + b| < |а| + Ibl. 


15. If x Æ y, then 
3 





3 
x +x Vr y* = i й : 
х-—у 
Problem 6(b) shows that the quotient on the right is always positive (since x? — у? > 
Oif x — y > Oand x? — y? < Oif x — y < 0). Moreover, if x = y Æ 0, then 
x? + xy + y? = 3x? > 0. The other inequality is proved similarly, using the 
factorization for x? — у°. 
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16. (a) If 
x? + у* = (х + у)? =x? +2ху + y?, 


then ху = 0, so x = 0 or y = 0. If 
x? + у? = (x + у)? = x? + 3х? у + 3ху? + y), 
then Зху(х + у) = 0, so x 20ory = Оогх = —y. 
(b) The first equation implies that 
Ax? + 8xy +4у? > 0. 


Suppose that we also had 
Ax? + 6xy + Ay? < 0. 


Subtracting the second from the first would give 2xy > 0. If neither x nor у is 0, 
this means that we must have 2xy > 0; but this implies that 4х? + бху + у? > 0, а 
contradiction. 

Moreover, it is clear that if one of x and у 150, but not the other, then we also 
have 4x? + бху + 4y? > 0. 


(c) If 
х* + y* = (x + у)* = х + 4x3 y + 6x’ y? + Axy? + у“, 


then 
0 = 4х7у + 6x? у? + 4ху? = xy(4x? + бху + 4у2), 


so x = O or = 0, or 4x? + бху + 4y? = 0. But by part (b), the last equation 
implies that х and у are both 0. Thus we must always have x = 0 or y = 0. 
(d) If 
x? + y) = (x + у)? = х? + 5x*y + 10x? y? + 10x7y? + 5xy* + y5, 
then 
0 = 5x*y + 10x? y? + 10x2y? + 5x y* 
= 5ху(х? + 2x*y + 2xy? + у?), 


so ху = О ог 
х? + 2х?у + 2ху? + у? = 0. 


Subtracting this equation from 
(x + yy = x? + 3x*y + Зху? + y? 


we obtain 
(x+y)? = x*y t xy! = xy(x + y). 


So either x+y = 0 or (x+ y)? = xy; the latter condition implies that x?-- xy 4- y? = 
0, so x = Оог y = 0 by Problem 15. Thus x = 0or y = 0 or x = —y. 
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17. (a) Since 


зү? 9 
252-3Х--4-2|х-1 jc 
X x + ( :) + 8 


зү? 23 
= 2 c Бэ 
( т) +, 
the smallest possible value is 23/8, when (x — 3/4)* = 0, or x = 3/4. 


(b) We have 
2 2 зү! 2 9 
x^ — 3x + 2у +4у +2 = E +2(y + 1) Л. 
so the smallest possible value is —9/4, when x = 3/2 and у = —1. 


(c) For each y we have 
х + 4ху + 5у? — Ax — бу +7 =x? + 4(у — Dx + 5у? — 6y +7 
= [x + 2(у — DP + 5y? — 6y +7 – 4(у – 1)? 
= [x * 20 - DÉ + ( * 1^ +2, 


so the smallest possible value is 2, when у = —1 and x = —2(y — 1) = 4. 


18. (a) is a straightforward check. 


(b) We have 


2 
but c — b?/4 > 0, so x? + bx + c > 0 for all x. 


зне) 4-1) е-7 
ОС 


(c) Apply part (b) with y for b and y? for c: we have b? — 4c = y? — 4y? < 0 for 
y Æ 0, so x? + xy + y? > 0 for all x, if y 4 0 (and surely x? + xy + y? > 0 for all 
x #01 у=0). 


(d) o must satisfy (му)? — 4y? < 0, or o? < 4, ог |а| < 2. 


(е) Since 
2 2 2 
х2--3с--с- pe + TE 2 ышы: a 
2 407 4 
and since x? + bx + с has the value c — Ь?/4 when x = —b/2, the minimum value 


is c — b?/4. Since 


b 
шд къса (+ n E). 
a a 
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the minimum value is 


19. (a) The proofs when x; = Ay; and x2 = Худ, or у = y» = 0, are straightfor- 
ward. If there is no such А, then the equation 


A (уу? + уз?) — 2A(x1y1 + хоу) + (12 + yi?) = 0 
has no solution А, so by Problem 18(a) we must have 
ES + x2y2) | — 46а? + yi?) 
(у1? + у>?) (12 + у?) 
which yields the Schwarz inequality. 


(b) We have 2xy < x? + y?, since 0 < (x — у)? = x? — 2xy + y?. Thus 


(1) у xi? А. y? 
Маз ху ty Gta) Oty)’ 
м x? | уз? 
(2) 


Ух12 + хә? y? + уз? 5 nx "буй 


addition yields 
2(x1y1 + x2y2) 


-тшшшш шшшш--шшшшшшшш) «2 
У хи? + хә? уу? + уз? 


(c) The equality is a straightforward computation. Since (х у — x2y1)? > 0, the 
Schwarz inequality follows immediately. 


(d) The proof in part (a) already yields the desired result. 
In part (b), equality holds only if it holds in (1) and (2). Since 2xy = x? + y? 
only when 0 = (x — y)?, i.e., x = y, this means that 


Xi = У 
V x1? + хә? V yi? + уз? 
so ме can choose A = \/х12 + x f4 yi? + yo?. 


In part (c), equality holds only when x; y2 — x2y; = 0. One possibility is y; = 
y2 = 0. If y; Æ 0, then xı = (xi/yi)yi and also xı = (%1/y1)y2; similarly, if 
y2 = 0, then A = х2/у2. 


for x = 1,2, 


20, 21, 22. See Chapter 5. 


23. According to Problem 21, we have |x/y — хо/уо| < € if 


E ) 
2(1/lyol + 1)’ 


|x — xol < min ( 
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and 
1 1 E 


— — — < не НИ, 4 
y yo 2(1х01 +1) 
and the latter is true, according to Problem 22, if 


|y — yol < min (5° be _ ) 
2 4(хо] + D/- 








24. (a) For К = 1 the equation reads ај + a2 = a; + аз. If the equation holds for 
k, then 
(41 +--+ + аки) + ак+2 = Ца t: + ак) + аки] + ако 
= (а +--+ + ак) + (ак+1 + ако) by Р1 
= а dd ак + (aga р) 
since the equation holds for k 
= ay + +++ + 6-2 
by the definition of a; +---+ ар. 


(b) For k = 1 the equation reduces to the definition of a; +----+a,. If the equation 
is true for some k < n, then 
(41 +:--+ak+ı) + (ак+ + +а) 
= ([a1 +--+ + ak] + aki) + (ако +:::+an) 
Бу part (a) 
= (a1 +--+ + ak) + (ак + (ak+2 + +++ +an)) 
БУР! 
= (а +... + ак) + (акы +... Нам) 
by the definition of ak+ı +---+ a, 


=aj+:::+a, by assumption. 


(c) The proof is by “complete induction” on k (see Chapter 2). The assertion is 
clear for k = 1. Assume that it is true for all 1 < k. Then 


5(а1,....аю) = 5 (а1,.... а) + S” (4г41,---,8) 
= (a; +--- + а) + (аы +--+ а) by assumption 
шар» + а by part (5). 


25. P2, P3, P4, P6, P7, P8 are obvious from a glance at the tables. There are eight 
cases for P1, and even this number can be reduced: because Р2 is true, it is clear 
that a + (b + c) = (а + b) + c if a, b, or с is 0, so only ће case a =b = с = 1 
must be checked. Similarly for P5. Finally, P9 is true for а = 0, since 0- b = 0 for 
all b, and for а = 1, since 1 -b = b for all b. 
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1. (ii) Since 1° = 12, the formula is true for n = 1. Suppose that the formula is 
true for k. Then 


(+... +k+(k +1)? = 04 E 20 4 ЮФ) + kH 1)? 


k(k +1 
Ее Эр 


= 1?+...+ GG 2k +k) + (C 2k 4 1) 
= 13+... y, 
so the formula is true for k + 1. 


2. (ii) 


(1—1) = l^ 332 оО" 
i=] 
z^ 32^ xe—EOny]Iep-4 -p6-:4]9nm*] 
SE 0n) -—4[^4- 2^ 4:3* 30] 
_ 2nQn + 1) An 1) 4п(п + 021+ 1) 
i 6 6 
_ 2n(n + 1)[4n - 1 — 2(n + 1)] 
a DES MEE 
_ поп + 1)(2n — 1) 
ВЕ 


3. (а) 


( n ‚)= п! п! 
MALI (к= DI — k 4- 0)! ИС 0: 


B kn! (n +1 — k)n! 

Кп 4-1 — 0)! TE 1-4) 

(n+ 1)n! n+1 
(5) 


BESETE 


(b) Clearly (1) is a natural number. Suppose that (5) is a natural number for all 


p € n. Since 
(т) 6) C) хн 
р р-1 р 


it follows that (7 2) is a natural number for all р < п, while (31) is also a natural 


number. So (" 2) is a natural number for all p < n + 1. 
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(c) There are n(n — 1)---(n — k + 1) k-tuples of distinct integers each chosen 
from 1,...,7, since the first can be picked in n ways, the next in n — 1 ways, 
etc. Now each set of exactly К integers can be arranged in k! k-tuples, so there are 
n(n — 1)--- (n — k + 1)/k! = (0) such sets. 


(d) The binomial theorem is clear for n — 1. Suppose that 


(a +b)" = x (ei. 


j=0 
Then 
(a+b)"*! = (а + b)(a + b)" = (a +b) у; (aie 
j=0 


n 
E (eme 3 ("Jardin 
j 259 M 


j=0 


n n п+1 n 
E ain V ач 
7 j=l J = 1 


j=0 
(we have replaced j by j — 1 in the second sum) 
п+1 
1 P 
= (" T ee by part (a), 
ј=0 \ J 


so the binomial theorem 18 true for n + 1. 
(e) 0) А 
2 = (1+1) = У () 
ј=0 J 
(ii) 


0— (1 -D" =) (710 (). 
j=0 á 
(1) Subtracting (ii) from (1) we obtain 


27 () = 2", 


| odd 
(iv) Add (i) and (п). 


4. (a) Since 
(14 x)" (1 4- x)" =(1+x)"™ 


x» x0»-M 


1--0 


we have 
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But the coefficient of х! on the left is clearly 


one term of the sum occurring for each pair k, j = І — k. 


(b) Let m,1 = n in part (a) [note that (7) = (,”,)]. 


6. (ii) From 
(k + 1) — К? = 5k* + 10k? + 10k? + 5k + 1 k=1,...,n 


we obtain 
n n n n 
(1--17-1- (уе) + (уе) + (е) + (558) +n, 
К-1 k=1 k=1 k=1 
SO 
"о, @+10°-1- 10(® ++") — тол) _ samt) п 
cp ү лы ы ee 
k=1 5 
Ш n> E п“ Р 3 п 
5 2 3 30 
(iv) From 
1 1 2+1 i 
тата Рег ET онога Й 
k? (Е+1)2 (Е +1)? 
we obtain 


1 "+ 2k+1 
=== ay ea 
(n1? ^ £& k2(k +1) 


7. The proof is by complete induction on p. The statement is true for p = 1, since 


n 1 2 
Г 2 2 


Suppose that the statement is true for all natural numbers < р. The binomial theorem 
yields the equations 


(К + 1)?t! — kP*! = (р + ПЕР + terms involving lower powers of k. 
Adding for k — 1,...,n, we obtain 


pet в : 
с — ye T terms involving b3 4 for r « p. 
P k=1 k=1 
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n 
By assumption, we can write each У` k” as an expression involving powers n? with 
k=1 
s < p. It follows that 


1)Pt! 
у= = às MAC — — + terms involving powers of n less thatn p + 1. 


10. Suppose A contains 1, and that A contains п + 1 if it contains п. If A does not 
contain all natural numbers, then the set B of natural numbers not in A is not 9. 
So В has a smallest member no. Now по 5 1, since A contains 1, so we can write 
по = (по — 1) + 1, where no — 1 is a natural number. Now по — 1 is not in B, so 
no — 1 is in A. By hypothesis, по must be in A, so no is not in B, a contradiction. 
(By the way, the assertion that a natural number n 5 1 can be written n = m + 1 
for some other natural number т, can itself be proved by induction.) 


11. Clearly 1 is in B. If k is in B, then 1,..., k are all in A, so k + 1 is in A, so 
1,.... К +1 arein A, so k + 1 is in B. By (ordinary) induction, В = М, so also 
А = №. 


14. (а) If „2 + М6 were rational, then (V2 + 46) would certainly be rational. 
So 8-4-24/12 -8--4-/3 would be rational, so 3 would be rational, which is false. 


(b) Similarly, if 42-4-4/3 were rational, then its square 5 + 24/6 would be rational, 
so 4/6 would be rational, which is false. 


15. (a) The assertion is true for т = 1. If it is true for т, then 


(р + J/q)"" = (р + J/q)(a + b/g) = (ap + bq) + (а + РБ, 
and ap + bq and a + bp are rational. 


(b) The assertion is true for m = 1. If it is true for m, then 
(p — Sq)" = (p — JG )(a — b/q) = (ap + bq) — (a + pb) /4, 
whereas (p + /q )"*! = (ap + bq) + (a + pb) /q by part (a). 


16. (a) The inequality (m + 2n)?/ (m + n)? > 2 is equivalent to 


m? + 4mn + 4n? > 2m? + Amn + 2п?, 
or simply 2n? > m?. 
The second inequality is equivalent to 


п? [(т + 2n? — 2(m + п)?] < Qr? — т?)(т +n)’, 


ОГ 
п? (2п? — т?) < Qn? — т?) (и? + [2mn + т?]), 
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ОГ 
0 < 2n? — т?) (2mn + т?). 


(b) Reverse all inequality signs in the solution for part (а). 


(c) Let m, = т + 2n and n; = т + n, and then choose 


m = m, + 2n, = 3m + 4n, 


n =m + пу = 2т + Зп. 


17. (a) Suppose that every number « 7 can be written as a product of primes. If 
п > 118 not a prime, then n = ab for a, b < n. By assumption, a and b are each 
products of primes, so n — ab is also. 


(b) If Vn = a/b, then nb? = a’, so the factorization into primes of nb? and of 
a? must be the same. Now every prime appears an even number of times in the 
factorization of a?, and of b*, so the same must be true of the factorization of n. 
This implies that п is a square. 


(c) Repeat the same argument, using the fact that every prime occurs a multiple of 
k times in а" and b*. 


(d) If pi,..., Pn were the only primes, then (рү. p2--- Pn) + 1 could not be a 
prime, since it is larger than all of them (and is not 1), so it must be divisible by 
a prime. But p;,..., pn clearly do not divide it, a contradiction. (Although this 
is a proof by contradiction, it can be used to obtain some positive information: If 
р1,..., рп are the first n primes, then the (n + 1)* prime is < (pi - p2--- Pn) + 1. 
It is not necessarily true, however, that the number (pi - p2--- Pn) + 1 15 a prime; 
for example, (2.3.5.7.11. 13) + 1 = 30,031 = 59 - 509.) 


18. (a) Suppose x — p/q where p and q are natural numbers with no common 
factor. Then 


p" n—1 

oe tt aay do = 0, 
SO 
(+) р" + ап-1р"'9 +... + aog" = 0. 


Now if а # +1, then а has some prime number as a factor. This prime factor divides 
every term of (*) other than p”, so it must divide p” also. Therefore it divides p, a 
contradiction. So q = +1, which means that х is an integer. 


(b) If 
x = М6 — М2 — УЗ, 
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then 
x? = 6+ (М2 + УЗ)" —2V6(V2 + УЗ) 
= 11+2/6[1— (V2 4 V3)], 
(x? — 11)? = 24[1 — (V2 + V3)? 
= 24[1 + (М2 + V3)" - 2(V2 + 43)] 
= 24/6 + 2(V6 — V2 — V3)] 
+ 24[6 + 2x]. 


It follows from part (a) that either x is irrational or else x is an integer. But it is 


easy to check that 
0 « /2+/3—/6 <1 


(the inequalities 46 < 42 + v3 and М2 + УЗ < 1+ V6 are easily checked Бу 
squaring them), so x is not an integer. 


(c) Writing the various powers of x = 22/6+-23/6 in terms of the powers of п = 21/6, 
we obtain the following table for the coefficients. 





x |40 40 20 4 2 10 
хб 12 24 60 80 60 24 
We can then find numbers ао, ..., а5 such that 
х° + asx’ + алх" + азх? + ax” T ах + ао =0 
by solving the equations ао + 2а2 + 2аз + 40а5 + 12 = 0, etc. It turns out that 
х° — 6x* — 4x? + 12x? — 24x — 4 = 0. 


Part (a) implies that either x is irrational or else х is an integer, and it is easy to 
see that x is not an integer, because 1.4 < 42 < 1.5 and 1.2 < 42 < 13, so 
2.6 < 42 + 72 < 2.8. 

This is one of those problems where a little learning, though perhaps a dangerous 
thing, could save a lot of work: The proper equation for x can also be found by 
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noting that 4/2 + V2 clearly satisfies the equation 
[x — V2) —2]-[(x + V2)’ - 2] 2 6; 
when the left side is multiplied out we obtain 
(x – 2) +42. (х - 2) -(х--42) | 
= (x – 2) +4 — 2. [2х5 + 12x] (the odd powers of x cancel out) 
= хб — бх“ — 4x? + 12x? — 24x — 4. 


Of course, this method depends on the observation that the equation for x = J2+ 
42 should also have —4/2 + A/2 as а root (a hint as to why this should be true will 
be found in Problem 25-8). 


1+/5\° (1- SY 
2 Е Е Уз _, 
/5 (45 ^7 

1+/5\° (1-45ү 
2 4 2 М5 _ 
45 V5 


the assertion is true for п = 1 and n = 2. Now suppose that the assertion is true for 
all k < n, where п > 3. Then it is true, in particular, for п — 1 and n — 2, so 


20. Since 














аһ = аһ-1 + dn-2 
14-4/5 п-2 1-44/5 n—2 14-4/5 n—1 1-44/5 п-1 
2 42 К ЧЕ: 42 


45 
1--4/5 


| 5 (2) ( 5) 
1+ 2 - 2 = 























2 
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21. (a) As before, the proof is trivial if all у; = O or if there is some number А with 
xj = Ay; for all i. Otherwise, 


n 
0 « У (ay — х)? 


i=l 
n n n 
= (yo y) — 24 (X ux) t p» 
i=l] 1-1 i=l 
so Problem 1-18 again gives the result. 


(b) Using 2xy < x? + y? with 





we obtain 


(1) ч =з = 


Adding we obtain 








ДЭ... NM 
— л л 
л л 
| 5 | 2 quw “ХЭГ 
25 2- Ё =i а 


Again, equality holds only if it holds in (1) for all i, which means that 
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(c) This is the most interesting proof—it depends on the equality 


n n n 2 
Ух? i Хэг = (У) + Ў Озу, - хуу). 
i-i i-i 1-1 


i<j 


To check this equality, note that 


n n n 

2 2 2.2 2.2 
) x. у? = У хуг + У Xi yj 
i=] 1-41 і=1 


і} 
п 2 п 
(Y ux) = У худ? ын Ў xiyixjyj. 
1-1 1-1 15) 


The difference is 


У Qu?yj? — xiyixjyj) = 2 Yi? yj? + x) yi? — мужу) 
izj i<j 
=2 › (xi yj = хуу}. 


i<j 


If equality holds in the Schwarz inequality, then all x;y; = хуу. If some y; Æ 0, 


say yı Æ 0, then x; = m for all i, so we can let A = xj/yi. 
1 


22. (а) We have to prove that 
А„(а + a2 — An) > ааз 
or 


0 > An? — (а + а2) An + 4142 
= (4, = a1)(An = 42), 


which is indeed true, since a1 < A, < a2. If fact, we actually have а1а2 > аа». 


This shows that С, < G,, the geometric mean of aj, a2, ... , ал, while the 
arithmetic mean A, is the same as Ан. So it suffices to prove that Gn € An = An. 
In other words, we can assume that one of the numbers (namely а!) actually equals 
the arithmetic mean. But now we can repeat this process and see that it suffices to 
prove the inequality when two of the numbers equal the arithmetic mean. Continuing 
enough times, it suffices to prove the inequality when all numbers are equal, in which 
case it is clearly true, and in fact, is an equality. This is clearly the only case where 
we have equality, since at the very first stage we get Gn < С, if some а; X An. 
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(b) We know that G, < A, when п = 21. Suppose that С < A, for = 2* and 
let т = 2+1 = 2n. Then 


"Ма-а = y, а-ар VJ ün4177* ат 


2 
Gin | Ong +: ат 


Gm 


ІЛ 


using G2 < A3 


ІЛ 


by assumption 


(с) Applying (b) to these 2” numbers yields, for k = 2” — п, 


Sak kA. 17 
(а ---a,)(A,Y* < БЕИ 


nAn + КА, |?" P 
= E = (Аһ), 
SO 

арг an < (An) = (Ag). 


23. Sincea"^*! = a” -a = а" -a', the first equation is true for m = 1. Suppose that 
а"*" = а".а”. Then 


g^ m) — ат qnem , д by definition 
= (а".а”).а 
= a" . (a" .q) 
= а" .а"+! by definition, 


so the first equation is true for m + 1. 
Since (g^)! = а" = a™!, the second equation is true for т = 1. Suppose that 
(q^ )" = а"". Then 


бат) Ha (onm an by definition 
= a : а" 
= qnn by (i) 


ын g^ mt 
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24. Since 


1-(b+c)=b+c by definition 
=1-b4+1-c by definition, 


the first result is true for а = 1. Suppose thata-(b+c) =a -b +a -c forall b 
and c. Then 


(a+1)-(b+c)=a-(b+c)+(b4+c) by definition 
=(a-b+a-c)+(b+c) 
=(a-b+b)+(a-c+c) by P1 and P4 
-(441)-5-4(а-41)-с by definition. 


The equation a - 1 = a is true for a = 1 by definition. Suppose that a · 1 = а. 
Then 


(a+1)-l=a-1+1-1 by definition 
=а +1. 


For b = 1, ће equation a -b = b: a follows from а - 1 = a, which has just been 
proved, and 1 -a = a, which is true by definition. Suppose that a - b = b - a. Then 


a-(b+1)=a-b+a-:1 
=a-b+a 
=b-a+a 
=(b+1)-a by definition. 


25. (a) (i) is clear. 
(ii) This is clear, because 1 is positive, and if k is positive, then k + 1 is positive. 


(iii) Clearly 1 is in this set. If condition (2) failed for this set, then there would be 
some К in the set with k + 1 = 1/2. But his is false, since К = —1/2 is not positive. 


(iv) This set contains 4 but not 4 + 1. 

(v) Since 1 is in A and B, also 1 is in C. If k is in С, then k is in both A and B, 
so k + 1 is in А and В, so k + 11s in C. 

(b) (i) 1 is a natural number because 1 is in every inductive set, by definition of 


inductive sets. 


(ii) If k is a natural number, then К is in every inductive set. So k + 1 is in every 
inductive set. So k + 1 is a natural number. 
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26. If there is only п = 1 ring, it can clearly be moved onto spindle 3 in 1 = 2! — 1 
moves. Assume the result for k rings. Then given k + 1 rings, 


(a) move the top k rings onto spindle 2 in 2* — 1 moves, 
(b) move the bottom ring onto spindle 3, 


(c) move the top k rings back onto spindle 3 in 2“ — 1 moves. 


This takes 2(2* — 1) + 1 = 2**! — 1 moves. If 2* — 1 moves is the minimum 
possible for k rings, then 2**! — 1 is the minimum for k + 1 rings, since the bottom 
ring can't be moved at all until the top k rings are moved somewhere, taking at least 
2* — 1 moves, the bottom ring has to be moved to spindle 3, taking at least 1 move, 
and then the other rings have to be placed on top of it, taking at least another 2* — 1 
moves. 


27. Everyone resigned on the seventeenth luncheon meeting. 

The reasoning is as follows (for the sake of sanity, “he or she" shall be rendered as 
“he” throughout). First suppose there were only 2 professors, Prof. A and Prof. B, 
each knowing of the error in the other's work, but unaware of any error in his own. 
Then neither is surprised by Prof. X's statement, but each expects the other to be 
surprised, and to resign at the first luncheon meeting next year. When this doesn't 
happen, each (being a mathematics professor capable of logical deduction) realizes 
that this can only be because he has also made an error. So at the next meeting, both 
resign. 

Next consider the case of 3 professors, Profs. A, B and C. Prof. C knows that 
Prof. A is aware of an error in Prof. B's work (either because Prof. A found the error 
and informed him, or because he found the error and informed Prof. A). Similarly, he 
knows that Prof. B knows that there is an error in Prof. A's work. But Prof. C thinks 
he has made no errors, so as far as he is concerned, the situation vis-a-vis Profs. A 
and B is precisely that analyzed in the previous paragraph (Prof. C is assuming, of 
course, that no one believes an error to exist when one doesn't). So Prof. C expects 
both Prof. A and Prof. B to resign at the second meeting. Of course, Profs. А and B 
similarly expect the other two to resign at the second meeting. When no one resigns, 
everyone realizes that he has made an error, so all resign at the third meeting. 

Now you can turn this into a proof by induction (can't you?). 


28. Again itis a good idea to start with the case when the department consists only of 
Profs. А and B. Now, of course, both professors know that some one has published 
an incorrect result, but Prof. A thinks that Prof. B doesn't know, and vice-versa. 
Once Prof. X makes his announcement, Prof. A knows that Prof. B knows. And 
that's why he expects Prof. B to resign at the next meeting. 

In the case of three professors, the situation is more complicated. Each knows that 
some one has made an error, and moreover each knows that the others know—for 
example, Prof. C knows that Prof. A knows, since he and Prof. A have discussed 
the error in Prof. B's work, and he knows similarly that Prof. B knows. But Prof. C 
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doesn’t think that Prof. А knows that Prof. В knows. So Prof. X’s announcement 
changes things: now Prof. C knows that Prof. A knows that Prof. B knows. 

Well, you can see what happens in general. This seems to prove that statements 
like “А knew that B knew that C knew that ... " actually make sense. 


СНАРТЕК 3 


1. (1) x/(x + 1) (for x 50,-41). 
(iv) 1/(1 + x + y) (for x + y Æ —1). 
(vi) For all c, since f(c -0) = f (0). 


2. (ii) Rational y between —1 and 1, and all y with |y| > 1. 
(iv) All w with O < w <1. 

3. (i) {x :-1 <x < 1}. 

(iv) {—1, 1}. 

4. (ii) sin? y. 

(iv) sint’. 

5. (И) боР. 

(iv) Sos. 


(vi) so(P+PoS). 
(viii) Ро5оѕ+5о5 + Роѕо(5 + 5). 


6. (а) Let 


(b) Let 


f(x) = У алб) 


ын 
(x — xj) 
-Y« Ws 


Jä 





7. (a) If the degree of f is 1, then f is of the form 
f(x)=cx+d =c(x—a)+ (d +ac), 


22 
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so ме can let g(x) = сапа b = d-+-ac. Suppose that the result is true for polynomials 
of degree < К. If f has degree К + 1, then f has the form 


f(x) Sapa "+... + ах +a. 


Now the polynomial function h(x) = f(x) — ак+1(Х — а) has degree < k, so we 
can write 
f(x) —ak+ı (x — 1) = (x — a)g(x) + b, 


or 
f(x) = (x — a)[g(x) + ak+ı] + b, 


which is the required form. 

(b) By part (a), we can write f(x) = (x — a)g(x) + b. Then 
0 = f(a) = (a—a)g(a) - b =b, 

so f(x) = (x — a)g(x). 


(c) Suppose f has n roots а1,..., аи. Then by part (b) we can write f(x) = 
(x — a)gi(x) where the degree of g;(x) is n — 1. Now 


0 = f (a2) = (a — а1)81(а2), 
SO 21(42) = 0, since а» Æ ау. Thus we can write 
f(x) = (x —a))(x — а2)82(х), 
where the degree of g2 is n — 2. Continuing in this way, we find that 
f(x) = (x — ai)(x — a2): (x — an)c 


for some number с Æ 0. It is clear that f (a) 4 0 if a Æ aj,...,a4. So f can have 
at most п roots. 


(d) If f(x) = (x —1)(x —2)---(x — n), then f has n roots. If n is even, then 
f(x) = х" +1 has no roots. If n is odd, then f(x) = x" has only one root, namely 0. 


b 
(== ) +2 
cx+d 
b 
(Z )+а 
сх - d 
for all x, then 


(ас + cd)x? + (а? — а?)х — ab — bd 20 гах, 


8. If 





x= f(f()) = 





50 
ac + cd = 0, 
ab + bd =0, 


d? — а? = Q. 
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It follows that a = d or a = —d. One possibility is а = d = О, in which case 
f(x) = b/(cx), which satisfies f(f(x)) = x for all x 4 0. If a = d Æ 0, then 
b = с = 0, so f(x) = x. The third possibility is a+ d = 0, so that f(x) = 
(ax + b)/(cx — a), which satisfies f(f(x)) = x for all x 4 a/c (strictly speaking 
we should add the proviso that f(x) Æ a/c for x a/c, which means that 





ax+b а 
сх-а c 
or а? + bc = 0). 
9. (а) 
Cang = Ca: Св, 
Cr-4 =1- СА, 


Слов = СА + Св — СА: Св. 


(b) Let А = (x : f(x) = 1}. 
(c) f = f? if and only if f(x) = О or 1 for all x; so part (b) may be applied. 


10. (a) Those functions f satisfying f(x) > O for all x. 
(b) Those functions f with f(x) Æ 0 for all x. 
(c) Those functions b and c satisfying (b(t))* — 4c(t) > 0 for all t. 


(4) b(t) must = 0 whenever a(t) = 0. If a(t) 5:0 for all t, then there is a unique 
such function, namely x(t) = a(t)/b(t). If a(t) = 0 for some f, then x(t) can be 
chosen arbitrarily, so there are infinitely many such x. 


11. (d) Let H(1), H (2), H (13), H (36), H (1/3) and H (47) have the values already 
prescribed, and let H(x) = 0 for x Æ 1,2, 13, 36, л/3, 47. Since, in particular, 
H (0) = 0, the equation H(H(x)) = H (x) holds for all x. 

(e) Let H(1) = 7, H(7) = 7, H(17) = 18, H(18) = 18, and A(x) = 0 for 
x = 1,7,17,18. 


13. (a) Let 


f(x) + f(x) 


f(x) — f(x) 
5 | ——————. 


E(x) — 2 


O(x) = 


(b) If f = E + О, where Е is even and О 1$ odd, then 
f(x) = E(x) + O(x), 
f(—x) = E(x) — ОС). 


Solving, we obtain the above expressions for E(x) апа O (x). 
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14. max(f, 8) = (f +8 +17 — gl)/2; min(f, g) = (f +8 — If — #|)/2. (See 
Problem 1-13.) 


15. (a) f = max( f, 0) + min( f, 0) because 
f(x) = max( f (x), 0) + min( f (x), 0) for all x, 
the equation a — шах(а, 0) 4- min(a, 0) holding for all numbers a. 
(b) For each x, choose numbers g(x), h(x) > 0 with f(x) = g(x) — h(x). Since 


we can choose each pair g(x) and h(x) in infinitely many ways, there are infinitely 
many such functions g and h. 


16. (a) The result is true for n = 1. If f(xy +---+2xn) = РО) t f (xs) for 
all x1, ..., Xn, then 


f Ga + жи) = Да + +: + Xn] + Xn41) 
= fon +--+ + хи) + /(хл-ы) 
= (01) t t fn) + f Gn). 


(b) Let c = f (1). Now for any natural number п, 


fn)-fü----c-D-f(D-c«---f(1)-cn. 


n times n times 


Since 


f(x) + f(0) = fix + 0) = f(x), 
it follows that f (0) = 0. Then since 
f(x) + f(-x) = f(x + (-х)) = f(0) = 0, 
it follows that f(—x) = f(x). In particular, for any natural number п, 


Л(—п) = —f(n) = —сп = с(—п). 
Moreover, 


1 1 Ё - 

(2) вл) л —+---+-—]= РО) = с, 
п п п п 

b d 


n times 


SO 


and consequently 
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Finally, any rational number can be written т/п for т a natural number, and п ап 
integer; and 


f(=)=F P a cis ef 1 +-.-4+f 1 
п п п п п 
—_— 


т times т times 


17. (a) Since f(a) = f(a- 1) = /(а)- Г) and f(a) 5 О for some a,we have 
Ла) = 1. 
(b) According to Problem 16, f(x) = f(1)x = x for all rational х. 


(с) If c > 0, then c = d? for some а, so f (c) = f (d?) = (f(d))? > 0. Moreover, 
we cannot have f(c) = 0, since this would imply that 


f(x) = f(e-=) = F()- f (5) -0 гайа. 


(d) If > у, then x — > 0, so f(x) — f(y) > 0, by part (c). 
(e) Suppose that f(x) > x for some x. Choose a rational number r with x <r < 
f(x). Then, by parts (b) and (d), 

f(x) < f(r) 2r < f(x), 


a contradiction. Similarly, it is impossible that f(x) < x. (There is a minor detail 
here which requires justification. See Problem 8-5.) 


18. If either f = О or g = О holds, and also either h = О or k = 0, then the 
equation certainly holds. If not, then there is some x with f(x) # О, and some y 
with g(y) Æ 0. Then 0 Æ f(x)g(y) = h(x)k(y), so we also have h(x) 5 О and 
k(y) 3 0. Letting = h(x)/f (x), we have g(y’) = ak(y’) for all у’. Moreover a = 
g(y)/ k(y), so we also have h(x’) = of (x^) for all у’. Moreover a = g(y)/k(y), 
so we also have h(x’) = of (x^) for ай x’. Thus we have g = ok and h = of for 
some number a + 0. 


19. (a) (1) If f(x) + #07) = xy for all x and y, then, in particular, 
f(x) + 2(0) 20 for all x. 
So f(x) = —g(0) for all x, and 
—g(0)+ g(y)=xy forall y; 
setting x = 0 we obtain g(y) = g(0). So we must have 
0 = —2(0) + g(0) = xy for all x and y, 


which is absurd. 
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(ii) Setting у = 0, we obtain f(x) = x/g(0). Similarly, setting x = 0, we obtain 
gy) = y/f ©). So 
UR, MR for all x and y. 
so fo 77 
Choosing y = 0 we obtain x = 0 for all x, which is absurd. 


(b) Let f and g be the same constant function. (Arguments similar to those used 
in part (a) show that these are the only possible choices.) 


20. (a) Let f(x) = х. 


(b) For every natural number n we have 
k k К-1 
yor (х+ть-я) - s (++ 5-я) 
Сэ п n 
k К-1 
<), (5+0) - s (5+ 5-я) 


л 
1 
s  —(у-—х)? 
БА п? 


оа) 
“ийг 
Therefore f(y) = f(x) for all х and у. 


If) — Ре) = 














22. (a) If f(x) = f(y), then g(x) = hCf(x)) = h(f(y)) = 480). 


(b) If z = f(x), define h(z) = g(x). This definition makes sense, because if 
z = f(x’), then g(x) = g(x’) by part (a). For z not of the form f(x), define h 
any old way (or leave it undefined). Then for all x in the domain of f we have 


g(x) = h(f (x)). 

23. (a) Suppose x 5 y. Then g(x) = g(y) would imply that x = f(g(x)) = 
f(g(y)) = у, a contradiction. 

(b) b = f(g(b)), so let а = g(b). 

24. (a) The hypothesis can be stated as follows: If x — y, then g(x) — g(y). The 
conclusion now follows from Problem 22(b), applied to g and 1. 

(b) For each x, choose some number a such that x = f (a). Call this number g(x). 


Then f(g(x)) 2 x = I(x) for all x. 


25. It suffices to find a function f such that f(x) Æ f(y) if x Æ y, but such that 
not every number is of the form f (x), because by Problem 24(a) there will be a 
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function g with во f = Г, and by Problem 23(b) there will not be a function g with 
fg = І. One such function is 
x: x <0 


= х > 0; 


no number between 0 and 1 is of the form f(x). 
26. ho fog —ho(fog) = һо1 —h,andalso hof og = (Ао е) ое = [ор =g. 


27. (a) The condition f o g = go f means that g(x) + 1 = g(x + 1) for all x. 
There are many such g. In fact, g can be defined arbitrarily for 0 « x < 1, and its 
values for other x determined from this equation. 


(b) If f(x) = c for all x, then f og = go f if and only if c = f(g(x)) = 
g(f(x)) = g(x), i.e., с = g(c). 

(c) If fog = go f for all g, then in particular this is true for all constant functions 
g(x) = с. It follows from part (b) that f(c) = с for all с. 


28. (a) is a straightforward check. 


(b) Let f be a function with f(x) = О for some x, but not all x. Then f Æ 0, but 
there is clearly no function g with f(x) - g(x) = 1 for all х. 


(c) Let f and g be the two functions which are 0 except at хо and хү, with /(Хо) = 
1, f(x1) = О and g(xo) = 0, g(x1) = 1. Neither is 0, so f or — f would have to be 
in P, and likewise g or —g. But (+f)(+g) = 0, which contradicts P12. 


(d) P’11, P'12 and P'13 are true. P’10 is false; although at most one of the condi- 
tions holds, it is not necessarily true that at least one holds. For example, if f(x) > 0 
for some х and < 0 for other x, then neither f — 0, / < 0, пог 0 < f is true. 


(e) The first inequality is not necessarily true. In fact, if h(x) = —x, then f < g 
actually implies that h o f > hog. The second inequality is true, since f(h(x)) < 
g(h(x)) for all х. 


СНАРТЕК 4 


1. (1) (2,4) 


(1) [2,4] 


(Ш) (4-ё6,а--6) 
a~e а ate 


(iv) (-/3/2, —/1/2) U (V1/2, /3/2) 


-V372 41 -4172 О 4172 | V372 


(У) (—2, 2). 


(vi) Ø ifa <0; 
Risa> 1; 


(—00, —/(1/a) - 1] U [V (1/a) – 1, оо) if 0 <a « 1. 


——————M—————————————— 
- У (1/a)-1 О /(1/а)-1! 


(vii) (—oo, 1] U [1, оо). 


(viii) (—1, 1) (2, оо). 
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2. (a) Since 0 < x < b, we have 0 < x/b < 1, and x = (x/b) - b; so choose 
t = x/b. Clearly t represents the ratio in which x divides the interval [0, b]. The 
midpoint of [0, b] is b/2. 


(b) If x is in [a, b], so that 


then 
O<x-a<b-a, 


so that x — a is in [0, b — a]. It follows from part (a) that for some t with 0 < t < 1 
we have 

x —a=t(b-a) 
or 


x =a+t(b—a)= (1 — t)a + tb. 


The midpoint of [a, b] is 
b—a a+b 


“72 





а + 





The point 1/3 of ће way from a to b is 


"NE dui. M EE 
з 3 3 





(c) and (d) are clear. 


3. (i) (ii) 





iii (i 





(vi) 





(vii (viii 
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(ix) (x) 





4. (i) (ii) 





(iii), (iv) (v) 
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(vii) x? — 2x + y? = (x —1? + у? – 


(viii) 


5. (i) (ii) 


34 Chapter 4 


(iii) (iv) 


8. (a) The angle РОО is a right angle if and only if (РО)? = (РО)? + (O Q}. 


P (I,m) 





This means that 
(m —ny 2 m? 1 4 r? +1, 


which is equivalent to —2mn = 2, or mn = —1. This proves the result when 
b = c = 0. The general case follows from this special case, since perpendicularity 
depends only on the slope. 


(b) If B 40 and B’ 5 0, these straight lines are the graphs of 
f(x) = (-А/В)х — C/A, 
g(x) = (-А'/В')х — C/A; 


so, by part (a), the lines are perpendicular if and only if 


C9 C8-^ 
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which is equivalent to AA’ + BB’ = О. If В = 0 (and consequently А = 0), then 
the first line is vertical, so the second is perpendicular to it if and only if A’ = 0, 
which happens precisely when AA’ + BB’ = 0. Similarly if В’ = 0. 


9. (a) This inequality is equivalent to the squared inequality, 


(x + yi)? + (хә + У)? < Qa? + хә?) + (Qi? + yn?) + AV xi? + x) yi? + yo?, 


which is easily seen to be equivalent to the Schwarz inequality. 


(b) In part (a), replace 
xı by №, 
х by у-у, 
y by x3—x» 
y by y3— yo 


Geometrically, this inequality says that the length of one side of a triangle is less 
than the sum of the lengths of the other two. (Notice that the additional information 
about the Schwarz inequality which was presented in Problem 1-19(d) shows that 
< can be replaced by < т the triangle inequality except when (x1, у), (x2, уг) and 
(X3, уз) lie on a straight line.) 


(хз, Уз) 







У(хз-х1)2 +(уз -у1)2 Gs "xo уу-у; 


(х,у) 


(Хо-х)) 4(уг-уу)д 





10. (The following figures do not indicate any particular points, since they were 
drawn using the method of Chapter 11, rather than by plotting points.) 
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(i) This function is odd. (ii) This function is odd. 





(iii) This function is even. 


\ ! 
Лу 
\ / 
\ / 
N "d 


х ” 





11. (i) The graph of f is symmetric with respect to the vertical axis. 
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(ii) The graph of f is symmetric with respect to the origin. Equivalently, the part 
of the graph to the left of the vertical axis is obtained by reflecting first through the 
vertical axis, and then through the horizontal axis. 





(iii) The graph of f lies above or on the horizontal axis. 


(iv) The graph of f repeats the part between 0 and a over and over. 


дало 


38 Chapter 4 


12. When n is odd, the domain of f is В, but when n is even, the domain of f is 
[0, oo). 


f x): Vx 


13. The graphs of f(x) = |x| and f(x) = |sinx| contain "corners". 


(a) 


{(х)= |х] 





() 


#(х)= [ѕіп x] Ех) = sin?x 
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14. (i) The graph of g is the graph of f moved up c units. 


(ii) The graph of g is the graph of f moved over c units to the left (if c > 0). 





(iii) The height of the graph of f is multiplied by a factor of с everywhere. If 
с = 0, this means that g = 0; if c > 0, distances from the horizontal are increased 
in the same direction; if c < 0, distances are increased, but directions are changed. 





40 Chapter 4 


(iv) The graph of f is compressed Бу a factor of с if c > 0; if < 0, the com- 
pression is combined with reflection through the vertical axis. If c = 0, then g isa 
constant function, g(x) = f(0). 


д (x)= f(2x) 





(v) “Everything that happens far out happens near 0, and vice versa’, amply illus- 
trated by the graph of g(x) = sin(1/x). 

(vi) The graph of g consists of the part of the graph to the right of the vertical axis, 
together with its reflection through the vertical axis. 





(vii) The graph of g is obtained by flipping up any parts of the graph of f which 
lie below the horizontal axis. 
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(viii) The graph of g is obtained by “cutting off” the part of the graph of f which 
lies below the horizontal axis. 


машин 


(ix) The graph of g is obtained by “cutting off" the part of the graph of f which 
lies above the horizontal axis. 


ASTIN 


(x) The graph of g is obtained by "cutting off" the part of the graph of f which 
lies below the horizontal line at height 1. 





15. Since 
2 2,9 C 
f(x) =ax*+bx+c=a{x алийн 
а 


(8) се 
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the graph looks like the figure below. 





16. Suppose C = 0, so that we have the equation 
Ax? + Bx - Dy - E = 0. 


If D 5 0, this is equivalent to 


A, B E 
yanm meque 

р р р 
so the set of all (x, у) satisfying this equation is the same as the graph of f(x) = 
(—A/D)x? — (B/ D)x — (EJ D), which is a parabola, by Problem 15. [If D = 0, we 
have the equation Ax? + Bx + E = О, (A #0), which may have zero, one or two 
solutions for x; in this case the set of all (x, y) satisfying the equation is either Ø, 
one straight line, or two parallel straight lines.] Similarly, if А = 0, then we again 
have a parabola [compare Problem 5(1)]. When A, C 5 0 we can write the equation 


as 
BN? D\? 
A — С --| =F 
(+5) + (+з) 
Гог some F. 


When А = С > 0 we have a circle [compare page 65 of the text], unless F = 0, 
in which case we have a point (a “circle of radius 0”), or Е < 0, in which case 
we have 0. In general, when A, C > 0 we have an ellipse not necessarily centered 
at the origin (or a point, ог Ø). There is no need to consider separately the case 
A, С < 0, since we have the same situation, replacing F by —F. 
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When А and C have different signs we have a hyperbola for F 5 0 (which way 
it points depends on the signs of A, C and F). For F = О we have the equation 


‚5 _, [EL (р 
Х — = — — 
2A ^V А V * 2С 


which gives two intersecting lines (a “degenerate hyperbola"). 


17. (i) 





(ii) 


44 


(iii) 


(iv) 
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Chapter 4 


(у) 


(vi) Notice that Фе domain of f is {x : -1 <x < 1 and x 5 0}. 
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18. See pages 500 and 502 of the text. 


19. (i) Notice that different scales have been used on the two axes. 





(ii) The graph of f is similar to the graph in part (1), except that there are ten sets 
of ten steps between n and n + 1. 


(iii) The graph of f contains points in every interval of each of the horizontal lines 
at distance 0, 1, 2, ... , above the horizontal axis. 





(iv) The graph of f contains points in every interval of the horizontal axis and of 
the horizontal line at distance 1 above the horizontal axis. 
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(v) The figure below shows a (rough) picture of the part of the graph of f which 
lies over [6/10, 1]. 


.97 


9 


87 


67 
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(vi) The figure below shows a (rough) picture of the graph of f. Notice that different 
scales have been used on the two axes. 


34— = — aw = ewe — oe > үнээ нэ энэ энэ нэ чи» 





20. See page 97 of the text. 


22. (a) The first part is a straightforward computation. By Problem 1-18, the min- 
imum of these numbers is 


(—2md — 2c) _ 4m*d* + Ad? + Am?^c* + 4c? — (4т?4? + 8mcd + 4с?) 


d? 2 = 
T7 7 am) 4(m? + 1) 
_ а + т?с? – 2тса _ (cm—d)’ 
i m? + 1 | т?+1 


(b) The distance from (c,d) to the graph of / is the same as the distance from 
(c, d — b) to the graph of g(x) = mx. By part (a), this is 


lcm — d + b| 
m4l 
23. (a) 
x' — distance from (x, y) to the graph of f(x) — —x if (x, y) lies 


above this grpah (16, if x + y > 0), and the negative of this 
distance if x + y < 0. 

у’ = distance from (x, y) to the graph of f(x) = x if (x, y) lies above 
this grpah (16, if x — y < 0), and the negative of this when 
x—yzO. 


Chapter 4 


By Problem 22, these distances are given Бу 











Бае Sect ИВ ш, +2 
/2 д’ 42 
KSI E A 
42 42. «2 
from which the desired formulas follow. 
(b) Since 
х! х 
ао 
JI 2.2 
/ 
2 ж, 
x2 2:12 


we have (x'/4/2)? — (y'/42)? = 1 if and only if 


X y\2 x y\2 
r= (E43) ($4 
2*2 2*5 


, 
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1. (a) The first formula is basically just the definition of sin and cos0. For the 
second formula, note that Rg (0, 1) makes an angle of 6 + 90° with the first axis, so 
Rg (0, 1) = Re+o0(1, 0) = (соѕ(0 + 90°), sin(0 + 90°)) 

= (— sin 0, cos 0). 


(b) Let the rotation Rg be applied to Figure 3 on page 76. Then v moves to Re(v), 
and w moves to Rg(w). Moreover, the (dashed) lines parallel to v and w become 
lines parallel to Re(v) and Re(w), respectively. This means that the intersection of 
those two lines, 1.е., v + w, must move to the intersection of the two lines parallel 
to Ко(и) and Rg(w), i.e., Ко(и) + Re(w). This shows that 

Ко (и + w) = Ко(0) + В, (и). 


То prove the second equation, simply note that since а - w lies along the line through 
the origin and w, it follows that Ка (а - w) must lie along the line through the origin 
and Ко (и). Moreover, since the length of a · w is a times the length of w, the length 
of Re(a · w) must also be a times the length of Ко(и). 


(c) We have 
Re (x, у) = Re(x · (1, 0) + y ©, 1)) 
= Ко(х - (1, 0)) + ReCy - (0, 1)) 
= х. Ко(1, 0) + у. Ко(0, 1) 
= x : (cos 0, sin 0) + y - (— sin 0, cos 0) 
= (x cos 0, x sin 0) + (—y sin, ycos0) 
= (x cos — уѕіпӨ, xsin + усо$0). 


(d) For 0 = —45° we have 
(х, у) = Ro(x, y) = (xcos(—45?) — ysin(—45?), x sin(—45°) + y(— cos 45°)). 
Substituting 

1 


1 
sin(—45°) = — 20 cos(—45°) = Яо 


we get 


1 1 1 1 
eT (вк 5 -- 58-89) 
2 42 У2 2 


and thus the desired formulas for x’ and у’. 


2. (a) If w satisfies this equation, then so do all multiples a · w. To solve 


уи + 122 = 0, 
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where v; and v; are fixed, we can assign шу arbitrarily, and then obtain 
01 Ш] 
Шә = — 5 
v2 





Multiplying ш; by a factor simply multiplies ш» by the same factor, so the solutions 
are precisely the multiples of the one we obtain for any particular ил. 

This works provided v? Æ 0. If v; = О, so that v is a multiple of (1, 0), then it is 
easy to see that the possible w’s consist of all multiples of (0, 1), and vice-versa. 


(b) These are all straightforward computations from the definition. 


(c) Since v * v = vi? + 02, this is obvious. The norm 


lv] = Jove v = Vv 12 + 022 
is just the distance from v to the origin. 


(d) This is simply Problem 4-9: The squared inequality is equivalent to the Schwarz 
inequality (Problem 1-19); equality holds in this squared inequality only when v = 0 
or ш = 0 or ш =a-v for some a. For the original inequality it is then easy to see 
that equality holds only when a > 0. 


(e) We have 
lv + wll? = (0 + ш) • (0 + ш) = 00 + 20. ш + ш шо 
[о — wl? = (v — ш) + (0 ш) = 0.0 – 20.0 + ш • ш. 
Subtracting the second from the first we get 


lv + wll? — llv — wI? = 4(v* ш). 


3. (a) We have 
Ке (v) • Re(w) = (оу соѕ0 — v2 sin 9, vı sin 0 + v; cos 0) « 
(шу cos0 — ш» sind, шу sind 4-102С080) 
= vw] cos? 0 + vw; sin? 0 + vw» sin? 0 + 02102 cos? 0 
+ $110 cos 0[— viw — шуо + viw + ш] 
= Vw, + 1212 = 0 • Ш. 
(b) The formula for e - w is a straightforward calculation. For the vectors v =a -e 
and и = b- ш we then have, using Problem 2(b), 
v.u =(a-e)eu=a-(eru) 
=a-(e+(b-w))=a-(b-(e+w)) 
=ab-(e-w), 
which gives the formula 


vew = [1] - | -cosé 
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when v a multiple of (1,0). 
For the general case, choose @ to be the angle from the first axis to v, so that 
и = Rg(v’) for some v’ pointing along the first axis, and let w = Rg(w’). Since 
rotation doesn’t change lengths, we have 
lull = 1011, lwl = lw"; 
moreover, the angle Ө’ between и’ and ш” is the same as the angle 0 between v 
and w. Then by part (a) we have 
0• = Re (v^) ° Кь(и’) 
== v! ° у)! 
= ||v’|| - |1011: cos 0’ 


= |101: [м]. cose. 


4. Using the “point-slope” form (Problem 4-6) the line L is the graph of 
102 
f(x) = — (x — v) + v. 
Ш] 


Solving f(x) = 0, we find the desired first coordinate of В, and thus the formula 
for the area of the parallelogram, which has that base and height 102. 


5. (a) For v; = 0 the formula for det reduces to 01102, and v, (> 0) is the base of 
the parallelogram; the height is ш» (and hence the area is v; w2 = det) for и» > 0, 
while the height is —1w» (and hence the area is —v;w2 = — det) for ш» < 0. 


(b) 
det(Rgv, Кош) = det((vi cos0 — v» sin Ө, v; ѕіпӨ + v; соз Ө), 
(ш cos @ — ш» sin, w; sin Ө + ш) соѕ0)) 
= [vi соѕ0 — v2 sin@| - [wi sin@ + wz соѕ0)| 
- [vi sin + v? cos 6] - [wi соз Ө — шә sin Ө] 

= Vj W2 — узшу = det(v, w). 
For any v and ш, we can write v = Rg(v’) for some и’ that points along the positive 
horizontal axis; then w = Rg(w’) for some w’, and w lies above the horizontal 
axis when the rotation from v to w is counterclockwise, and below the axis when 
the rotation is clockwise. The area of the parallelogram spanned by v and w is the 
same as that spanned by и’ = Re(v) and и’ = Re(w), which by part (a) is therefore 


+ det(v', w’), depending on whether the rotation is clockwise or counterclockwise. 
But we have just seen that this is + det(v, w). 


6. These are all straightforward computations from the definition. 
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7. As in Problem 3, we first check the formula when v is a multiple of (0, 1). 
Then choose ф so that v = Rg(v’) for some и’ pointing along the first axis, and let 
ш = Rg(w’); we again have 

lvl = 11011, lwl = lw"; 
moreover, the angle 0’ between v’ and ш” is the same as the angle Ө between v 
and w. Then by the formula in Problem 5(b) we have 


det(v, w) = det(Rg(v’), Къ(и’)) 
= det(v', w’) 
= 10/1: 1071 - sin6' 


= |1011: 1011 - sin 8. 
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1. The point (x, y, z) is in the cylinder if and only if 

go у? EC 
Choosing coordinates in the plane P as on page 81, we see that the points in the 
intersection of P and the cylinder are those satisfying 


(их + B) + у? = С?. 


The possibilities are Ø, a straight line, two parallel straight lines, or an ellipse (or 
circle). 


2. (a) Consider the plane containing the line L; from z to Ру and the line L: it 
intersects the sphere Sı in a circle C. Since S, is tangent to the plane P at F; it 
follows that L is tangent to C at Ру, and L is also tangent to C. The desired result 
now follows from the fact that the two line segments tangent to a circle from an 
outside point have the same length. 


(b) Similarly, the length of the line from z to F; is the length of the vertical line L’ 
from z to C2. But L and L’ together form a vertical straight line from the plane of 
C; to the plane of С. Hence the distance from z to F; plus the distance from z to 
Р, is always exactly the distance between these two planes. 


3. The proof is similar, except that now the sum will always be the length of a 
straight line generator of the cone between the planes of the two circles. 
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СНАРТЕВ 4, Аррепа 3 


1. The points with polar coordinates (rı, 01) and (r2, 02) are 
(rı cos 91, гу sin 0j) and (r2 cos Ө», гэ 8410») 
and the distance d between them is given by 


d? = (р cos Өү — ri cos Өү)? + (ғ sin 6 — г sin 01)? 
— гә? (cos? 95 + sin? 05) + ri^ (cos? 01 4- sin? 01) 
— 27172 [с0$ 0; cos 0» + sin 0; sin 05] 


= n? + 72? — 2117 с0$(01 — 62). 


This is just the “law of cosines”. 





2. (i) For each point (x, y) on the graph of f, with 
x = f(0)cos0, у = f(@) sind 
we also have the point (x’, y’) with 
x’ = f(—0)cos(—0) = f(0)cos0 = x, 
у’ = f(—0)sin(—0) = — f (0) sin 0 = —y. 


The point (x’, у’) = (x, —y) is the reflection of (x, у) through the horizontal axis, 
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so the graph of f in polar coordinates is symmetric with respect to this axis. 


^ 
22 


(ii) Similarly, if / is odd, then 
x’ = f(—0)cos(—0) = —f(0)cos0 = —x, 
у = f(—0)sin(—0) = — f (6)(—sin6) = y. 


The point (x', у’) = (—x, y) is the reflection of (x, y) through the vertical axis, so 
the graph of f in polar coordinates is symmetric with respect to the vertical axis. 


(-r cos(-0), -r sin (-0)) (1 cos 0, r sin 0) 







= (г cos 0, r sin 0) 
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(Ш) The graph of f in polar coordinates is symmetric with respect to the origin. 





3. (i) r = аѕіпӨ implies r? = ar sin, so if (x, y) = (rcos0, r sin Ө), then x? + 


2 
y 2 ==. 2 , 


у = ау, or 
so (x, y) lies on the circle of radius a/2 with center (0, a/2). [Conversely, if (x, y) 
satisfies x? + y? = ay and (r, Ө) are polar coordinates for (x, y), so that x = r cos 0 
and у = r sin0, then г? = arsin@. This implies that r = a sin0, except when 
r = 0. In this case we have the point (x, у) = (0, 0), which also lies on the graph 
of r = a sin 0, since it has polar coordinates г = 0 = 0.] 


(1) If a =0, we have the equation г = 0, which is the single point (0, 0). Suppose 
a #0. Now г = asec0 = a/cos@ implies that 


rcos0 =a, 
so if (x, у) = (r cos 0, r sin 0), then 
х =а, 

and (x, y) lies on the vertical line through (а, 0). Notice that we must exclude 
points with cos@ = 0, but they can't be on this vertical line anyway, since а Æ 0. 
[Conversely, if (r, Ө) are polar coordinates for a point (x, y) on this line, then 

a=rcos0@, У = ғ $110, 
and in particular = a/ cos0 (cos0 5 О, since a Æ 0).] 


(iii) Figure (a) shows the part of the graph from 0 = 0 to = 90°. Figure (b) shows 
the part from 0 = —90° (00 = 90°. It is symmetric with respect to the horizontal 
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axis, since cos is even. Finally, Figure (c) shows the whole graph, a four-leaf clover. 
The graph appears to be symmetric under a rotation by 90°, and hence, in particular, 
Symmetric with respect to the vertical axis also. In fact, when the point with polar 
coordinate (cos 20, 0) is rotated by 90° we get the point with polar coordinates 


(cos 20, 0 + 90°). 
This 18 the same as the point with polar coordinates 
(— cos 20, 0 + 90° + 180?) 
and this point is also on the graph, since 
соѕ(2(0 + 90° + 180°)) = сов(20 + 180°) 


= — cos 20. 





(c) 


Although Figure (c) shows 0 going from —90° to 270°, it could just as well show 
9 going from 0° to 360°. Note that if we do not allow negative values for г, the 
graph will contain only the left and right leaves. 


(iv) Figure (a) shows the part of the graph from 9 = 0? (00 = 60°. Figure (b) shows 
the part from 0 — —60? to 0 — 60?. It is symmetric with respect to the horizontal 
axis, as before. Finally, Figure (c) shows the whole graph. It is symmetric under 
a rotation by 120^, for if the point with polar coordinates (cos 30, 0) is rotated by 
120? we get the point with polar coordinates 


(cos 30, 0 + 120°) 
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and this is on the graph, since 


cos 39 = соѕ(3(0 + 120°)). 





(a) (b) (c) 


Notice that in this case we will get the whole graph even if we allow only r > 0: 
90° = 0 = 150° 


0 = 120° 





—30* 50 = 30° 


0 = 240° 
210° © 0 = 270° 


The proof of symmetry with respect to rotation through 120° didn’t involve replacing 
9 by 6 + 180°, as in the previous example. 


(v) The graph is the same as in (iii). (However, now we obtain 4 leaves no matter 
what conventions we adopt about the sign of r, since r > 0 in any case.) 
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(vi) The graph has 6 leaves (each leaf in (iv) arises from an interval on which г < 0 
as well as from one on which г > 0). 





4. (i) and (11) have already been given. 


(iii) 


2 


3 


г = r?° с0520 = г? cos? 0 — г? sin? 0 = x? — у? 


$0 
(х? T у) = x? = уг: 


S. As before, the distance г from (x, y) to О is given by 
(1) r-x +y, 
while the distance s to f is given by 

52 = (x + 2ea)* + уг. 


Now writing the condition 
r—s=2a 


as 
r—2a=s 


and squaring, we get the same equation as before, 
(2) 4a? — 4ar +r? = x? + 4eax + Ae?a? + у’, 
so subtracting (1) from (2) again gives 
а—т=єх-+ є?а, 
and thus 
(3) г = А —– єх, for Л = (1 — &?)a, 
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and once again 


A 


4 = eus 
a) 5 1 + £cos0 


It remains to consider the points satisfying 


s—r=2a, 
or 
r+2a=s 
Squaring we now obtain 
(2^) г? + 4аг + 4а? = x? + 4вах + 4=?а? + y?. 


Subtracting (1) from (2^) gives 
а+ тг = єх + ea, 
or 


r=(e*—l)atex 
= —(A — Ex), 


which is simply the negative of the г found previously; thus, the other branch of the 
hyperbola is obtained by choosing —A for A. 


6. The distance from the line to (x, у) 1$ just 
a—x-a-rcosO; 


thus our condition is 
г —a-rcosÓ, 


or equivalently 
a =г(1 + соѕ Ө). 


7. Squaring (3) and substituting x? + y? for r?, we get 
х + у? = А? —2eAx + &€x?, 
which gives the desired equation, 
(1 — ғ2)х? + y? = A? —2Aex. 


Problem 4-16 shows that this is a circle or ellipse when 1 — =? > 0 is positive, i.e., 
when € < 1 (remember that we have already specified = > 0), a hyperbola when 
1 — e? < 0, i.e., when £ > 1, and a parabola when 1 — =? = 0, i.e., when € = 1. 
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8. (a) The graph is the heart-shaped curve shown below. (Hence the name 
"cardioid" = heart-shaped). 


(b) The point with polar coordinates (r, 0) is also the point with polar coordinates 
(—r, 0 + 180°). So the graph of r = 1 — sin = 0 is also the graph of 


—r = 1 —sin(0 + 180°) = 1 + 5110. 


(c) Since r = 1 — sin 0 we have 
r? —r-—rsinO 
Or 
х° + y! = xi + у? — у. 
(Notice that if we start with г = —1 — sin 0, then we obtain the same result since 


now г < 0, so r = —V x? + y? ) 
The squared equation 


G^ Ey У = У 
might seem to have the extraneous solutions 
руучу, 
but for х Æ О this has no solutions, for we have 


—y < |y] < yx? + y?, 


and hence 
—y— үх? + y? < 0. 
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9. (i) The graph is shown below (the dashed line is the cardioid r = 1 — sin Ө). 





(iii) This graph has the same shape as (1): Since 
cos0 = —sin(@ — 90°) 


we can write 
г = 2 —sin(0 — 90°) 
= 2(1 — 5 sin(@ — 90°)), 
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which shows that the graph is twice as large as the curve in (i) and rotated 90° 
counter-clockwise. 


10. (a) 
бХ S aN шаал 
(5) 5їшсе 
r^ = 2a?r^ cos 20 = 2a?r^(cos? Ө — sin? Ө) 
we obtain 


(х? + yy 25 2a? (x? 2 y^. 


(c) If P — (x, y), then 
(4142)? = [(x — а)? + y*] - [(х + а)* + y*] 
= [(х — a)(x + a)? + Y'[G +a)? + (x – ay] + У 
ын (х? say Ес y [2x + 2а?] i у“ 
арро + 2х2 у + 2а? у? + y* 
"E (x? ЕЙ yy, 2 2a? (x? 2 у?) je а“, 
so 4,4, = а? if and only if 


(x? + y*)? = 2a?(x? — у’). 
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(d) For b < a we obtain two curves, inside the two portions of the lemniscate, as 
in the figure below. 





For b < a we obtain a single curve surrounding the lemniscate. It happens to be 
indented for b < aV2. 


b>a V2 




















1. (1) 
| 0 
lim = — = 0. 
х-1Х41 2 
(iii) 
3-8 27-8 
lim = —— = 19 
x23 x —2 3—2 
(v) х" — у" у" — х" 
lim — lim = nx" |, by (iv). 
yox x—y yox y—x 
2. (1) 
lave.) (l-vVx)(1+ Jx) 
lim = lim 2—————————— 
xl 1-Х x1 (1 — x)(1 4 Jx) 
т 1-Х 
= li 
x1 (1— х)(1+ ух) 
= lim l = | 
хх 2 
(ii) 


1I—-y/1-x? | (1-v1-x2)(1- V1— x?) 
x0 X x0 x(1 + V1 +x?) 


(iii) 
l 1-41-х2 l 1 
in — m = IM — =, 
x0 x? x—>0 1 + /1--х2 2 


3. (iv) Let ô = e, since |x/(1 + sin? x)| < |x]. 


(vi) If > 1, let 5 = 1. Then |x — 1| < ô implies that 0 < x < 2, 500 < /x < 2, 
so |./x — 1| < 1. Ша < 1, then (1— 2)? < x < (1+ e)? implies that |./x — 1| < e, 
so it suffices to choose 5 so that (1 — =)? < 1 — ô and 1 +8 < (1 + e. Thus we 


can choose ô = 2e — &?. 


4. (1) (ii) (iii) All numbers a which are not integers. 
(iv) All a. 
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(v) All a with a 0 and a Æ 1/n for any integer n. 
(vi) All a with |а| < 1 and a Æ 1/n for any integer п. 


5. (a) (i) All a not of the form n + k/10 for integers n and К. 
(ii) All a not of the form n + k/100 for integers n and К. 
(iii), (iv) No a. 


(v) All numbers a whose decimal expansion does not end 7999... .. 


(b) The answers are the same as in part (a) (although the description of the numbers 
in terms of their new "decimal expansions" may be different). 


6. (ii) We need 
E 


xad cm) and le(x) — 4| < 


, E 
fœ) — 21 < min ( XBDT 


so we need 


[min(1, £/10)]? 


0 « |x — 2| « min (sin? ( ) + min(1, €/10), [min(1, 223 





9 
E. 
(iv) We need 
2- -i gu gd е0] < min (1 та) 
gx) 4| 2011-1) (1/4 + 1) 7° 
SO we need 
0 < |x — 2| 
| 86 2, f [min(1, 22/5)? | 
< min ( [ni (2 xm) , sin Е==25 + min(1, 26/5) 
= 0, 


7. Let f(x) = y |х| with a = О and! = 0. Then for € < 1 we have КАЯ -0| <E 
when 0 < |x — 0| < £?; but if 0 < |х — O| < e7/2, it does not follow that 
|v |x| — 0] < £/2 (instead we must let 0 < |x — 0| < (£/2)°). 


8. (a) Yes. For example, if g = 1 — f, then lim [ f(x) + g(x)] exists even if 
lim f (x) [and consequently lim g(x)] does not exist; and if g = 1/f where f (x) Æ 
О for all x Æ a, then lim f (x)g(x) does exist even if lim f (x) and lim g(x) do 
not exist [for example, if f(x) = 1/(x — a) for x 0, and g(x) = x — a]. 


(b) Yes, since g = (f + g) — f. 
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(c) No. (This 15 just another way of stating part (b).) 


(d) No. The argument analogous to part (b), that g = (f - g)/f, will not work if 
lim f (x) = 0, and this is precisely the case in which one can find a counterexample. 
xa 


For example, let f(x) = x— a, and let g(x) = 0 for x rational and 1 for x irrational. 
Then lim g(x) does not exist, but lim f (x)g(x) = 0, since | f (x)g(x) -0| < |f (x)]. 


11. Intuitively, this is true because we only have to consider x's satisfying 0 < 
|x — a| < 6’, where we can pick ó' < ô. In fact, if lim f (x) = l, and ғ > 0, there 
xa 


is ад such that if O < |x — a| < 6’, then | f(x) — 1| <=. Now there is also a 
6’ < ô with this property (namely, min(6, 5’)). Since f(x) = g(x) for all x with 
0 < |x — a| < 6, we also have f (x) = g(x) for all x with 0 < |x — a| < 5,, so the 
conclusion | f(x) — l| < £ can just as well be written |g(x) — И < =. This shows 
that lim g(x) = 1. 


12. (a) Intuitively, f(x) cannot be made close to a number > lim g(x) because 
f(x) < g(x) and g(x) is close to lim g(x). A rigorous proof is by contradiction. 
Suppose that / = lim f(x) > lim g(x) = m. Let £ = 1 — m > 0. Then there is a 
ô > 0 such that if 0 < |x — a| < ô, then || — f(x)| < 2/2 and |m — g(x)| < 5/2. 


Thus for 0 < |x — a| « ó we have 
€ 


SO mE 


1-7 < f(x) 
— — < f(x), 

2 
contradicting the hypothesis. 


(b) It suffices to assume that f (x) < g(x) for all x satisfying 0 < |x — a| < ô, for 
some 6 > 0. 


(c) No. For example, let f(x) = 0 and let g(x) = |x| for x 4 0, and g(0) = 1. 
Then lim f(x) =0= lim g(x). 
х-» x 
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13. Intuitively, g is squeezed between f and Л, which approach the same number: 





Let = lim f (x). Given £ > 0, there is ад > 0 such that if 0 < |x — a| < ô, then 
WO ed айй | f(x) — l| <=. Thus, if 0 < |x — a| < ô, then 
l—e < f(x) < 8@) < h(x) «146, 


so |g(x) —l| < €. 


14. (a) We ought to have 
ш LOD ng AOD _ „ү оо) 


х>0 x x20 bx x0 bx 150 у 


= bl. 


The next to last equality can be justified as follows. If € > O there isa ô > 0 
such that if O < |у| < ô, then | f(y)/y| < =. Then if 0 < |x| < є/|Ь|, we have 
0 < |bx| < £, so | f(bx)/bx| < €. 


(9) In this case, lim f (bx)/x = lim f (0)/x does not exist, unless f(0) — O. 
x x 


(c) Part (a) shows that lim (sin2x)/x = 2 lim (sin x)/x. We can also use the fol- 
x x 
lowing computation: 
sin 2x . 2(sinx)(cos x) sin x . sinx 


lim — = lim — ——— = 2 lim cos x lim —— = 2 lim 
x0 Х x0 Х x0 x-0 x x0 x 











15. (i) 
2 
lim жыш -21 хуль = 2a, by Problem 14. 
x0 Х x0 x 
(ii) 
. sinax . Snax . 
lim = lim - lim 











x0 sin bx x—0 x x0 sin bx 
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(ii) = 
. sin’ 2x — . Sin2x 
Ї = lim sin 2x - lim = 0.20 = 0. 
x0 x x0 x0 x 
(iv) 
_ sin? 2x _ sin2x\? 2 
lim = lim = 4a А 
x0 x x0 x 
(v) 
. 1l-cosx . (1—cos х)(1 + cos x) | sin? x 
lim ———— = Ex A SS С ——=®——=—= 
x20 x x0 x?(1 + cos x) х0 x?(1 + cos x) 
22 
BS 
(vi) 
sin? x +2 
7А tan? х + 2x — нп Хсов x 
x20 x+x? x0 1+ х 
=й (= | sin x +2) Л 
x>0\ x соѕ2х 
= 0 :0+2 = 2. 
(vii) 
l x sin x | x sin x(1 + cos x) . xsinx(1+cosx) 
im ———— = И NES er о: 
x>01—cosx x->0(1—cosx)(1+cosx) х-0 sin? x 
_ 2 
| à 
(viii) 
. sin(x +h) — sinx . sinx cosh + cos x sinh — зах 
lim ————— —— = ши ——————————————— 
h-0 h h0 h 
. . (cosh — 1) sinh 
= lim sin x ——— — — + cos x —— 
h—0 
cos —1 
= Œ COS x [we have lim : = 0 by (v)]. 
(ix) 
. sinx?—1) .. (х-41)88(52-1) ... (x +1) sin(x? - 1) 
lim ———— —— = lim ————— —— ——— - Ш” 
xl Х-1 x21 (x+1)(x« -1) x1 х2-1 
206 sin(x? — 1) 
x x?—1 
. Sin | 
202 Ла [same reasoning as in Problem 14(а)] 
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(х) 
x (3-Fsinx)  . 3 + sinx 3 
— = lim 


1 (x + sin x)? E ( ary E (+a) 
+ 





(xi) 





1 3 
lim (x* 5)? sin ( г) = 0 [since | эт 1/(x — 1)? | < 1 for all x 4 0]. 
xc X — 


16. (a) Intuitively, if f(x) is close to l, then | f (x)| is close to ||. In fact, given 
€ < О there is a ô > 0 such that if 0 < |x — a| < ô, then | f(x) — l| < є. But 
Ро) = Ill | x |/(х) — И < £ (by Problem 1-12(vi)). 


(b) This follows from (a) and Theorem 2, since 


max(f, = 8—78, 
ао a 


18. Pictorially, this means that f is bounded in any interval around a. 





Choose ô > 0 so that | f(x) – 1 < 1 for < |x — a| < à (we are picking є = 1). 
Then] — 1 < f(x) < 1+1, so we can let M = max(|l + 1|, |] — 1). 


19. For any ô > 0 we have f(x) = 0 for some x satisfying 0 < |x —a| < ô 
(namely, irrational x with 0 < |x —a| < 6) and also f(x) = 1 for some x satisfying 
0 < |x —а| < 6 (namely, rational x with 0 < |x — a| < ô). This means that we 
cannot have | f(x) —1| < 1/2 for all x no matter what / is. (There is a slight bit of 
cheating here; see Problem 8-5.) 
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20. Consider, for simplicity, the case а > 0. The basic idea is that since f(x) is 
close to a for all rational x close to a, and close to —a for all irrational x close to a, 
we cannot have f(x) close to any fixed number. To make this idea work, we note 
that for any д > 0 there are x with 0 < |x — a| < 6 and f(x) > a/2 as well as x 
with 0 < |x —a| < дапа f(x) < —a/2. Since the distance between a/2 and —a/2 
is a, this means that we cannot have | f (x) —/| < a for all such x, no matter what l 
18. 





21. (a) Follows from (b), since | sin 1/x| < 1 for all x (5 0). 


(b) If > 01$ such that |g(x)| < &/М forall x with O < |x| < à, then |g(x)h(x)| < 
€ for all such x. 


22. If lim f(x) does exist, then it is clear that lim 1l f (x) + g(x)] does not exist 

whenever lim g(x) does not exist [this was problem 8(b) and (c)]. On the other 

hand, if lim f(x) does not exist, choose g = — f ; then lim g(x) does not exist, but 
id x 


lim [f (x) + g(x)] does exist. 


23. (a) If lim f (x)g(x) existed, then lim g(x) = lim f (x)g(x)/f (x) would also 
x X х 
exist. 


(b) Clearly, if lim f (x)2 (x) exists, then lim g(x) = 
Х-» х> 


(с) In case (1) of the hint, we clearly cannot have lim f(x) = 0, so by assumption 
the limit does not exist at all. Let g = 1/f. Since it is not true that lim fœ) = 
oo, it follows that if lim g(x) exists, then lim g(x) 5:0. But this would imply 
that lim f(x) exists, so lim g(x) does not exist. On the other hand, lim f(x)e(x) 


clearly exists. In case (2), choose x, as in the hint. Define g(x) = 0 for x Æ Xn, 
and g(x) = 1 for x = x,. Then lim g(x) does not exist, but lim fG)2g(x)- 
х х 
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24. Given € > 0, pick п with 1/n < є and let 6 be the minimum distance from 
a to all points in A;,..., A, (except a itself if a is one of these points). Then 
0 < |x —a| < д implies that x is not in Aj,..., An, so f(x) = O or 1/m for 
m>n,so|f(x)| < =. 


26. (а) Although lim 1/х = 11$ true, it 1$ not true that for all д > O there is an 
x 


5 > О with |1/x — 1| < e for O < |x — 1| < ô. In fact, if ô = 1, there is no such e, 
since 1/x can be arbitrarily large for 0 < |x — 1| «1. 

Moreover, any bounded function f automatically satisfies the condition, whether 
lim f(x) = 1 is true or not. 


(b) If f is a constant function, f (x) = c, this condition does not hold, since | f (x) — 
c| < 1 certainly does not imply that 0 < |x — a| < ó for any 6. 

Moreover, the function f (x) — x, for example, satisfies this condition no matter 
what a and / аге. 


27. (i), (ii), ан), (iv) Both one-sided limits exist for all a. 

(v) Both one-sided limits exist for a 5 0 and neither exits for a = 0. 

(vi) Both one-sided limits exist for all a with |a| « 1; moreover, lim f(x) and 
x1 


lim f (x) exist. 
x1* 


28. (a) (1), (1) Both one-sided limits exist for all a. 
(iii), (iv) Neither one-sided limit exists for any a. 
(v) Both one-sided limits exists for all a. 


(vi) Both one-sided limits exist for all а whose decimal expansion contains at least 
one 1; in addition, the right-hand limit exists for all a whose decimal expansion 
contains no 1 8, but which end in 0999 .... 


(b) The answers are the same as in part (a). 


31. 
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Let? = lim f(x) andm = lim. f (x). Since m — l > 0, there is a ô > O so that 
xa xa 


| f(x) - 1| < —— when a—ó«x«a, 


m 
|f (y) — m| < —— when а < у<а+. 
This implies that 


2, _| 
fG) <1+——— =т— « fO) 


The converse is false, as shown by f(t) = t and any a. It is only possible to 
conclude that lim f(x) < lim F(x). 
xa- xa 


32. Naturally we are assuming a, Æ 0 and bm Æ 0. If x 5 0, then 











an —1 ao 
anx” +. Бар ОТ sop О) 
Бых" +++» bm bo g(x) 
uc der. 


If m < n, then lim. f(x) =a, but lim g(x) = 0. This implies that lim. f (x)/2(x) 
х Х-Э ОО х 
does not exist—otherwise we would have 


Jim f(x) = ша f(x)/gG)]-[lim g(x)] = 0. 


If m > n, we write 





йл 40 
anx” Буг ао ути! ym _ Г) 
bmx” +---+bo bo р(х): 
io Big ааа 


Then lim f(x) = O if m > n, and a, if m = n, while lim g(x) = bm. So 
X ОО Х-- ОО 


lim f(x)/g(x) = О1 m > n, and a,/bm if m =n. 
Х-- ОО 





33. (i) 
sin? x 
x + sin? x б. S 
лэ 5 6 74557226 
Х-»ОО Х pu 
х 
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(il) 








1 
im = lim - sin x 


(iii) 


Vx? 4 x — x)( x? +х 4 x) 
lim /x?--x —x = lim (vx? +x x)(vx +x +2) 
X ОО X oo /x?--x + х 

х 


| 
E 


— ]im 
x00 1 
14-41 
х 
Ш 1 
=>. 
(iv) The limit 
x?(1 + sin? x) um 1 + sin? x 





m ML e LI 
шээх (x+sinx)* | x00 ( saz) 
+ 











sin x . е 
does not exist, since (1 + ==) — 1 but 1 + sin? x does not approach a limit as 
x 
х — oo. 
35. (i) 
. sinx 
lim = (); 
x> Xx 
since | sin x| < 1 for all x. 
(ii) 
1 sin — sin 
lim xsin- = lim — = lim -——- Бу Problem 34 
X— 00 x x>œ 1 x0* Xx 
x 


36. lim f(x)-lmeansthatfor all ғ > Othereis some N such that | f(x)—1| < € 
X —-0O 


for some x « N. 


(a) The answer is the same as when x — oo (Problem 32). 
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(b) Ifl = Jm f (x), then for every = > 0 there is some N such that | f(x) – 1| < € 

for x > N. Now if x < —N, then —x > N,so|f(—x)-1| «e. So lim f(—x) = 
Х-Э»--ОО0 

1. 


(c) If] = lim /(х), then for every ғ > 0 there is some N such that | f(x)—l| < € 
Х-»-ОО0 


for х < М, and we can assume that N < 0. Now is 1/N < x < 0, then 1/х < N, 


so | /7(1/х)-4| <e. 


37. 


(a) Given N > 0,letó = 1/4/N. ThenO < |x —3| < 8 implies that (x —3)? < 1/N, 
so 1/(х — 3)? > М. 


ыг 


(b) Given N > 0, so that 1/N > 0, choose ô > 0 such that |g(x)| < &/М for 
0 < |x —a| < ô. Then 0 < |x —a| < à implies that | £(x)/2(x)| > €-(N/e) = 


38. (a) Er f (x) = oo means that for all N there is ад > 0 such that, for all x, 


Ка <х За: then f(x) > М. 
lim f(x) = oo means that for all N there is a 6 > 0 such that, for all x, if 
Х-»аг 


a—ó«x«a,then f(x) > М. 
lim f(x) = со means that for all N there is some М such that, for all x, if x > М, 
х Оо 


then f(x) > М. 
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It is also possible to define 


lim f(x) = oo, 
Х-Э--ОО0 


lim f(x) = —oo, 
xa 

lim f(x) = —oo, 
xat 

lim f(x) = —oo, 
xa- 

lim f(x) = —oo, 
x—oo 

lim f(x) = —oo. 
Х-»-00 


(b) Given N > О, choose ô = 1/N. If 0 < < ô, then 1/x > М. 
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(c) If lim. f (1/x) = oo, then for all N there is some M such that f(1/x) < N 
х 
for х > M. Choose М > 0. If 0 < x < 1/M, then x > М, so f(x) > N. Thus 


lim f(x) = оо. The reverse direction is similar. 
х—>0+ 


39. 01) 
шаг 7 
х? +457 _ ta m 22 
Х-»ОО 7x? —x +1 X 00 1 1 
Х Х 


(ii) lim x(1--sin? x) = oo, since 1 < 1 + sin? x < 2 for all x. 
Х-Э ОО 


(iii) lim xsin? x does not exist, since sin? 
хэ ОО 


(iv) 
| >. 1 | 21 
lim x^sin — = lim x-xsin — = oo, 
X 


x00 X x00 


since lim xsin 1/x =a, by Problem 35(ii). 
X ОО 


(v) 


luda pea M 
Х-Э ОО 


шан х2-2Х-4х 


2х 
= lim —————— 
x00 d X? + 2x + X 
2 
= lim —————— =]. 


хоо 2 
1+-+1 
Х 


x oscillates between 0 and 1. 
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(vi) 
Jim. м х(Ух + =: pu Ji) 


2x 
liti = 
x00 /y 424 Их 
2 


lim ——————— = 
X— ОО 1 2 1 
Х Х Х 


И mer WES uus 1 
lim = lim — = lim — =Q. 
X00 x x00 X x00 A/X 


(vil) 





40. (a) The figure below shows опе side of the n-gon, subtending an angle of 2л /n. 
Angle BOC is thus л/п, so BC = rsin(z/n), and AC = 2rsin(z/n). So the 
whole perimeter is 2rn sin(x /n). 


ах 


(b) As n becomes very large this approaches 
lim 2rxsin(—) = lim л2^> sin (=) 
Х-» ОО Х х ОО л Х 


= 27ra, 


where œ = lim (sin x)/x, by Problem 35(ii). [Since you know that the perimeter 
Х-Э ОО 


should approach the circumference of the circle, which is 277, you can guess that 
lim | (sin x)/x = 1, when x is in radians.] 


41. How do we know that ya? — ғ and уа? + в exist!? In Chapter 7 we prove 
(Theorem 8) that every positive number has a square root, but the proof of this 
theorem uses the fact that f(x) = x? is continuous, which is essentially what we 
are trying to prove. In fact, the existence of square roots is essentially equivalent to 
the continuity of f—compare Problem 8-8. 


СНАРТЕК 6 


1. (ii) № F, since lim |x|/x does not exist. 
x 


(iv) No Р, since F(a) would have to be 0 for irrational a, and then F is not con- 
tinuous at a is a is rational. 


2. Problem 4-17: 

(i), (ii), (iii) All points except integers. 

(iv) АП points. 

(v) АП points except 0 and 1/n for integers п. 

(vi) All points in (—1, 1) except 0 (where it is not defined) and 1/n for integers n. 
Problem 4-19: 

(i) All points not of the form n + k/10 for integers k and n. 

(ii) АП points not of the form п + k/100 for integers К and n. 
(iii), (iv) No points. 

(v) АП points whose decimal expansion does not end 7999 ... . 
(vi) All points whose decimal expansion contains at least one 1. 


3. (a) Clearly lim f (h) = 0, since |h| < 6 implies that |f (h) — f(0)| = |f (h)| < 
ó. 
(b) Let f(x) = 0 for x irrational, and f(x) = x for x rational. 


(c) Notice that | /(0)| < |g(O)| = 0, so f(0) = 0. Since g is continuous at 0, for 
every £ > 0 there is a ô > 0 such that |g(h) — g(0)| = |g(h)| < = for |h| < 8. Thus, 
if |A| < ô, then | f(h) — f(0)| = |f(h)] x |8(®)| < £. So lm f(h) = 0 = /(0). 


4. Let f(x) = 1 for x rational, and f(x) = —1 for x irrational. 


5. Let f(x) =a for x irrational, and f(x) = x for x rational. 
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6. (a) Define f as follows (see the solution to Problem 4-17(vi)): 


0, x < 0 
1 
=~, 0<х<1 
о) =4 |1 
х 
2. х > 1 
(b) Let 
-1, x < 0 
1 
==, 0«х 1 
Г) = [1 
х 
2. x > 1. 


7. Note that f(x + 0) = f(x) + / (0), so / (0) = 0. Now 
lim f(a +h) — f(a) = lim f(a) + f (h) — f(a) 
= lim f(h) 
= lim f (h) — 70) = 0, 
since f is continuous at 0. 


8. Since ( f + a)(a) 5 0, Theorem 3 implies that f + œ is non-zero in some open 
interval containing o. 


9, (a) This is just a restatement of the definition: If the condition did not hold, then 
for every є > 0 we would have | f (x) — f(a)| < € < 2e for all x sufficiently close 
to a, i.e., for ай x satisfying |x — a| < ô for some 6 > 0. If this were true for all =, 
then f would be continuous at a. 
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(b) If neither of these conditions held, then for every € > 0 there would be 91, 6; > 0 
such that f(x) > f(a) —e for |x —a| < 6; and f(x) < /(а)--6 for |x —a| < ô. If 
|x —a| < ô = min(ói, 2), then f(a)—e x f(x) < f(a) +в, so|f(x)— f(a)| < e. 
Since this would be true for all = > 0, it would follow that / is continuous at а. 
10. (a) 

lim | f(x) = lim fe) by Problem 5-16 

xa xa 

= |f (a)| = | f |(a). 

(b) The formulas for E and O in the solution to Problem 3-13 show that E and O 


are continuous if f is. 


(c) This follows from part (a), since 


max(f, 2) = crave 
min(f, g) = Lt£ M8 


(d) Let g = max( f, 0) and й = — min( f, 0). 


11. 1/g = f og and f is continuous at g(a) if g(a) 5:0. So by Theorem 2, 1/g 
is continuous at a if g(a) Æ 0. 


12. (a) Clearly С is continuous at a, since G(a) = l = lim g(x) = lim G(x). So 
xa Xa 


f о С is continuous at a by Theorem 2. Thus 


FO = f(G(a)) = (Го G)(a) = lim (f о G)(x) = lim f(g(x). 


(b) Let g(x) =1-+х — a and 
0, l 
f(x) = | tU 
Then lim g(x) = 180 f (lim eG) = f(D = 1; but g(x) = l for x Æ a, so 
lim f(g(x)) = lim 0 = 0. 


13. (a) Since f is continuous on [a, 5] the limits lim f (t) and lim f (t) exist. 
t—a tb: 


Let | 
lim f(t), x<a 
tat 


р(х) = $ f(x). a«x«b 
lim ТО), b<x. 
t— b^ 
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(b) Let f(x) = 1/(x — a). 
14. (a) The limit lim f (a + t) exists, and equals f (a) = g(a) = h(a), since 
lim f(a+t)= lm g(a 4 t) = g(a), 
t—0* tot 
lim f(a+t)= lim h(a +t) = h(a). 
t—07 t—07 


(b) f is continuous at c by (a), and at any x Æ c in [a,b], since f agrees with 
either g or h in some interval around x. 


15. If f is continuous on [a, b] and f (a) > 0, then there is some ô > 0 such that 
for all x, if a < x < х +ô, then |f (x) — f(a)| < f (a). This last inequality implies 
that f(x) > 0. The proof for f(b) > O is similar. 
16. (a) No in the first case; yes in the second. 
(b) We have 

lim g(x) = lim f(x) since g(x) = f(x) for x ха. 

xa xa 


— g(a) by definition of g(a). 


(c) g(x) = О for all x. 
(d) Since g(a) = lim f(y), by definition, it follows that for any = > 0 there is a 
6 » 0 such that FOS g(a)| < £ for |y — a| < 6. This means that 
g(a) — € < f(y) < g(a) += 
for |у-а| < ô. So if |x — a| < ô, we have 
g(a) — e < lim f(y) S gla) +e, 


which shows that |g(x) — g(a)| < = for all x satisfying |x — a| < ô. Thus g is 
continuous at a. 


СНАРТЕК 7 


1. (ii) Bonded above and below; no maximum or minimum value. 
(iv) Bounded below but not above; minimum value 0. 


(у) Bounded above and below. It is understood that a > —1 (so that —a—1 < a+1). 
If —1 <a < 1/2, then a < —a — 1, so f(x) =а+2 for all x in (-a — 1,a + 1), 
so a + 2 is the maximum and minimum value. If —1/2 < a < 0, then f has 
the minimum value a”, and if a > О, then f has the minimum value 0. Since 
а+2 > (а + 1)? only for | —1 -451/2 <a< [1 +55 |/2, when a > —1/2 this 
function f has a maximum value only for a < [1 + /5 | / 2 (the maximum value 
being a + 2). 


(vi) Bounded above and below. As in part (v), it is assumed that а > —1. If 
a < —1/2 then f has the minimum and maximum value 3/2. If a > 0, then f has 
the minimum value 0, and the maximum value max(a?, a + 2). If —1/2 < a < 0, 
then f has the maximum value 3/2 and no minimum value. 


(viii) Bounded above and below; maximum value 1; no minimum value. 


(x) Bounded above and below; maximum value 0; the maximum value is a if a is 
rational, and there is no maximum value if a is irrational. 


(xii) Bounded above and below; minimum value 0; maximum value [a]. 


2. (ii) n = —5, since f(—5) = 2(—5) + 1 < 0 < f(—4). 
(iv) п = 0 since both roots of f(x) = О lie in [0, 1]. 


3. (ii) If f(x) = sinx —x +1, then f(0) > О and f(2) = (sin2) — 1 < 0. 


4. (a) Let / = (n — k)/2 and let 
f (x) = (х? + D(x — 1)(х —2)--- (x — k). 


(b) If f has roots a1, ..., аг with multiplicities mı, ..., ть, so that k = m; +---+ 
m,, then 
f(x) = (x – а1)" «(x — ar)™ g(x) 


where g is a polynomial function of degree n — (m, +... +т,) = n — k with no 
roots. It follows from Theorem 9 that n — К is even. 


6. If not, then f takes on both positive and negative values, so f would have the 
value 0 somewhere in (—1, 1), which is impossible, since y 1 — x? Æ 0 for x in 
(—1, 1). 
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8. If not, then f(x) = g(x) for some х and f(y) = —g(y) for some у. But / is 
either always positive or always negative, since f(x) Æ О forall x. So g(x) and g(y) 
have different signs. This implies that g(z) = 0 for some z, which is impossible, 


since 0 Æ f(z) = £g(z). 


9. (а) f(x) > 0 for all x ха. For if хо» a is the point with f(xo) > 0, and if 
f (x) < 0 for some x > a, then f(z) = 0 for some z in the interval between хо and 
x; since z # a, this contradicts the hypothesis. The proof for x < a is similar. 


(b) f(x) > 0 for all > a, and f(x) < 0 for all x < a [the proof is essentially the 
same as for part (a)]. 


(c) For y £0, let f(x) = x? + x?y + xy? + y? (to be very explicit we could write 
fy instead of f). Since 





4_ |4 
ра) = 7 foxy 

х-у 
ЈО) = 4у #0 


we have f(x) = 0 only when x = — у. 

Say that у > 0. Then f(y) = 4y? > 0, while f(—2y) = —5y? < 0. It follows 
from part (b) that f(x) > 0 for x > —y and f(x) < 0 for < —y. Similarly, if 
у < 0, so that y < 0 < —2y, then f(y) < 0 while f(—2y) > 0, so again f(x) > 0 
for x > —y and f(x) < 0 for x < —y. In short, x? + x?y + xy? + y? > 0 for 
х + у > Оапа <Oforx+y < 0. 


12. (a) Use the proof in the solution to Problem 11, but applied to f and —Г. 


(b) Apply the same proof to f and g. 


13. (a) No, f is not continuous оп [—1, 1]. If a < b are two points in [—1, 1] 
with a, b > Oora,b < 0, then f takes every value between f (a) and f (b) on the 
interval [a, b] since f is continuous on [a, b]. On the other hand, if a < 0 < b, then 
f takes on all values between —1 and 1 on [a, b], so f certainly takes on all values 
between f(a) and f(b). The same argument works for a = 0 or b = 0 (because 
f (0) was defined to be in [—1, 1]). 


(b) If f were not continuous at a, then (by Problem 6-9(b)) for some = > 0 there 
would be x arbitrarily close to a with f(x) > /(а) 46 or f(x) < f(a) – =, 
say the first. We can even assume that there are such x's arbitrarily close to a and 
> а, Or else arbitrarily close to a and < a, say the first. Pick some x > a with 
f(x) > f(a) + є. By the Intermediate Value Theorem, there is x’ between a and x 
with f(x’) < f(a) +=. But there is also y between a and x’ with f (y) > f(a) +=. 
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By the Intermediate Value Theorem, / takes on the value f(a) + = between x and 
x’ and also between x’ and y, contradicting the hypothesis. 


faite see “ОР” — 


f (a) e 





(c) As in (b), choose x; > a with f (x1) > f(a)+e. Then choose x, between a and 
xı With f (x1) < /(а)--6. Then choose xz between a and x, with f(x?) > f(a)+e 
and x, between а and x2 with f(x,) < f(a) +e. Etc. Then f takes on the value 
f (a) + = on each interval [x, , x,], contradicting the hypothesis. 


14. (a) This is obvious since |cf |(x) = |c| - | f (x)| for all x in [0, 1]. 


(b) We have 
If + gl(x) = |/ ©) 4200 S 1/7ОО + Ig) 51710904 181089. 
If |f + g| has its maximum value at xo, then 
If gl = If + glio) < 17100) 18100) < ПАПУ 11. 
If f and g are the two functions shown below, then 


ПЛ = 181 = [/ +21 = 1, 


so || /-521 5 1121-41211. (Notice that this happens even though we have | f+g|(x) = 
РС) + |g|(x) for all x.) 
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(c) Apply part (b) with f replaced by h — g and g replaced by g — f. 


15. (a) Choose b > 0 so that | (D) /Ь?| < 1/2. Then 


a > b >0. 





р" 2 


Similarly, Га < 0 and |¢(a)/a?| < 1/2, then а" + ф(а) < а"/2 < 0. So 
x" + ф(х) = 0 Юг some x in [a, b]. 


b" + o(b) = b^ (1+ 


(b) Choose a > Osuch that a” > 2ф(0) and such that |$ (x)/x"| < 1/2 for |x| > a. 
Then for |x| > a we have 





x" + (x) = х" ( T ез) > E » a > ф(0), 
a 2 2 


so the minimum of x” + ф(х) for x in [—a, a] is the minimum for all x. 


16. If 
f(x) = x" ay ax" | +--+ ао, 


let 
М = тах(1, 2n|a, 1l, ..., 211001). 


Then for all x with |x| 2 M we have 





242 


NO] = 
x 
= 


SO 
@п—1 





$i SD) хал) 
хп 





fe = e" (1. 2 


If b > M satisfies |b"| > 2 f (0), then |f (x)| > |f (0)| for |x| > b. So the minimum 

value of | f (x)| on [—b, b] is the minimum value on В. (Naturally this problem can 

be generalized exactly as in Problem 15: If $ is continuous and lim $(x)/x" — 
X—00 


Chapter 7 87 


0 = lim. ф(х) /х", then there is some number y such that | y" --$ (y)| < |x"4-$ (x)| 
Х-»- 


for all х.) 


17. Pick b > 0 so that f(x) < f(0) for |x| > b. Then the maximum of f оп 
[—b, b] is also the maximum on R. 





18. (a) Apply Theorem 3 to the (continuous) function 
d(z) = V (f2)? + (&—х)?, 
which gives the distance from (x, 0) to (z, f(z)), for z in [а,Ь]. 
(b) If f(x) = x on (a, b), then no point of the graph is nearest to the point (a, а). 


(c) Clearly the function d of part (a) satisfies lim. d(z) = со = lim d(z), since 
2-» z— —oo 

d(z) > |z — x|. Choose c > 080 that d(z) > d(0) for |z| > c. Then the minimum 

of d on [—c, c] will be the minimum of d on В. 


(d) By definition, g(x) = y (f (z))? + (z — x)? for some z in [а,Ь]. Now 


VG GY + (2 — У)? < V(F(2))? + (с – х)? +z- y] гај 2. 


So g(y), the minimum of all y (f(z))? + (z — y)?, is less than or equal to |z — y| + 
the minimum of all /( f (z))? + (z — x)?, which is g(x) + |y — х]. Since |g(y) — 
g(x)| < |y — x| it follows that g is continuous (given є > 0, let ё = e). 


(e) Apply Theorem 3 to the continuous function g on [а, b]. 
19. (a) If the continuous function g satisfied g(x) Æ О for all x, then either g(x) > 


О for all x or g(x) < O forall x, i.e., either f(x) > f(x+1/n) or f(x) < f(x+1/n) 
for all x. In the first case, for example, we would have 


fO) > f(1/n) > f(2/n) >... > f(n/n) = 701), 
contradicting the hypothesis that /(0) = /(1). 
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(b) The picture below illustrates such a function f when 1/4 <a < 1/3. 


l-30 1 1-20 Р | 
а 2а 


Л А 


In general, if 1/(n + 1) < a < 1/n, define f arbitrarily on [0, a], subject only 
to the condition that f(0) = 0, f(a) > 0, and f(1 — na) = —п/ (а). Since 
1/(n+1) <a < 1/n, the numbers 0, 1 —7a, and a are all distinct, so this is possible. 
Then define f on (Ка, (k + Па] by f (ka + x) = f(x) + ka. In particular, we have 
f (1) = f (na + (1—na)) = na + f (1—na) = 0, but f(x -a) – f(a) = f(a) > 0 
for all x. 


20. (a) If f(a) = f(b) fora < b, then we cannot have f(x1) > f(a) and f (x2) < 
f (a) for some x1, x2 in [a, b], since this would imply that f(x) = f(a) for some 
x between х and x2, so that f would take on the value f (a) three times. So either 
Р(х) > f(a) for all x in (a, b), or else f(x) < f (a) for all x in (a, Б), say the first. 
Pick any хо in (a, b). 
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The Intermediate Value Theorem implies that f takes on all values between f(a) 
and f(x) in the interval [a, хо] and also in the interval (хо, b]. So we cannot have 
f(x) > f(a) for x < a or x > b, since this would imply that f takes on these 
values yet a third time (on [x, a] or [b, x]). So f is actually bounded above on R 
(since it is bounded on [a, b]), which means that f does not take on every value. 


(b) Moreover, even if we allowed the situation where f did not take on all values, 
it would still be true that f actually has a maximum value M on R (the maximum 
on [a, b] will be the maximum on R). Now f must take on this maximum value 
twice, say at хо and xı. Pick a < xo < В < yo < y. 





If m is the maximum of f (o), f (B), f(y), then f takes оп all values between т 
and M on each interval [o, xo], [xo, В], [В, x1] and [x1, y], which is impossible. 


(c) The following picture, for n — 5, will indicate the general case. 


чинэ — —  — иь» ӘНАР a — “инээ “эээ тээ? 


(d) Pick x < --: < x, with f(xi) =--- = f(x) = a. In each interval (xj, xi 41), 
either f > a or f < a. Since n is even, there are an odd number, п — 1, of such 
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intervals, so either f > а in more than half of them, or f < аш more than half 
of them. Thus f > a in at least n/2 of them, or f < a in at least n/2 of them, 
say the first. Then f takes on all values slightly larger than a at least twice in at 
least n/2 intervals. This shows that f cannot take on these values any where else, 
so f is bounded above. (Moreover, the same sort of argument as in part (c) shows 
that f would have to take on values slightly less that the maximum value at least 2л 


times.) 


СНАРТЕК 8 


1. (ii) 1 is the greatest element and —1 is the least element. 
(iv) 015 the least element, and the least upper bound is V2, which is not in the set. 
(vi) Since (x : x? +х +1 < 0} = ([-1- 45 ]/2, [-1 + 451/2), the greatest 


lower bound is [-1 — v5 ] / 2 and the least upper bound is [-1 + 5 ] / 2; neither 
belongs to the set. 


(viii) 1 — 1/2 18 the greatest element, and the greatest lower bound is —1, which is 
not in the set. 


2. (b) Since A is bounded below, В 5 Ø. Since A = Ø, there is some x in A. Then 
any y > x is not an upper bound for А, so no such y is in B, so B is bounded above. 
Let æ = sup B. Then a is automatically > any lower bound for A, so it suffices to 
prove that o is a lower bound for A. Now if œ were not a lower bound for A, then 
there would be some x in А with x < o. Since о is the least upper bound of B, 
this would mean that there is some y in B with x < у < о. But this is impossible, 
since x « y means that y is not a lower bound for A, so y would not be in B. 


3. (a) No. For example, the functions f shown below have no second smallest x 
with f(x) = 0. 


Since b — a + x varies between b and a as x varies between a and b, the function 
g(x) = f(b — a + x) satisfies g(a) = f (b) > О and g(b) = f (a) < 0. So there is 
a smallest y with g(y) = 0. Then x =b — a + yis the largest x with f(x) = 0. 


(b) Clearly В 5 Ø, since a is in B; in fact, there is some д > 0 such that B contains 
all points x satisfying a < x < а + ô, by Problem 6-15, since f is continuous оп 
[a,b] and f(x) «0. Similarly, b is an upper bound for B, and, in fact, there is a 
ô > О such that all points x satisfying b — ô < х < b are upper bounds for A; this 
also follows from Problem 6-15, since f is continuous on [a, b] and f (b) > 0. 
Let о = sup А. Then a <a < b. Suppose f(a) < 0. By Theorem 6-3, there is 
ад > 0 such that f(x) < О fora — д < х < æ + ô. This would mean that o + 6/2 
is in А, a contradiction. Similarly, suppose f(a) > 0. Then there is a ô > 0 such 
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that f(x) > 0 fora —ó «x < а +. But then æ — 6/2 would also be an upper 
bound for B, contradicting the fact that o is the least upper bound. So f(a) = 0. 

This о is the greatest x in [a, b] with f(x) = 0. The sets A and B are different 
for the function shown below. 


4. (a) Let c be the largest x in [a, xo] with f(x) = О and d the smallest x in [xo, b] 
with f(x) = 0. 





(b) Let c be the largest x in [a, b] with f(x) = f(a), and let d be the smallest x 
in [c, b] with f(x) = f(b). 


6. (a) By definition of continuity, we have f (a) = lim f (x) for all a, so it suffices 
X—a 
to prove that lim f(x) = 0 (knowing that the limit / exists). Now given € > 0, 
xa 


there is ад > 0 such that | f (x) — 1 < £ for all x satisfying 0 < |x — a| < ô. Since 
A is dense, there is a number x in A satisfying 0 < |x — a| < ô; so |0 – I| < e. 
Since this is true for all є > 0, it follows that / = 0. 
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(9) Apply part (a) to f — g. 


(c) As in part (b), it obviously suffices to show that if f is continuous and f(x) > 0 
for all numbers x in A, then f(x) > О for all x. Now there is аб > 0 such that, for 
all x, if 0 < |x —a| < ô, then | f(x) — 1| < |/|/2. This implies that f(x) < L+ 1/2; 
if 1 < 0, it would follow that f(x) «0, which would be false for those x in A 
which satisfy 0 < |x — a| < ô. 

It is not possible to replace > by > throughout. For example, if f(x) = |x|, then 
f(x) > 0 for all x in the dense set (x : x 4 0}, but it is not true that f(x) > 0 for 
all x. 


7. According to Problem 3-16, we have f(x) = cx for all rational x (where c = 
f(1)). Since f is continuous, it follows from Problem 6 that f(x) = cx for all x 
(apply Problem 6 to f and g(x) = cx). 


8. (a) The set (f(x) : x < а} is bounded above (by f(a)); let a = sup{f(x) : 
x < а}. Then lim f(x) =a. Given апу € > 0, there is some f(x) for x < a 
Х-»аг 


with f(x) > а — є, since о is Фе least upper bound of (f(x) : x < a}. Let 
ô =а-х. Ifa— ô< у <a,thenx <у<а, $0 f(x) < f(y). This means that 
a> f(y) > а — в, so surely | f(y) – “| < €. 
The proof that lim = inf{ f(x) : x > a} is similar. 
xa 
(b) It is clear from part (a) that 
lim f(x) < f(a) < lim f(x). 
xa- xat 
If lim f(x) exists, it follows that 
xa 
lim f(x) = lim f(x) < f(a) x lim f(x) = lim f(x), 
xa xa- xat xa 
so lim f(x) — f(a). Thus f is continuous at a, so f cannot have a removable 
X—a 
discontinuity at a. 
(c) If f is not continuous at some point a, then 


sup{ f(x) :x < а} = ш f(x) < Jim, f(x) = inf(f(x):x > a). 


It follows that f(x) cannot have any value between Jim f(x) and Im, f (x), 


except f (a), so f cannot satisfy the Intermediate Value Theorem. 


9. (a) is obvious for ||| ||, since |cf|(x) = lc| - | f(x)| for all x ш(0, 1]. 


(b) We have | f + gl(x) < |f 1G) + |gl(x) for all x in [0, 1]. Since |l f + glll is 
sup(| f + gl(x) : x in [0, 1]}, there is some хо in [0, 1] with 


ШУ + gill — 17 + glo) < e, 
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which implies that 


ИХ + alll — Со) + Igl@o)] < =. 
Since | f|(xo) < ПА and |gl(xo) < 1114111, 1t follows that 


НА + gill — [IN FI + Mel] < =. 
Since this is true for every є > 0, it follows that ||| f + 2111 < ||| fll] + 12111. 


(c) follows from (b), just as in Problem 7-14. 
11. (a) We have аһы < aj1/2" < а/п. Choose п so that 1/n < e€/a,. Then 
Qn4+1 < €. 


(b) Let R; be the area of region number i in the following figure. 


We must show that 
RP < 5(Ri + R2), 


Or 
К» < R,. 


This is clear, since R? < № + R3 = К). 


(c) Apply part (a) with a, = area of the circle minus the area of an inscribed regular 
polygon with 2"*! sides; part (b) says that а, у < a, /2. 


(d) Let rı and rz be the radii of the two circles Сү and С», and let A; be the area 
of the region bounded by C;. We know that there are numbers бү, 52 > 0 such that 








for any numbers Ву, Вз with |A; — Bil < ôi. By part (c) there are numbers п; such 
that the area of a regular polygon, with п; sides, inscribed in С; differs from A; by 
less than ój. Let Р; be the area of a regular polygon inscribed in C; with max(n;, n2) 
sides. Then 








Chapter 8 95 


$0 








Since this is true for each = > 0, it follows that Ау /Аз = г12 / 722. 


14. (a) For each n and m we have a, < bm, because an < апт < Daim < bm. 
It follows from Problem 12 that sup{a, : n in N} < inf{b, : n in N}. Let x be any 
number between these two numbers. Then a, < х < b, for all n, so x is in every /,. 


(b) Let 1, = (0, 1/n). 


15. Let c be in each /„. If f (c) < 0, then there is some 6 > 0 such that f(x) < 0 
for all x in [a, b] with |x — c| < 6. Choose n with 1/2" < 6. Since c is in 7,, which 
has total length 1/2”, it follows that all points x of J, satisfy |x — c| < ô. This 
contradicts the fact that f changes sign on /,. Similarly, we cannot have f (c) > 0. 
So f (c) = 0. 


16. Let c be in each 7,. Since f is continuous at c, there is ад > 0 such that f 
is bounded on the set of all points in (0, 1] satisfying |x — c| < 6. Choose n with 
1/2" < ô. Since c is in Jy, all points x of J, satisfy |x — c| < ô. This contradicts 
the fact that f is not bounded on /,. 


17. (a) 0) If x isin A then x <a. So y «x «o,soy «o,soyisin A. 

(ii) œ — 1 is in A. 

(iii) o + 1 is not in A. 

(iv) If x is in A, then x < о. Let x’ = (x + о) /2. Then x «х < о, so x' is in A. 
(b) According to (їп) there is some y with y not in A. If y < x, then x cannot be 
in A, because (1) would imply that y is in A. Thus y is an upper bound for A, and 
A Æ Ø by (ii), so sup A exists. Given x in A, choose x’ in A with x < x’, by (iv). 


Then x « x' € sup A, so x « sup Á. Conversely, if x « sup A, then there is some 
y in A with x < y. Hence x is in A, by (1). 
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18. (а) 
Almost upper bounds Almost lower bounds 

(1) Alla > 0. Alla < 0. 

(1) АПа > 0. All о < 0. 

(111) Alla > 0. Alla < 0. 

(iv) Alla > V2. Alla < 0. 

(у) None. None. 

(vi) Alla > [-14- V5]/2. Alla x [-1+ v5 ]/2. 
(vii) Allo > 0. Alla x [-1+ v5 ]/2. 
(viii) Allo > 1. Alla < —1. 


(b) Every upper bound for А is surely an almost upper bound, so В 5% Ø. No lower 
bound for A can possibly be an almost lower bound (since A is infinite), so B 18 
bounded below by any lower bound for A. 


c. (D, (ii), (iii) 0. 
(iv) V2. 

(v) Does not exist. 
(vi) [-14- 45 ]/2. 
(vii) O. 

(viii) 1. 

(d) lim A = sup C, where C is the set of all almost lower bounds. 
(i), (ii), (iii) (iv) 0. 
(v) Does not exist. 
(vi) [-14- V5 ]/2. 
(vii) (-1--451/2. 


(viii) —1. 


19. (a) If x is an almost lower bound of A, and y is an almost upper bound, then 
there are only finitely many numbers in A which are < x or > y. Since A is infinite, 
it follows that we must have x < y. Thus (Problem 12) lim A < lim A. 


(b) This is clear, since lim А < а for any almost upper bound о, and o = sup A is 
an almost upper bound. 


(c) If lim A < sup A, there is some almost upper bound x of A with x < sup A. 
So there are only finitely many numbers of A which are greater than x (and there 
is at least one, since x < sup A). The largest of these finitely many elements is the 
largest element of A. 
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(d) Reverse the inequalities in the arguments for parts (b) and (c). 


20. (a) Notice that we must have f(x) « f(sup A), because f is continuous at 
sup A and there are points y arbitrarily close to sup A with f(x) < f(y). (А 
simple £-ô argument is being suppressed.) Now suppose that sup А < b. Then 
f (b) < f(x). Moreover, sup А is a shadow point, so there is some z > sup А with 
f(z) > f(supA) > f(x). We cannot have z < b, for this would mean that z is 
in А. Soz > b and f(b) < f(x) < f(z), contradicting the fact that b is not a 
shadow point. 


(b) Since f is continuous at a, and f(x) < f(b) for all x in (a, b), it follows that 
f(x) x f(b) (either by a simple є-д argument, or using Problem 6, if you prefer). 


(c) If f(a) < f (b), then a would be a shadow point, so f (a) = f(b). 
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1. (a) For y > x we have, by the Mean Value Theorem, 
y% — х = (yxa) x <i < у. 
So for a > 1 we have 
у!-х “тах (y — х). 

Since x^^! is unbounded on (0, оо), we cannot make y* – х“ < є simply by making 
у — x less than any fixed ô. So f is not uniformly continuous on [0, оо) for œ > 1. 

For 0 < a < 1 we have to be a little more careful. We have 

у — x* < му (y х) 
« a(y — x) for y > 1. 

which at least shows that f is uniformly continuous on (1, co). Since it 1$ also 
uniformly continuous on [0, 1] by the Theorem, it follows that it is uniformly con- 
tinuous on [0, oo). (The argument for this is a simple corollary of the Lemma [with 
с = 001) 
(b) f(x) = sin(1/x) 


(c) Just let f£ have portions with larger and larger slopes: 


2. (a) Given £ > 0, choose д > 0 such that, for all x and y in A, 
if |x — y| < ô, then | f(x) — f». lg) — 2091 < &/2. 


Then also 


ЮА + 8)(х) — (А + 8)(у)| < E. 


(b) Choose М > 0 so that | f(x)|, |g(x)| < M for all x in A. Given e > 0, choose 
ó » O such that, for all x and y in A, 

| E 

if |x — yl <4, then | f(x) — FO} 1800-4200 «526 
Then also 


Ро) (х) — f 0080)l = ЛО) — 8(У)1+ 80)Lf Go — FOI]! 


< M E LM 2136 
= 2M 2M ` 
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(c) Let f(x) = x and g(x) = sinx, both uniformly continuous on (0, со). The 
product is not uniformly continuous on (0, оо), since there will be places where the 
graph is growing arbitrarily fast. 


(d) Given £ > 0, choose =’ > 0 such that, for all о and В in В, 
if |o — В| < e’, then |8 (м) — g(B)| < €. 
Then choose 6 > 0 such that, for all x and y in A, 
if |x — y| < ô, then | f(x) — f(y)| < z’. 
It follows that 


if |x — y| < д, then |g( £(x)) — g(f(y))| < =. 


3. Given € > 0, suppose f is not €-good on [a,b]. Then, by the Lemma, either 
f is not &-good on [a, (a + b)/2] or f is not -good on [(a + b)/2, b]. Let Г be 
one of the halves on which f is not 5-2004. Now bisect Л, and let 7, be a half on 
which f is not 5-2004. Etc. Let хо be a point in all J,. Choose ô > 0 such that, 
if |x — xol < ô, then | f(x) — f(xo)| < €/2. It follows that if |x — ж| < д and 
ly — xol < ô, then | f(x) — f(y)| < е, 1.е., f is -good on (xo — є, хо +=). But 
some /, is contained in this interval, a contradiction. 


4. Choose д > 0 such that, if x and y are in [a, b] and |y — x| < ô, then | f(y) — 
ТОО| < =. Let К = [(b — а)/8] + 1. Then for any point x in [a, 6], there is a 
sequence 


а = ао, ау, а2,..., ар = X 
with k < К and |а; — a;| < ô. It follows that 


If (ai) — f(a)| < = 
|f (а) — Л(а1)| < € 


|f (x) — f (aki) < = 
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which implies that 
|f (x) — f(@| < Ke 
and hence 


If (x)| < Л(а) + Ke 


for all x in [a, b]. 
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1. (b) The following figure illustrates the tangent lines to the graph of f(x) = 1/x. 


f(x) = Их 





2. (b) The following figure illustrates the tangent lines to the graph of f(x) = 1/x?. 
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6. (a) The picture below indicates the relation between f’ and (f +c)’. 





(b) The figure below indicates the relation between f’ and (cf). 


y 
Pd 
” 
21 А 
+ 
2 2-7 
и 277 
= 
— 
-1 ион 
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8. (a) The figure below indicates the relation between f' and g’ if g(x) = /(х--с). 





12. (a) a'(t) = L(a(t)) (the velocity at time t should be the velocity allowed at the 
point a(t), where the car is located). 


(b) The hypothesis means that b(t) = a(t — 1). Thus 
b'(t) = a'(t 1) = L(a(t 1)) = L(b(t)). 


(c) Suppose b(t) = a(t) —c. Then b’(t) = a'(t) = L(a(t)), whereas b’(t) should be 
L(b(t)) = L(a(t) — c). So B travels at the speed limit if the function L is periodic, 
with period c. 


13. The limit 
.. h(a c- t) — h(a) 
lim ————————— 


t0 t 
exists, because 
. h(a+t)-— h(a) . g(a+t) — g(a) 
lim ———————— = Ш —————————— 
t—0* t t—0t t 
= right-hand derivative of g, 
_ h(a c t) — h(a) . f(a-t t) — fa) 
lim ————————— = lim ———————— 
t—0-7 t t>0- t 
= right-hand derivative of f, 


and these two limits are equal. 


14. 
pes aa WO TIE аг. 2201) 
18. е 
Now Р E EE 
А птайопа 
fh) = h2 
h — =h, hrational, 
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50 lim f(h)/h = 0. 


15. (a) Notice that /(0) = 0. Since | f(h)/h| < A?/|h| < |А, it follows that 
lim f(h)/h = 0, іе, f'(0) = 0. 


(b) If #(0) = О and g'(0) = 0, then f’(0) = 0: For, |/(Л)/А| < |g(h)/h| = 
lig (h)—g(0)]/h |, which can be made as small as desired, by choosing h sufficiently 
small, since g’(0) = 0. 


16. Since |f(0)| < |0|*, we have f(0) = 0. Now |f (h)/h| < |h|*^!, and 
lim Ih]! = 0, since œ > 1, so lim f(h)/h = 0. Thus f'(0) = 0. 


17. |f(h)/h| > (8 5:1: since В — 1 < 0, the number (8127! becomes large as h 
approaches 0, so lim f (h)/ h does not exist. 


18. Since f is not continuous at a if a is rational, f is also not differentiable 
at rational a. If a = т.а1а2аз... is irrational and Л is rational, then а + h is 
irrational, so f(a +h) — f(a) = 0. But if = —0.00...0a,41a542..., then 
а + h = m.ajaz...a,000..., so f(a + h) > 10^", while |А| < 10^", so we 
have |[ f(a + №) — f(a)]/h| > 1. Thus [f(a + h) — f(a)]/h is O for arbitrarily 
small h and also has absolute value > 1 for arbitrarily small h. It follows that 
lim [7 (а +h) — f(a)]/h cannot exist. 


19. (a) For t > O we have 
fatt)-f@ _ в(а +1) – (а) _ h@t+h)-h@) 


t Шш t ш Ї 
since f(a) = g(a) = h(a). The left and right sides approach f'(a) = h'(a) as 
t — 0+, so the middle term must also approach this limit. For t < 0 we have the 
inequalities reversed, which shows that as t — 0^ the middle term again approaches 


f'(a) = h'(a). 


(b) A counterexample without the condition f (a) = g(a) = h(a) is shown below. 


, 


g 


“7 
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20. (a) 
а = f(x) — f(a)(x — a) — f(a) 
= x* — 4a3(x — a) — at 
= х“ — 4a? x + За“ 
= (x — a) (x? + ax? + а?х — За?) 
= (x — а)(х — a) (x? + 2ax + 3a?). 


(b) f(x) — f (a) clearly has a as a root, so f(x) — f(a) is divisible by x — a by 
Problem 3-7. This means that [f (x) — f (a)]/(x — a) is a polynomial function, so 
d(x)/(x — a) 18 the polynomial function 


h(x) — fe) - fa) _ f'(a). 
х-а 
Then lim h(x) = 0 by the definition of f’(a). This implies that h(a) = 0, since 
the (polynomial) function h is continuous. So d(x)/(x — a) has a as a root, so 
d(x)/(x — a) is divisible by (x — a), i.e., d(x) is divisible by (x — a)’. 


22. (a) 
Га) = im 15-19. = lim 2-9-0 ine ec 
h Л-»0 = ИШ Х 
50 
T nicis а cd 
h—0 2h 2 [А0 h h—0 h 
= f'(x). 
(b) 
fexm-fe-B в /840-10),) k f(0-fG-D 
h+k |o h+k h h+k п | 


Since [f(x +h) — f (x)]/h and [f (x) — f(x — k)]/k are close to f'(x) when h 
and К are sufficiently small, this would seem to imply that 


h) — —k h 
ae is close to ЇГ ян zz) Р(х) = f(x). 
However, some care is required to carry this argument out, for the following reason. 
If h/(h + k) were very large, then 
л fœ+h)- Хо) 
h+k h 
could differ Нот hf’(x)/(h + k) by a large amount, even if [f(x +h) — f(x)]/h 


differed from f'(x) by only a small amount. It will be essential to use the fact that 
both Л and К are positive; otherwise h/(h+k) could be made very large by choosing 
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k close to —h. In fact the result is false if h and К are allowed to have different signs, 
even when h + k = 0 is not allowed. The proper argument is as follows. If € > 0 
there is ад > 0 such that for 0 < h < 6 and O < k < ô we have 


f(x th) — f(x) 
— < —m——————— 


: — f'(x) < e, 
э ые лоста — f'(x) < е. 


Since А, К > 0, we can multiply these inequalities Бу h/(h + К) апа Бу k/(h + К), 
respectively. Upon adding we obtain 


-«( h " k )- ee - ( h 4 k )ro 


h+k h+k h+k h+k h+k 
k 
E 
h+k h+k 
or 
— Р(х = К 
ей Из), 797 


h+k 


This proves the required limit. 


23. If g(x) = f(—x) then g'(x) = — f'(—x), by Problem 8(b). But also g(x) = 
f(x), so g'(x) = f'(x), so f'(x) = — f'(-x). 
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24. If g(x) = f(—x), then g'(x) = — f'(—x). But also g(x) = 


— Р(х), so f'(x) = /'(—х). 
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— f(x), SO g'(x) = 





25. f™ is even if k is even and f is even, or if k is odd and f is odd; f is odd 


in the other two cases. 


26. (ii) f"(x) = 20x?. 
(iv) f"(x) = 20(х — 3)’. 


27. Proof by induction on k. The result is true for k = 0. If 





Qu. n n—k 
Sn (x) — (п —Е)!^ , 
Шеп 
(п — k) 
s К+) (уу 7 n—-k-1 
n (x) (n — k)! 
= n! n—(k4-1) 
[n — (k+ 1)]! 
28. (a) Since 
xj, х»0 
x)= 
fe) | —xj, x < 0, 
we have 
| 3x7, х»0 7 бх, 
= Хх) = 
Fe) = x <0 1:90 A 


Moreover, f'(0) = f"(0) = 0. But f” (0) does not exist. 


х > 0 


х < 0. 
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(b) The same sort of reasoning shows that 


4x3 х-0 12х2 х>0 
(x) = | | ‘Or | | 
f —4x?, x «0 f —12x?, x «0 
те) = | 24х, х»0 
C= эйж, 20 


and that f’(0) = f"(0) = Г” (0) = 0, but that f (*9 (0) does not exist. 


29. Clearly f(x) = n!/(n — k)!x"-* for 0 < k < n — 1 and x > 0, while 
f 9 (x) = 0 for all k if х < 0. From these formulas it is easy to see that f 9 (0) = 0 
for 0 < k < n — 1. In particular, fe» (x) — n!x for x > 0, and fe? (x) — 0 for 
x <0. So f™ (0) does not exist, since um, n!h/ h = n!, while um 0/ h =0. 


30. (ii) means that f'(a) = —1/a? if f(x) = 1/х. 
(iv) means that g'(a) = cf'(a) if g(x) = cf (x). 
(vi) means that f'(a?) = 3a* if f (x) = хз. 

(viii) means that g'(b) = cf'(cb) if g(x) = f (cx). 
(x) means that f (а) = k!(7)a"-* if f(x) = x". 
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2. (ii) созх + 2x cos x?. 


(iv) cos(sin x) - cos x. 
(vi) 
x cos(cos x)(— sin x) — sin(cos x) 
x? | 


(viii) cos(cos(sin x)) - (— sin(sin x)) - cos x. 


2. (ii) 3sin?(x? + sin x) - cos(x? + sin x)x) - (2x + cos x). 


(iv) 





ds ( х? ) (cos x3)3x? + x? sin x? - 3x? 


cos x? cos? x? 


(vi) 312(cos x)?" -! . (— sin x). 
(viii) 3 sin? (sin? (sin x)) - cos(sin?(sin x)) - 2 sin(sin x) - cos(sin x) - cos x. 
(x) 

cos(sin(sin(sin(sin x)))) - cos(sin(sin(sin x))) - cos(sin(sin x)) - cos(sin x) - cos x. 
(xii) 

50002 + х)? + x)* + х) 1+ 4002 + х)? 4ху(1--30х“4-ху11--2х11. 

(xiv) 
cos(6 cos(6 sin(6 cos 6x))) - 6(— sin(6 sin(6 cos 6x )) -6 cos(6 cos 6x) -6(— sin 6x) -6 





(ХУ!) 
B [ _—2(@1 m | 
(x + sin x)? 
2 2 
Е. 

x+sinx 

(ХУШ) 

х 
cos | Хх 


: Х 
x — SIN | — 
X — snx 


| x x x — sin x — x[1 — cos x] 
x—sin| ———— | — x | 1 — cos - == 
x —sinx x —sinx (x — sin x) 








110 Chapter 10 


3. See page 307 of the text. 


4. (ii) cos(sin x). 
(iv) 0. 


5. (ii) (2x)?. 
(iv) 17-17. 


6. (ii) Р(х) = g(x - g(a)) - g(a). 
(iv) f'(x) = g'(x)x — a) + а(х). 
(vi) f'(x) = g’((x — 3)?) - 2(х — 3). 
8. If the two circles have radii л (1) < r2(t) at time t, with corresponding areas 
Aj(t) = лу; (t)*, then 
nrt)? — пп (Е)? = 9л, 
A»X(t) = 107. 


Consequently, 
10л — 2zri(t)rj (t) = 0. 


Now the smaller circle has area 16бл when ri(f) = 4, so at this time г, (+) = 5/4. 
The circumference C(t) = 2л; (1) thus satisfies C'(t) = 2zrj(t) = 57/2 at this 
time. 


9. Let (a(t), 0) be the position of A at time t. Then at the time in question we have 
a(t) — 5, a' (t) =3. 
If (b(t), —/3 b(t)) is the position of B at time f, then its distance from the origin 


| Vb(t)? + ЗЬ@)? = —2b(t) 
and its speed is —2b’(t). At the time in question we have 
b(t) = —3/2, b'(t) = —2. 
The distance d (t) between A and B satisfies 
d(t)’ = [a(t) — (OY + 3b(0)’, 


so at the time in question 


40) = y (5+ 2)? -3(2) -7. 


2d(t)d'(t) = 2[a(t) — b(t)] - [a (t) — b'(t)] + 6b'(t)b' (t). 


Moreover, 
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Substituting the values found for a(t), b(t), a'(t), b’(t) and d(t) at the time in 


question, we obtain d'(t) = 8. 


10. (ii) (Ко /У(0) -К(/(0))-7 (0) = 0. 


11. By definition 


го = lim L9 —9 
x0 X 
= lim ши 
х-»0 Х 
Now 

i ine 

x0 x x0 x 
= g'(0) = 0. 


Since | sin 1/x| < 1, it follows that f'(0) = 0 (as in Problem 5-21). 


13. (a) The Chain Rule and Problem 9-3 imply that 


1 
í =-——.—2 
А Е 


Х 


М1 x2 





(b) The tangent line through (a, y 1 — a?) is the graph of 


g(x) = 5 —а) +У1-а?. 
So if f(x) = g(x), then 


Pw 6-0) +147 
— а 





Squaring yields 
7 D 
1-х? = о. 
1 — a? 
Multiplying through by 1 — a?, and multiplying out, everything reduces to 
—x? — а? = —2ax, 


i.e., (x — а)? = 0, so x =a. Notice that the same argument shows that 2 does not 
intersect the graph of f (x) = —V 1 — х2, which is the bottom half of the unit circle. 


112 Chapter 10 


fo -wi- 


is the top half of the ellipse with consists of all points (x, y) satisfying 


14. The graph of the function 


x2 у? 
a ш, 
Now 
—bx 
Р(х) = 


2. 

x 
аү1- = 

а 


If the tangent line through (c, Бү1- с2/а?) intersects the graph of f at x, then 


x? —bc c? 
bja- — =—————(х-с)+Ь1— —. 
a : | ge a? 
a ] — 22 
The easiest way to solve this equation is to use the following trick. If we let x’ = x /а 
and c’ = c/a, then the equation becomes 
—b(c'a) 


Ле» 


(1) b/1-— (х)? = (х — с) а 4 by1- (с”)?, 


or simply 


УГ- cy = Foam СУ. 
— (C 


The solution to Problem 13 shows that x' — c', so x — c. 
For the hyperbola, we consider 


f (x) -5 — 1. 


Бх 


, 
| x2 
X 
a? wd 
a 


so if the tangent line through (c, b/c?/a? — 1) intersects the graph at x, then 


2 b 2 
Q) by — - 12 (к obj 4-1 
a , [е a 
a 
a? 


Then 
f(x) = 


EE eri 


Squaring equations (1) and (2) produces the same result, so the solutions of (2) are 
also x = c. 
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15. No. For example, g might be — f. If f(a) Æ O and f -g and f are differentiable 
at a, then g is differentiable at a. 


16. (a) Since f is differentiable at a, it is continuous at a. Since f(a) Æ 0, it 
follows that f(x) Æ О for all x in an interval around а. So f = |f| or f = —|f| 
in this interval, so | /| (a) = f'(a) or |f|'(a) = — f'(a). It is also possible to use 
the Chain Rule, and Problem 9-3: | f| = Ул, $0 


1 
Ао) = 27070) 
2y f(x)? 


Log f (x) 
Ei 








(b) Let f(x) =x — a. 


(c) This follows from part (a), since max( f, g) — [ ftetlf – gl] / 2 and min( f, g) 
=|f +8 -If -— #1]/2. 


(d) Use the same example as in part (b), choosing g = 0. 


17. (a) We have 
(f og) (x) = /(809)-8 (х) 
(f og)" (x) = FE -g'a + f'(gQo)) - g"(x) 
(f o 8)" (x) = Lf" (8G) - 8 (х)% + 2f" (8G) - &'G)8" (х)] 
Ef" (g()) в (х)в' (х) + 7 (802)-87 Q9] 
= f" (g(x))- g'(xy + 3f"(gQ)) - ag" (х) + f'GG)2" Q). 








So 
(f og)” (Gey 
D(f og) = - д 
(Лов) (f og)’ (f og)’ 
(Г ов) в"? 3( f" o g)g" g" 3 (гө е £) 
= =— [L22 i FE фәр 2 
f'og f'og g 2 flog g' 
_ (f"" o g)g'? ar 3 (Leo ey 
f'og f'og p 2 flog 
CP" o ga" -3(5) 
Ров 2184 





17 og 31541 уа" ЗҮҮ 
f 2 flog 20218 


= [Df og]- g^ +98. 
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(b) We have 
Tos а(сх + d) — c(ax +b) _ ad — bc 
Бан (сх + а)? — (ex + d 
ny, _ _ 2c(ad — bc) 
f (х) = Зо 
m,.. бс2(аа — bc) 
f (х) = "erba 


So 








f" (x) Е 3 ey Е бс? Ё 3 200 2 
fx) 2 ( Р(х) | (ex dy 9 (= ТЭ) 
= 0. 


18. The proof is by induction on n. For n = 1, Leibnitz’s formula is Theorem 4. 
Suppose that for a certain n, Leibnitz’s formula is true for all numbers a such that 
f™ (а) and g™ (a) exist. Suppose that f+ (а) and 20+) (a) exist. Then f? (x) 
and g™ (x) must exist for all x in some interval around a. So Leibnitz's formula 
holds for all these x, that is, 


n 


(1:9) = У (ree gla) 


k=0 
for all x in some interval around a. Differentiating, and using Theorem 4, we find 
that 


п 


Qr mee Я (Р gU Py (a) 
k—0 


=>. Mr (a) + f 9 (ауг "!-9(а)| 
2 ( | ); (9 (q)gC t1 (a) 

k—1 
+». () а" ца) 


n+l n + 1 
= > ( k боев (а) by Problem 2-3(а). 
k=0 


19. The formulas 
(f og) (x) = f'(g(x)) - в Œ) 
(F og)"(x) = f"(gQ)) - 8 (х)? + /(805)-87 (x) 
(f o g)" (x) = f (г00)-8 (ху 3f" (а(х) + 2022" (х) + гв)" (x), 
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lead to the following conjecture: If f ()(g(a)) and g(a) exist, then also 
(f o g)™ (a) exists and is а sum of terms of the form 


с. [e (a)] - -- [8 (а)]"" - f (g(a), 


for some number c, nonnegative integers m,,..., Ти, and a natural number k < п. 
To prove this assertion by induction, note that it is true for n = 1 (with a = m, = 
k = 1). Now suppose that for a certain n, this assertion is true for all numbers а 
such that f™ (g(a)) and g™ (а) exist. Suppose that f+") (g(a)) and 20759) (a) 
exist. Then g“)(x) must exist for all k < n and all x in some interval around а, 
and f(y) must exist for all k < n and all y in some interval around g(a). Since 
g is continuous at a, this implies that f  (g(x)) exists for all x in some interval 
around a. So the assertion is true for all these x, that 15, (f o g)? is a sum of terms 
of the form 


c -[g/G)]" ---[g'? Q^ - f (g(a), т, ..., m 20, 158 <n. 
Consequently, ( o 2) "+ (a) is a sum of terms of the form 
c- malg "(а)"... [g (a) 1... [8 (а) - f (g(a)) то > 0 


or of the form 
с. [g (a)] *! 4160) @y™ - fF (e(a)). 


20. (a) We can choose 














ax uox" a x? 
g(x) = + +: + ах + с 

п+ 1 п 
for any number с. 
(b) Let 

box |  byx ^? px "t 
ев 
(c) No, the derivative of f is 
bi 2b» mbm 


тачан п—1 eee — — — — ==» 0 0 о = ee 
f (x) =пах +... + а! 12 3 11 


21. (а) Let g Бе a polynomial function of degree n — 1 with precisely п — 1 roots 
(as in Problem 3-7(d)); then g = f" for some polynomial function f of degree п 
(Problem 20). 


(b) Proceed as in part (a), starting with a polynomial function g of degree n — 1 
with no roots (notice that n — 1 is even). 


(c) We can proceed as in part (a), or simply note that f(x) — x" has the desired 
property. 
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(4) Proceed as in part (a), starting with a polynomial function g of degree п — 1 
with k roots (this exists by Problem 7-4). 


22. (a) If a is a double root of f, so that f(x) = (x — a)*g(x), then f'(x) = 
(x — a g'(x) + 2(x — a)g(a), so f'(a) = 0. Conversely, if f(a) = 0 and f'(a) = 
0, then f(x) = (x — a)g(x) for some в and f'(x) = (x — a)g'(x) + g(x), so 
0 = f'(a) = g(a); thus g(x) = (x — a) (x), so f(x) = (x — aYh(x). 


(b) The only root of 0 = f'(x) = 2ax + b is x = —b/2a,so f has a double root 
if and only if 
b p? —b 
TES о 218421: зс 
(а) (а) ** a) 


ог b* — 4ас = 0. Geometrically, this is precisely the condition that the graph of f 
touches the horizontal axis at the single point —b/2a (compare with Figure 22 in 
Problem 9-20). 


23. Since d'(x) = f'(x) – f'(a), we have d'(a) = 0. So a is a double root of d. 
24. (a) Clearly f will have to be of the form 


n 
fœ) = | [@ – x) ax +b) 
j=l 
jzi 
(because each xj, j 5 i is a double root, by Problem 22). It therefore suffices to 
show that a and b can be picked so that f (xj) = а; and f'(xj) = bj. If we write f 
in the form f (x) = g(x)(ax + b), then we must solve 
[2(xi)xi] -a + g(x): b = ai 
[g (xi)xi + 8(xi)] -a + g'(xi) -b = bi. 
These equations can always be solved because 


[g(xi)xi] 8' (xi) — Eg" О) + gN) = e) 50. 
(b) Let f; be the function constructed in part (a), and let f = fi +---+ fh. 


25. (a) If g(a) and g(b) had different signs, then g(x) would be 0 for some х 
in (a, b), which implies that f(x) = 0, contradicting the fact that a and b are 
consecutive roots. 


(b) We have 
f'(x) = (x — b)g(x) + (x — a)g(x) + (x — a)(x — b)g'(x), 
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$0 
f'(a) = (a — b)g(a), 
f'(b) = (b — a)g(b). 


Since g(a) and g(b) have the same sign, f'(a) and f'(b) have different signs. So 
f'(x) = 0 for some x in (a, b), since f’ is a continuous function. 


MM 


a Х b 


(c) Since 
Р(х) = m(x — ay"! (x — b)"g(x) + (x — a)"n(x — by"! g(x) 
+ (x — ay" (x — b)'g'(x), 
we have 
h(a) = та — b)g(a), 
h(b) — n(a — b)g(b), 


so h(a) and h(b) have different signs, so h(x) — 0 for some x in (a, b), which 
implies that f'(x) — O. 





26. 
| _ f(A) — fO) 
0) = lim ——— 
f (0) = lim 7, 
лаи 
h—0 h 
- lim g(h) = g(0), since g is continuous at 0. 
27. Let 
f(x) 
0 
г0)-1 x^ 4 
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Then f(x) = xg(x) for all х, and 


x) — f(0 . 
(0) = F'O = lim 2O _ lim со), 
so g is continuous at 0. 
28. The proof is by induction on k. For k = 1 we have 
f'E) = =n 
1-1) 
= cyte for x Æ 0. 
n — 1)! 
Suppose that 
бүл с DE аа 
иг: го агналт 
К-1 
= cef” Ч А y for x 0. 
n — 
Then 
(Dy = (QP TOO О! oce 
p pes lm 
k)! 
= у=! BEE icem for x 4 0. 
n — 1)! 


29. If x = f(x)g(x), then 1 = /f'(x)g(x) + f(x)g'(x). In particular, 1 = 
f'(0)g(0) + £f (0)g'(0) = 0, a contradiction. 


30. (a) Using Problem 28 and the Chain Rule, we obtain 


y, 0 T k — 1) 


! саг 
f(x) =(-1) TY (x—a)"-*  forx za. 


(b) Since 











1 1 1 1 
о т -5(— ec 
we obtain, using part (a), 


(=) и 4- k — 1)! 


в  |€- 1)" — (x 1)". 


FO) = 
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31, 32. The formulas 


1 
f(x) = x" sin-, 
х 
1 
Р (х) = mx"! sin — — х" 2 cos —, 
x x 
” 1 -3 1 т-3 1 
f" (x) -т(т-1)х"-288--тх" 2 cos — — (m — 2)x cos — 
х х х 
m—4 


— X sin —, 
x 


EE 1 1 
= m(m — 1)x" ? sin — + (2 — 2m)x" ? cos — — x"^^sin —, 
x x x 


1 1 
f" (x) = m(m — 1)(m — 2)x" sin — — m(m — 1)x™~* cos — 
x x 
1 
4(т-3)2-2т0)х" 4 cos — + (2 — 2m)x" ^ sin : 
Х Х 
но 1 
— (m — 4)х" 5 sin — + х" 2 cos — 
ыг” Хо 


suggest the following conjecture: If f(x) = x" sin 1/x, for x Æ 0, then 


1 
f 9 (x) = ах" sin – 
x 


1 
А | x"—ksin —. k even 

+ ` (axr Bn — + bix" l cos 2) T : 
I=k+1 x" cos—, k odd 

x 


for certain numbers a, а, bj. Once this conjecture is made, it is easy to check it by 
induction. In fact, differentiating the first term yields 


1 1 
a(m — k)x "n +) sin — — ax" **2 cos — 
x 


2k+1 

and the second half of this expression can be incorporated in һе зит ` appearing 
l=k+2 

in the desired expression for f **U (x). Similarly, differentiating the last term yields 


1 1 
-E(m — 2k)x n К+) sin — xp х”-20410)сод8-, k even (k+ 1 odd) 
x x 


1 1 
+(m — 2k)x™- ОКО) cos — + хт-24+0 зт-, k odd (k + 1 even) 
x x 
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2k+1 
and the first half of each expression can be incorporated in the sum ` . Finally, 
l=k+2 
2К-1 
each term appearing іп the sum ) yield upon differentiation two terms that can 
l=k+1 
2k+1 
be incorporated іп the new sum У” . 
l=k+2 


It follows, in particular, that if т = 2n, then f (x) always has a factor of at 
least x? for К < n (while the remaining factor is bounded in an interval around 0). 
So if we define f (0) = 0, then 


. РО) — fO) 
'(0) = lim = 
FO) ш; һ 
һ 
= lim IM = 0, since f (A) has a factor of at least А2; 


consequently, if 2 « n, then 


'(h) — f'(0 
O = lim £00 — £0) 


h 
/ 
h 
lim D = 0, since f’(h) has a factor of at least А2; 
consequently, if 3 < n, then f"(0) = 0, etc. This argument (which is really 
another inductive argument) shows that f’(0) =... = f™ (0) = 0. On the other 


hand, f™ (x) is a sum of terms which do have a factor of at least x”, together with 
+ sin 1/x or cos 1/x, so f™ is not continuous at 0. 

If m = 2n + 1, then f (9 always has а factor of at least x? for К < n, so 
f'(0) =... = f™ = 0, but f(x) is a sum of terms which do have a factor of at 
least x?, together with +x cos 1/x or +x sin 1/x. It follows that f™ is continuous, 
but not differentiable, at O. 


33. (ii) 
dz dz 


d 
"m Ду . = = (cos y) - (— sin x) = cos(cos x) - (— sin x). 


(iv) 
dz dz dv du 


dx dv du dx 
= (cos v)(— sin u)(cos х) = cos(cos(sin x)) - (— sin(sin x)) - cos x. 
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1. (ii) f'(x) = 5x4 + 1 = 0 for no x; 
JC-le-L (=: 


maximum = 3, minimum = —1. 
. (5x* + 1) | 
(Ту) f'(x) = — (х5 Ех 1? = 0 Юг по Х, 


f(-1/2) = 32/15, f(1) = 1/3; 

maximum = 32/15, minimum = 1/3. 
(Notice that g(x) = х? + x + 1 is increasing, since g'(x) = 5х + 1 > 0 for all x; 
since g(—1/2) = 15/32 > 0, this shows that g(x) 5 О for all x in [—1/2, 1], so f 
is differentiable on [—1/2, 1].) 


(vi) f is not bounded above or below on [0, 5]. 


2. (i) —4/3 is a local maximum point, and 2 is a local minimum point. 


203/27 


-4/3 
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(ii) No local maximum or minimum points. 


(iii) O is a local minimum point, and there are no local maximum points. 
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(iv) No local maximum or minimum points. In the figure below, а is the unique 
root of х?+х+1=0. 





(vi) No local maximum or minimum points, since 


(1 + x?) 


Gop: for x zz +1. 


Р(х) = – 
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3. (i) f is odd; 


1 х2-1 
FOSIS im 


f'(x) = 0 for x #1, f'(x) > 0 for |x| > 1; 
fa) =2, /(—1) = -2. 
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ЭЗ гы 

d) 0) =1- $ = 5", 
X X 

f'(x) =0 for x = V6, f'(x) > 0 for > V6 and x < 0; 
f(x) =0 for x = — A53. 





(iii) f is even; 
| 2х(х? — 1) — 2хх? —2x 
{OS a шг 
(x* — 1) (x2 — 1) 
f'(x) =0 for x 20, f'(x) < Ofor x > 0, f'(x) > 0 otherwise; 





! 
! 
! 
! 
! 
! 
! 
! 
! 
! 
! 
! 
! 
axles 
! 
! 
! 
! 
! 
| 
! 
! 
! 
! 
! 
! 
! 
! 
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(iv) f is even, f(x) > О for all x; 


/ 2 —2х : 
Л (х) = (11:22 
f'(x) = О for x = 0, у(х) > 0 for x «0, f'(x) < 0 otherwise; 
/ (0) = 1. 


4. (b) Suppose x and y are points in [а;—1, aj] and [aj, aj], respectively, with 
Ix 23| = |у – ajl. 


Then 
ly —a;| = |x — ai] + |y — x| for i < j — 1, 
ly = ail = |x — ai| – ly — x| fori > 7+1. 
50 
ТО) = f@)+ly—-—xl-{G-D-@-—j)} 
= f(x) + ly —x|-{27 -n- 1}. 


This shows that f decreases until it reaches the “middlemost a;” and then increases. 


Chapter 11 127 


The minimum occurs at @(,—1)/2 if п is odd and on the whole interval (ад /2» 4n/2+1] 
if n 1$ even. 


(c) We have 
] 1 
---З-----,- Х«0 
1-х 1-44-х 
f (x) | + | O<x< 
= 4 — + ———__., x<a 
l+x 1+а-х 
1 + 1 ae 
——— _———————— Х, 
1+х 1+x-a’ 
SO 
1 2 1 0 
——— + —, < 
1-х9 (1+а—х)?' * 
у(х) 21 . О<х < 
х) = ии ха 
(+x)? (1+а-х)? 
—1 1 


а (14:05:25 7777 


Thus f is increasing on (—оо, 0] and decreasing on [a, со), so the maximum of f 
on [0, a] is the maximum on В. If f'(x) = 0 for x in (0, a), then 
(1 4- xy? - (17a — xy? = 0, 
whose only solution is x — a/2. Since 
a 4 2--а 
/(5) = * 125 /Q - f. 
the maximum value is (2 + a)/(1 + a). 


5. (ii) All irrational x are local minimum points, and all rational x are local maxi- 
mum points. 

(iv) All 1/n for n in N arelocal maximum points, and all other x are local minimum 
points. 
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6. (а) The distance d(x) Нот (хо, yo) to (x, f(x)) satisfies 
D(x) = [4(5)] = (x — хо)? + (mx + b — yo)’, 
so the minimum occurs when 
0 = D'(x) = 2% — xo) + 2m(mx + b — yo) 


Or 
- _ Xo d m(yo — b) 
CS rens 
1 + m? 
(b) The slope (mx + b — уо) /(х — xo) of the line from (xo, yo) to (x, mx + b) must 
satisfy 


—— m= -l1 
X — Хо 
which yields the same result. 
(c) For b = 0 we have 
zo хо + Myo 
140027 
їїепсе 
20020 Myo - тхо) 
1--т2 C 
Иа mxo — yo 
У 1 +m? 


So the distance d from (xo, yo) to (x, mx) is 


mxo — 
у (yo — mxo)? (1 + m?) = moci . 
y1 +m? 


The general case can now be solved as in Problem 4-22, to give 


1 
14+ m2 


|тхо — yo + b| 


У1+т? 


(d) For В 5 0, this line is the graph of f(x) = (—A/B)x — C/B, so the distance 
15 


(-5)9-»-5 
— m Х — — am 
BJ V B| [40+ Ву + CI 


42 ГА2 +B? 
For В = 0 we have the line parallel to the y-axis through —С/А. The distance to 


(xo, yo) 18 
-С |Ахо + C| 
xo =, 
А 14 | 





which is the same result for В = 0. 


Chapter 11 129 


7. If g(x) = f(x)’, then 
£g (x) = 2f (x) (х), 


so the critical points of g are those of f, together with the zeros of f (notice that g 
may be differentiable at points where f(x) = 0 even when f isn't, e.g., f(x) = |х]). 


11. Let x be the height of the cone. The volume V(x) is given by 
1 
V(x) = ave? — x2)" = za — х3). d 


So the volume is greatest when 


0-2 V'a)-2 = (a? — 3x7], 


or x = а/ч3. For this x we have 


л {a a? 
(Л) 





12. In the Figure below we have 





so the length of the dashed line is 


2р2 
Vb? +x? + а + 2 = Vb 4 x? + —ух? +b = (1+ 5) Vx? +. 
x x x 
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The maximum length of a ladder which can be carried horizontally around the corner 
is the minimum length of this dashed line. This occurs when 


0=- SV +P + (14 5) —— 
X Vx? + p? 
a 1 
НИЕ 
Х х? + b? 
or 


ах? + ab? = x? + ax?, 
x = a3 p?65. 


and the length is 


а2/3 | 42/3 p4/3 +b 
-241./д2/354/3 2 — (р2/3 2з fee ee ШЭНЭ, 
(1538) a3 54/3 + b = (b +a ) 5473 


2 (2/3 + py. 


13. If R(0) is the appropriate value of R for given 0, we have 
0 
2 R(0y. = А. 
The perimeter for this Ө will have value 
Р(0) -0К(0)--2К(0) 
-У2А(0--2)-0717. 
So the minimum occurs when 


0= P) = УЗА s — | 


0172 203/2 
Ө—2 


ог 9 = 2 radians, апа К = VA. 


14, If 
ei (x > 0) 
then 
Р(х) =1- 722 
х 


which has the minimum value for х = 1, with f(x) = 2. 
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15. If x is the height of the trapezoid, then the area is 
ШЕРА 
A(x) = (a+ va? - x?) -x 


so the maximum occurs when 
2 





0 = А(х) =a + va? – х? — - 
а=? 
_ ava? — x? +а? — 2x? 
Е 42532 
or 
а? (а? — х?) = (2x? — а?)? = 4x4 — 4x?a? + at, 
SO 
4x* = 3х?а?, 
„За 
Xx me 
2 
The area is 
, За? \ УЗа ау МЗа ЗуЗа? 
at ja? - | = = (а =) = | 
4 2 2/ 2 4 


16. The vertex of the right angle will obviously be to the left of the center of the 
circle. If x is the distance from the center to the vertex, then the length L of А+ B 


18 
L(x) =a +x + уа? — х? 


so the maximum occurs when 


(=) Geto 


> 
VE P, 


Or 
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тан ав uf Т 
/2 2 


17. (i) Obviously walking all the way around will be the longest path. 


The length is 


(ii) Let 6 be the angle from the center to the point where he lands after rowing. 


B 


Then 
BC -0, АВ--42--2с080 (Бу the law of cosines). 


The total time required is 


м2 + 2с059 Ө 


T(0)z.-——————— eb. 
(8) 2 + 7 
Now 
0-4Т(0) = - sind à 1 
242--2cos0 4 
when 
4810 = 24/2 + 2с050 == 16sin? 0 = 8 + 8cos0, 
thus 
2(1— cos? 0) =1+с0$0 ==» 2cos^0 + cos0 — 1 = 0, 
hence 
cos = ог —1. 
Here cos 0 = —1 for Ө = л, one of the endpoints of the interval [0, л] that we must 
consider for 0, while cos0 = 1 for 0 — et We have 


T (0) = 1 hour, to row across 


Т(5) = M34 x hours 


T (1) = 4 hours, to walk around. 
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Since 


Мз л л : 43 1 14. л 
2 51254 (е, 7(1-105-6) 


walking around 1$ fastest. 


18. If x = BC and y= AB 





then we have 
Ер = Vx? — (а — xy = V2ax — o? Нот AEDC 
и? + (y -EDP = у? Нот AEE'A, 
80 
o? + (y — V2ax — 02)? = у? 
-уу2ах — o? + ax -0 


У? (2х — a?) = ах 


5 ax? ах 


2 


2 


Зах 02 2x—a 
The square of the length of the crease is 
2 


ax 2x3 
х2 + у? р 





2x —a 2х а’ 
so the length is smallest when 


0 = 6x^(2x — a) — 4x? = 8x? — 6x?u = x?(8x — ба), 
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or x = 3a/4. For this x the length is 





20. 


n even n odd 


21. (а) 1 is а local minimum point, and 2 is a local maximum point. The nature of 
the critical points —1 and 3 can be determined by the behavior of f(x) for large |x|: 


n even | n odd 


(b) No, for if 2 were the largest critical point, then f would have to be decreasing 
on (3, оо), since 2 16 a local maximum point. 
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22. Let f(x) = r(x)/s(x) for polynomial functions г and s. It is possible that r and 
5 have a common root a, but in this case r(x) = (x —a)ri(x) and s(x) = (x—a)s,(x) 
for certain polynomial functions r; and s; (Problem 3-7). This means that f(a) is 
undefined but that f(x) = ri(x)/si1(x) for x Æ a (and 51(х) 5 0). After factoring 
out all common linear factors of r and s, we find that the graph of f consists, except 
for a finite number of points, of the graph of 


_ анх" + аһ-лх" "+. +40 _ р(х) 

рых" bg ax"! eb) g(x)’ 

where p and q have no common roots. The function g is defined at all points a 
except those with q(a) — 0 (of which there are at most m). Near such a point a 
the graph of g looks like (a), (b), (c), or (d), depending on the sign of p(a) and 
whether a is a local maximum or minimum point for q or whether q is increasing 
or decreasing in an interval around a. 





g(x) 


EN 


(a) (b) 


Ей Be эн 


(c) (d) 


Since 
иас q(x)p'(x) — р(х)а’(х) 
[q(x)]? 


and gp’ — pq’ is a polynomial function of degree at most т + n, there аге at most 
т + п local maximum and minimum points. On the intervals between these points 
and the points of discontinuity, g is either increasing or decreasing. The behavior of 
g(x) for large x or large negative x has been discussed in Problems 5-32 and 5-36. 
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23. (a) This follows Нот Problem 3-7 and the fact that the difference of the two 
polynomial functions has degree at most max(m, n). 


(b) If m > n, let fı be a polynomial function which has т roots, and let f(x) = 
fi (x) + x” and g(x) = x". 


24. (a) The polynomial function f’, of degree n — 1, has k roots, and no multiple 
roots, since f"(x) 4 0 when f'(x) = 0. It follows from Problem 7-4 that n — 1 — k 
IS even. 


(b) Since n — 1 — К is even, there is a polynomial function g of degree n — 1 
with exactly k roots. Let f be a polynomial function of degree n with f' — g 
(Problem 10-20). 


(c) Let = К, + k and let a; < aj, < --- < a, be all the local maximum and 
minimum points. On the intervals between these points f is either decreasing or 
increasing. Since Jim f (x) = oo, the function f must be increasing on (a), оо). 
Thus a, must be a local minimum point. Consequently, f must be decreasing on 
(42, a1), which shows that a? must be a local maximum point. Continuing in this 
way we see that a, is a local minimum point if k is odd and a local maximum point 
if k is even. 


03 92 ад 


Now if п is even, then a; must be а local minimum point, since lim f(x) = oo. 
x->—CO 


Thus / must be odd, so a1, a3, . . . , a; are the local minimum points, and a2, ..., а;_1 

are the local maximum points. Consequently Ёо = kı + 1. If n is odd, then a must 

be a local maximum point, since lim f(x) = —oo. The same sort of reasoning 
X— —oo 


then shows that К! = k2. 


(d) The hypotheses imply that n — 1 — (kı +k2) is even. Let = [n — 1— (kı +k2)]/2, 
and choose a polynomial function f of degree n with f' as in the hint. Since 
(1 4- x2)! > 0 for all x, it follows that f'(x) > О for x > ак 44, and that the sign of 
f’ changes as we go from (a;_1, aj) to (aj 2, aj 1). Thus ар, Gk, 44, —2, ... are 
local minimum points and ay, 1k, 1, Gk, 44,3, ... are local maximum points. 


Chapter 11 137 


26. Note that f is increasing. If f()1/2) > 0, then /(3/4) > M/4, so certainly 
f > М/А on the interval (3/4, 1]. On the other hand, if f(1/2) < 0, then f(1/4) < 
—М /4, so f < —M/4 on the interval (0, 1/4]. 


27. (a) Apply the Mean Value Theorem to f — g: If x > a, then 
Хо) -8@)  f(x)-— 8@) —[f(a) — в(а)] 


х-а х-а 
= f'(y) — е (у) for some y in (a, x) 
> 0. 


Since x — a > 0, it follows that f(x) — g(x) > 0. Similarly, if x — a < 0, then 
f(x) < g(x). 


(b) An example is shown below. 


30. (a) The position at time ¢ is 
((vcoso)t, —16t? + (vsino)t). 


If cosa = 0, so that the cannon ball is shot straight up, then these points all lie on 
a straight line. If coso Æ 0, then the set of all such points is equal to the set of all 


points 
16r? 
t, — + (tana)t |, 
V COS Q 


so the path of the cannon ball lies on the graph of 





6x? 





f(x) = 


which is the graph of a parabola. 


-1 
+ (tana)x, 
V COS X 


(b) The cannon ball hits the ground at time t > 0 when 
0 = —16t? + (vsina)t, 
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or f = (vsina)/16 (of course we consider only œ > 0). It has then traveled a 
horizontal distance of 
v Sin y 
16 
v? sina cosa 
16 | 
Now d(a) is a maximum at that a for which 


2 
0-4 (о) = 2 [со а — sin? a], 





d(a) = (vcosa)- 


so tano = +1. Since only positive o are considered, o is a 45° angle. 


31. (a) Such a function f is pictured below. As an explicit example we can take 
f (x) + (sin x?)/x. Then lim. f (x) = 0, but 
х 





; 2x? sin x? — sin x? 
Л (х) = 
m 
>. > sinx? 
= 2sinx* — : 
2 
x 


so lim f'(x) does not exist. 
Х-Э ОО 


(b) Let? = lim f'(x). If 1 < 0, then there would be some N such that | f’(x)—l| < 
XC 


|/2 for x > М. This would imply that f'(x) > |/|/2. But that would imply, by 
the Mean Value Theorem, that 


—N)|l 
fœ > поч for x > М, 
which would mean that lim f(x) does not exist. Similarly, lim. f'(x) cannot be 
Х-9Э ОО х 
< 0. 


(c) Let] = lim /7(х) If | > 0, then, as in part (a), we have lim f'(a) = 
X—0Q x 
oo. Another application of the Mean Value Theorem shows that lim. f(x) = oo, 
x 


contradicting the hypothesis. Similarly, lim f"(x) cannot be < 0. 
X—00 
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32. If g(x) Æ 0 for all x in (a, b), then the function h(x) = f(x)/g(x) is differen- 

tiable on (a, b), and by hypothesis 

a(x) fe) — гов’ _ 
[8 (х)]? 

This means that f/g is constant оп (a,b), so f = c - g on (a,b) for some с + 


О. Since f and g are continuous it follows that f(a) = с: g(a), so g(a) = 0, 
contradicting the hypothesis. 


h'(x) = 0. 


33. We have 
Р(х) = lim 


1 
> — X 


f(y) — f(x) 
LE 


Now 





f(y) – Би = 
у === 

and lim |x — y|"^! = 0, since n — 1 > 0. Consequently f'(x) = 0 for all x, so f 
yx 


IS constant. 
34. (a) Since | f(x) — f(x + h)| < С|А|®, it follows that lim fxh) = f(x). 


(b) Given € > 0, choose 6 = &'*/C. Then for all x and y in the interval with 
|x — y| « ó we have 





C (61/2) 
1703-1703 < Clx — У < -g 

(c) If f is differentiable at x, then 

yox y-x 
so for all y in some interval around x we have 

ро? IO, |а 

у= х 

hence 

у-х 


If) — < 54-1ЛО000)У-31, 


so we can choose С = 1 + | f’(x)|. (Actually, we can choose С = e + | f'(x)| for 
апу є > 0.) The converse is not true, e.g., f(x) = |х|. 


(d) No, because the derivative f’, and hence the required C, may not be bounded 
on [a, b]. For example, f(x) = x? sin 1/x? on [0, 1]. 


(e) Same proof as Problem 33. 
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35. Let 

ал хп +! 

nail 

Then f (0) = 0 and f (1) = 0 by hypothesis. Rolle's Theorem implies that for some 
x 1n (0, 1) we have 





2 
ах 
fa) = axe 


0 = f'(x) 2agd aix +: Fr ayx". 


36. If (хо) = fm(x1) = O for xo < xi in [0, 1], then /һ' (х) = 0 for some x 
which is in (xo, x1), and hence satisfies 0 « x - 1. But 


fm (x) = Зх? — 3 = 3? — 1), 
SO [п (х) = 0 only for x = +1. 





37. Problem 7-11 shows that there is at least one x. Suppose there were two, Хо < 
хү. The Mean Value Theorem, applied to [хо, x;], would imply that 


f (x1) — f (Xo) Xr — Xo 


X1 — Хо X1 Хо 


Рб) = =1 


for some x in хо, x1], contradicting the hypothesis. 


38. (a) Clearly f has at least two zeros, in fact at least two zeros in [—1, 1], since 
f (0) < 0 while f(+1) > 0. If f had more than two zeros, then f’ would have at 
least two zeros. But 

f'(x) = 2x + sinx 


and this is an increasing function, since 


Р(х) = 2 + соѕх > 1 for all х. 
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(b) We have /(0) < 0, while f(x) will be > 0 for large enough |x|, since |x sin x| 
is small compared to 2x? and | cos? x| < 1. In fact, writing 


f(x) = x(2x — sin х) — cos? x, 


and noting that 2x — зах > 1 for x > 1, we see that f(x) > 0 for x > 1, and also 
for x < —1, since f is even. So f has at least two zeros in [—1, 1], and no zeros 
outside of [—1, 1]. If f had more than two zeros, then f" would have two zeros in 
[—1, 1]. But 

f'(x) = 4x — sin x — x cos x + 2cos x sin x 


= 4x — sin x — x cos x + sin 2x 
and this is increasing on [—1, 1], since 
f" (x) 24 —2cos x + xsinx + 2cos2x 


which is > 1 on [—1, 1], since x sinx > Ооп [-1, 1], while | cos x|, | cos2x| < 1. 


39. (a) Suppose that f"(x) « 4 for all x in [0, 1/2]. Then, by the Mean Value 
Theorem, for all x in [0, 1/2] we have 
/ — ғ 
Leo 21708) for some x" in (0, x] 
Х — 
« 4, 
so f'(x) « 4x. Applying the Mean Value Theorem again, we have 


wee = f'(x) for some x’ in (0, х) 
< 4x’ < 4x, 


so f(x) < 4x*. Consequently f(1/2) < 1/2. 

The same sort of analysis can be applied to f on [1/2, 1] if f"(x) < —4 for 
all x in [0, 1/2]. It is a little more convenient to introduce the function g(x) = 
1 — f(1 — x), which satisfies g(0) = 0 and g"(x) = —f"(1 — x) < 4 for x in 
[0, 1/2]. As we have just shown, 


1/2 > (1/2 = 1— f (1/2), 
so f (1/2) > 1/2, contradicting the result found before. 


(b) Note first that we cannot have f"(x) = 4 for0 < x < 1/2andalso f"(x) = —4 
for 1/2 « x < 1, since this would imply that f'(x) = 4x for 0 « x < 1/2 and 
f'"(x) = —4x for 1/2 < x < 1, in which case f"(1/2) would not exist. On the 
other hand, if we have f"(x) < 4 for all x in (0, 1/2) but f"(x) < 4 for at least 
one x, then we have f'(x) « 4x for at least one x, and consequently for all larger x 
in (0, 1/2), and therefore f(x) < 4x? for these х, so that f (1/2) < 1/2; if we also 
had f"(x) > —4 for all x in (1/2, 1), then f (1/2) > 1/2, a contradiction. 
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40. If g(x) = f(xy), then 
8 (х) =y: /'(ху) 
1 1 ; 
= у: =-= f'(x). 
ху х 
So there is a number c such that g(x) = f(x) + c for all x > 0. Now 
ТО) = 81) = Л) +с= с, 
so g(x) = f(x) + f(y). 


41. Suppose f(a) = f(b) = 0. If x is a local maximum point of f on [a, b], then 
f'(x) -0 and f"(x) < 0; from the equation 


F" + Г’) g(x) — f(x) 20 


we can conclude that f(x) < 0. Similarly, f cannot have a negative local minimum 
on (a, b). 


42. If f (xi) = 0 for xi < x2 <... < жа, then f'(x) = О for some x in each of 
the n intervals (xj, х;+1). Consequently f"(x) = 0 for n — 1 numbers x, etc. (In 
other words, we are all set up for a proof by induction.) 


43. If x is one of the xj, then f(x) — P(x) = 0 = Q(x), so we can choose any c. 
Otherwise, let 


F(t) = QAFA - PO] - ООЛУО)- P(x)]. 
Then for i = 1,...,n4- 1 we have 
F (xj) =0, since f (xj) — Р; = 0 and О(х;) = 0 


and also 
F(x) = О. 


By Problem 42, we have Е("+!) (с) = 0 for some c in (a, b). That is, 
0 = +1 (с) = О(х)[ (c) — 0] — (n + INF) — Р(х)]. 


45. This is a trivial consequence of the Mean Value Theorem because if we define 
lim f(y, х=а 
yat 


р(х) = { f(x), a<x<b 
lim ТО), х=Ь, 
yb 


Chapter 11 143 


then g is continuous on [a, b] and differentiable on (a, b) and g'(x) = f'(x) for х 
in (a, b), so there is some x in (a, b) with 


g(b) — g(a) 


го) =g = 2—5 


46. We have 
[f(b) — fag (х) = f'(x)[g(b) — g(a)]. 


If g'(x) = 0, then f'(x)[g(b) — g(a)] = 0. But this contradicts the assumption that 
g(b) Æ g(a), and the fact that f'(x) Æ 0 (since g'(x) = 0). 


47. Let 

h(x) = f(x)g(b) + g(x) (а) — f(x)g(x). 
Then 

h(a) = h(b) = f(a)g(b), 
so by Rolle’s Theorem there is some x in (a, b) with 
0 = h'(x) = f'(x)g(b) + я'(х)/ (а) — /'(х)в(х) — fag (х), 

or 

f'G)[g(b) — 8()] = 8 Df E) — (а). 


Since g'(x) # О for all x in (a, Б), we also have g(b) 5 g(x) for x in (a,b) 
(otherwise Rolle's Theorem, applied to the interval [x, b], would imply that g'(x) = 
О for some x’ in (x, b).) 


50. Since 2(0) = 0, and g is continuous at О, we have lim g(x) = 0. Therefore, by 
x 


l'Hópital's Rule 


_ f(x) ... g(x) 
/ —=+ НЕ — 
f ©) ын Х um x? 
_„ 8x) 02 gx)-£2(0) 1, 17 
= lim X lim 2x = 58 (0) = 2) 


(The limit lim g'(x)/2x could also be found by Г.Нбриа! 5 Rule.) 
x 


51. (a) Use exactly the same proof as for l’ Hópital's Rule, but consider only x in 
(a, а + 8) or in (a — ô, a), respectively. 


(b) Again the proof of l'Hópital's Rule will work, almost verbatim. (It is tempt- 

ing to apply l'Hópital's Rule to g/f: Since lim g'(x)/f'(x) = 0, it follows that 
x 

lim g(x)/f (x) -0. Unfortunately, this implies only that lim | f£ (x)/g(x)| = оо.) 

ха -» 
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(c) Since lim, f(ül/x) = Jim f(x) = 0 and lim. 8(1/х) E Jim g(x) = 0, 
part (a) implies that ў 

n 2X р? 
POM sin a TUO. im УСЭГ U2) 








lim = = 
хоо g(x) x=>0+ 8(1/х х>0+ —(1/x?)g'(1/x) 
oq PO 
x00 g'(x) ` 


(d) Similar to part (c), using the case x — а? of part (b) instead of part (a). 


52. (a) For any € > 0 there is some a such that 





<E for x >a. 








This means, in particular, that g'(x) Æ О for x > a; it follows that g(x) — g(a) #0 
for x > a (by Rolle’s Theorem). Therefore the Cauchy Mean Value Theorem can 
be written in the form 


10-10) _ Га) 
8(5)-8(4)  g'(x) 
Since x’ > a, the desired inequality follows. 


for some x’ in (a, x). 


(b) We have 
f(x) _ Ла) – Ла) f(x) g(x) — g(a) 


g(x) gx) (а) РО) – Ја) | 80) 

where f (x) — f(a) 5:0, g(x) 5 О for large enough x, since Jim Р(х) = Jim g(x) 
— oo. These limits also imply that 

lim NEL lim 8(х) — в(а) | 

x00 f(x) — f(a) хэо g(x) 
It follows that f(x)/g(x) can be made as close to | f (x) — f(a)l/[g(x) — g(a)] as 
desired by choosing x large enough. Together with part (a), this shows that 
fe 
g(x) 








l| «26 for sufficiently large x. 





53. One other form of l'Hópital's Rule will be used in later problems: If Jim f(x) 
= lim g(x) = oo and lim f'(x)/g'(x) = oo, then lim f(x)/g(x) = oo. 
Х-9Э ОО x оо Х-Э ОО 
To prove this, apply Problem 52 to g/f: Since lim. g'(x)/f'(x) = 0, we have 
х-» 

lim g(x)/f(x) = 0. This implies (as we remarked in the solution to Problem 51) 
Х-9 ОО 

that lim | f(x)/g(x)| = оо. Since lim f(x) = lim g(x) = оо, we сап conclude 

Х-» ОО x—00 Х-ЭОО 


that Jm f (x)/g(x) = oo. 
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54. (a) Since a is a minimum point for f on [a, b], for all sufficiently small h > 0 


we have h 
fath-f@ | 
р > 
this implies that f'(a) > 0. The proof that f'(b) < 0 is similar. 


, 


(b) Part (a) shows that we cannot have the minimum of f at a or at b, since we are 
assuming that f'(x) < 0 and f'(b) > 0. So the minimum occurs at some point x 
in (a, b). Then f'(x) = 0. 


(c) Let g(x) = f(x) – сх. Then g'(a) = f'(a) —c < Oand g'(b) = f'(b) —c > 0. 
So by part (b), 0 = g'(x) = f'(x) — c for some x in (a, b). 


55. (a) A simple modification of the proof of Theorem 7 shows that if lim. f'(x) 


: Xa 
exists, then 


h) — 
йкы pe, 


T И 
Е Аи 
Similarly, if lim f'(x) exists, then lim f'(x) = f'(a). So if both one-sided 
xa xa 
limits existed, f" would be continuous at a. 


(b) Suppose, for example, that lim. f'(x) = œ. This means that f'(x) > f'(a)4-1 
xa 

for all x > a sufficiently close to a. But by Darboux's Theorem, if хо is such ап 

x, then f’ takes on all values between f'(a) and f'(xo) on the interval (а, хо), a 

contradiction. 


56. If f(a) Æ 0, then continuity of f implies that f = |f| or f = —| f| in some 
interval around а, so f is differentiable at a. If f(a) = 0, then a is a minimum 
point for | f|, so |f| (a) = 0. This means that 


m fE t|- Lf (GI 


0 = li 
Л-»0 h 
ii |f (a + Һ)| 
= Jum ——. 
h—0 h 


This equation also says that f'(a) — O. 


57. (а) Let f(x) = x" + y" — (x + y)". If f (xo) = 0 for some хо ¥ 0, then Rolle's 
Theorem would imply that 


0= f'(x) = nx"! — n(x + y)! гѕоте x in (0, хо) or (хо, 0). 


But this means that x"! = (x + yy'^! for y 4 0, which is impossible, since 
g(x) =x"! is increasing (n — 1 is odd). 


(b) Now we have f(0) = f(—y) = 0. If f were zero at three points а « b « c, 
then Rolle's Theorem could be applied to [a, b] and [b, c] to prove that there are 
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two numbers х with 
0— f'(x) = пх"! — n(x + yy; 
but this equation holds only for x = —(x + y) (Problem 1-6). 


58. The tangent line through (a, a”) is the graph of 
g(x) = па" ! (x —a)+a" 
= na" !x + (1 — n)a". 


If g(xo) = f (xo) for some хо Æ a, then Rolle’s Theorem may be applied to g — f 
on the interval [a, xo], or Хо, a]: 


0 = g'(x) – f'(x) = na^ — пх"! for some x in (a, хо) ог (Хо, a). 


This is impossible, since x 4 a and n — 1 is odd, soa”! 5 x", 


59, The tangent line through (a, f (a)) is the graph of 
g(x) = f'(a)(x — a) + f (a) 
= f'(x)x + f(a) — af (a). 
If g(xo) = f (xo) for some хо Æ a, then 
0 = g'(x) — f'(x) = f'(a) — Р (х) for some x in (a, xo) or (xo, a). 


This is impossible, since f' is increasing. 


60. Since 
/ xf "(x) P f (x ) 
==, 
x 
it suffices to show that 


xf'(x) — f(x) > 0, 


or 
f(x) 


--- for x > 0. 
х 


ГО)» 
Now the Mean Value Theorem, applied to f on (0, x], shows that 
fe) fe) -f0 


= f'(x’) for some x’ in [0, x]. 
x х 0 


< f'(x), since f' is increasing. 


61. Let g(x) = (1 + x)" — (1 + nx). Then 2(0) = 0, but 
g'(x) =n(1+x)"!—n. 
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Since n — 1 > 0 this means that 
g (x) <0 for —1 < x <0, 
>0 for x > 0. 


Thus g(x) > 0 for —1 < x < O and 0 < x. 


62. (a) 0 is actually a minimum on all of R, since f (0) = О and f(x) > 0 for 
all x. 


ш 4 2 
Hes ox P sin (1/h) _ 
f (0) = lim EM NES = 0, 
апа 
f'(h) = 487 sin?(1/h) = 2h?sin(1/h)cos(1/h) for h #0. 
50 


3522 — 512 с; 
F'O) = lim 4h? sin*(1/h) = sin(1/h) cos(1/h) 


= 0. 


63. (a) Since f’ is continuous, f'(x) > 0 for all x in some interval around a, so f 
is increasing in this interval. 


(b) We have 
1 


g'(x) = 2х sin Ж cos —. 
x x 
So g'(x) = 1 when cos 1/х = 1 (and consequently sin 1/x = 0), and g'(x) = –1 
when cos 1/x = —1. 
(c) We have f'(x) = а + g'(x), so f'(x) > 0 when g'(x) = 1, and f'(x) < 0 
when g'(x) = —1. 


64. (a) We have 
2 sin y 
g(y) = ——— — cosy, 
У 
$0 3 T 
ycosy — 2 sin у | 
8 Оу) = ты + sin у. 


So if g’(y) = 0, then 
0 = 2ycos y — 2sin y + у? sin y, 


Or 


2 . 2 2 . 2 2 2 
1) cos у = асо Е E (sin y) у} 
2y 2y 
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Непсе 
2 si 2— у? 
(2) s0) = — б ( 4 ) 
у 2у 
072 
= Gn» (5-2 Z) 
y 2y 
2 
= (siny) (222 ) 
2у 


(5) Moreover, from (1) we have 





2 
2 — 
I — sin? y = соу = (sin? y) ( >) ; 











2y 
SO 5 
sin? y = l 5 — ша 
шоог ve 
+ 2у 
50, Бу (2), 
| 2+ у? 
[в (У)| = | sin y| - | 
ul, 22:97... ОВУ 
/4+у* 127 үу 
(c) We have 


f(x) = 1+ g(1/x). 
Now we clearly have g(y) < 0 for arbitrarily large y (since g(y) is practically 
— cos y for large y), so for arbitrarily large y we have 
2+ y? 


И 


by part (b). Thus f'(x) < 0 Юг arbitrarily small x, while we also have f'(x) > 0 
for arbitrarily small x. 





(d) We have 
ГО) =a + 8(1/х). 


For sufficiently large y we have g(y) > —qa. So for sufficiently small x we have 


f'(x) > 0. 


65. (a) If the minimum of f on [b, 1] occurred at some c with b < c < 1, then 
f would clearly not be increasing at c, since we would have f(x) > f(c) for all 
x < c sufficiently close to c. Now if 0 « a < b < 1, then the minimum of f on 
[a, 1| is a, so f (a) < f(b). To obtain the strict inequality f(a) < f (b), pick some 
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а with a <a’ < b such that f(a’) > f(a) (this is possible since f is increasing 


at а); then f(a) < f(a’) < f(b). 


(b) Leto = sup Sp. If b < y < о, then there is some x in Sp with у < x. Therefore 
f(y) = f (b). Moreover, since f is increasing at с, we have f (à) > f(x) forx <a 
sufficiently close to a, so f (o) > f(b). This shows that o is actually in sup Sp. 
Now if æ < 1 there would be а 5 > 0 such that f(x) > f(a) fora «x < æ + ô. 
This shows that all such x are in Sp, contradicting the fact that œ = sup Sy. So 
a = sup Sp = 1. So f(y) > f (b) for all y > b. 


(c) For sufficiently small Л we have 


f (a +һ) > f(a) if h > 0, 
f (a 4- h) < f (a) if h < 0. 
This implies that 
fa+h)— f(a) 
мах ин! 


which implies that 


„у p /(а+һ)— fla) 
= unc илийн > 0. 


1 
(4) Since f’(a) > 0, for sufficiently small Л we have 


f(a +1) — fa) 
IM ийн > 
This implies that f(a +h) > f(a) for h > О and f(a+h) < f(a) forh «0. 


0. 


(е) Part (а) implies that f is increasing at a for all а in [О, 1], so part (a) implies 
that f is increasing on [0, 1]. 


(f) If £ > 0, then g'(a) = f'(a) +e = € > О for all a in [0, 1], so g is increasing 
on [0, 1] by part (e), so f(1) += > f(0), or f(1) — f(0) > —e. Similarly, h is 
increasing on [0, 1], soe — f(1) > —f (0), or f(1) — f(0) < e. Thus | f(1) — 
РО) < =. Since this is true for all € > 0, it follows that /(1) = f (0). (Of course, 
the same argument, applied to [a, b], for O < a < b < 1, shows that f (a) = f (b).) 


66. (a) Suppose f is not constant, so that f(a’) 55 f(b’) for some a’ < b’ in [а,Ь]. 
To be specific, say f(a’) < f(b’). By Problem 8-4(b), there are a’ < c < d < Б 
with f(c) = f(a’) < f(b’) = f(d) and f(c) < f(x) < f(d) for all x in (с, а). 


But then a’ is not a local maximum for f. 


(b) We can assume f (а) < f(x) < f (bo) by Problem 8-4(b) [renaming c to be ao 
and d to be bo]. By Theorem 1 of the Appendix to Chapter 8 there is some k > 2 
such that 


о 


2 


ро —a 
for |x — y| <8 = — 
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Let с; = ag + id. Since 


уба) = fa) < 109 — 19 


A 
f (bo) — f (ck-1) < fey P9) 
we must have 
ГЪ) 5 ба) A 
ан : 
f (сл) < Т(сь-а). | 





Consequently there is some i with 1 < i < k — 1 such that f(c;) < f(cj41). Let 
с; = a, and с; = bj. Then ар < ај < by < bo and (а) < f (bi). Moreover, 
we can assume that f(a,) < f(x) < f(b) for all а, «х < b, [use Problem 8-4(b) 
again]. 

Continuing in this way, we find intervals [а,, bn] with ад < аль < В < 
bn, and (а) < x < f(bn) for a, < x < bn; moreover, we can assume that 
b, — a, < 1/n. Now let x be in all (ал, bn]. Then every interval around x contains 
some [ак, by], with f(xk) < f(x) < f(by); hence x is not a local maximum or 
minimum. 


67. (a) The local strict maximum points are the rational numbers. 


(b) Let x be a point in all intervals 7, = [a,, bn]. Since the points x, are chosen 
to be distinct, x = x, for at most one n. Since x is a local strict maximum point, 
there is a ó > 0 such that x is a strict maximum point for f on (x —6,x + 8). But 
1, is contained in (—x — 6, x + ô) for all sufficiently large n; choose such an n for 
which x Æ xn. Then f(x) > f (xs), since J, is contained in (x — ô, x + ô), while 
f (xa) > f(x), since x is in Z}. 
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1. @) f"(x) = 6x — 2 > 0 for > 1/3. 


f convex 
f concave 

/3 2 

| ; 
inflectio 
point 

(1) f(x) = 20x3+1> 0 for x > —1/4/20. 
f convex 







inflection 
point 


f concave 
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(Ш) /7(х) = 36x? — 48x + 12 = 12(3x? — 4x + 1) = 12(3x — 1)(х — 1) > 0 for 
x<1/3o0rx > 1. 







f convex 


f convex 
inflection points 


(iv) We have 


p(x) = — (x? + x + 220x? + (5x4 + 1)2(х? + x + 1)(5х® + 1) 
(x? +x+1)4 
_ 2(x? + x + 1)[(5х* + 1)? — 10х%(х? + x + 1)] 
i (х5 + х + 1)* 


2 
[15х8 — 10x? + 1]. 


E (x? + x + 1)3 
To determine the sign of f"(x) it suffices to determine the sign of 
g(x) = 15x8 — 10x? + 1. 


Now 
g'(x) = 120x! — 30x? = 30x? (4x3 — 1). 


So g'(x) = 0 for x = O or x = 5 1/4. We have g(0) = 1 and 
e 1/4) -(41/4) [15-4 - io +1 
-(41/4) (=) +1 
« 0, 


since 4/1/4 > 4/25. So g attains it (negative) minimum value at 4/ 1/4. Moreover, 
since h(x) = 4x? — 1 is increasing, g'(x) > 0 for x > 1/1/4 and g'(x) < 0 for 
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x < 1/4. So g is decreasing on (—оо, ¥/1 /4 | and increasing on [V 1/4, oo). 


Sa 


Consequently, g has two zeros, both in (0, 1], since g(1) > 0. It follows that if 
а is the unique root of x? + x + 1 = 0, then f"(x) < 0 for x < a, but (х) > 0 
for all x > a except those x in a certain interval contained in (0, 1). Thus the graph 
of f is convex on (a, со), except for a bump lying over some interval contained in 
(0, 1). 






f concave 


f convex 





f concave | 


(у) We have 
„‚ у G2 +1)?(—2 — 2х) - (1 — 2x — х?)2(х? + 1)2х 
a << | ms 
2 2 
= Gate + 3x? — Зх — 1] = РЕ" y 1) (x? + 4x + 1) 
2 
= тр 06 [2+ 43] [-2- 43) 


so f’(x) > 0 for —2 — V3 < x < —2 + V3 and x > 1. 
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f concave 


` 


inflection point 







inflection 
point 


f concave 





inflection 
point f convex | 


(vi) 
7 (x? — 1)2(—2х) + (1 + х?)2(х? — 1)2x 
Jo) eere pe po v9 
(x^ — 1) 
2x 
xim аз" + 3], 


so f"(x) > 0 for > 1 and —1 < x < 0. 


| 
| 
| 
| 
+ сопуех | f convex 
| 
| 
| 





inflection point 


— — —À => eee — 
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2. If f(0) = 0, the graph looks like the following. 


/ 
/ 
^N / 
Ь / 1 / f convex 
ГАА / 
Ї сопуех / \ / 
/ УУ 
N 
\ / 
f convex 


3. Two such functions are shown below. 





4. According to Problem 4-2, the points in (x, y) are precisely those of the form 
tx-+(1—1)y for 0 « t < 1. Definition 2 thus shows that f is convex if and only if 


fx t (0 — 2)у) — f(x) Е ТО)- (х) 
tx --(1—t)y —x у-х ' 
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which is equivalent to 


f(x + (0 —t)y) « tf(x) + (1—1)/(у). 


5. (a) We have 
g(tx+(1—t)y) < tg(x) + ( — t)g(y) since g is convex, 
SO 
f(g(tx +И- ву) < f(tg(x) +d — tg(y)) since f is increasing 
< tf(g(x)) + — 0 f(g(y)) sicne f is convex. 
Thus, f o 1$ convex. 
(b) Let f(x) = 1 + x?, x > 0 and g(x) = 1/x, x < 0. 
(c) We have 
(fog) =(f'og)g’ 
(f og)" = (f"og)g 4 (f' og)". 
Since f", g”, g'? > 0 it follows that (f og)” > Oif f’ > 0. 


6. (a) Since f is convex, f' is increasing. If f" isn't either always negative or 
always positive, let c = sup(x : f'(x) < 0}. Then f’ < 0 to the left of c and 
f’ > Oto the right of c. [Actually, f’ will be continuous, see Problem 10; so c can 
be described more simply as the zero of f".] 


(b) For x « y consider 
(Ров) (х) = f'(g(x)) - в (x), 
(Ро 2) (у) = F EO) g O). 
Suppose first that g is increasing. Then 
0 < g'(x) < g'(y) since g is increasing and convex. 
Moreover, g(x) < g(y) implies that 
0 < f'(g(x)) < /'(е(у)) since f is increasing and convex. 


It follows that 
f'(g(x)) - g(x) < f'(g»- g (У). 


Next suppose that g is decreasing. Then 
g (x) < я (у) x 0, 
and g(x) > g(y) implies that 
ТО» > f'(g(y)) = 0. 
It again follows that f'(g(x)) - (х) < f’(g(y))- в Оу). 
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Finally, suppose that g is decreasing to the left of c and increasing to the right 
ofc. If x < y < согс < x < у, then we have already shown that f'(g(x))-g'(x) < 


f'(gQ) - 8 (у). If x « c < у, then 
FED g) < f'((»)- 2'() < f'GO» - 2/0). 
so we still have f'(g(x)) - g'(x) < f'(g(y)) - е (у). Thus, (f og)’ is increasing. 


(c) Lemma. Suppose f is convex on an interval and а « b are points in this interval. 
If f(a) < f (b), then f is increasing to the right of b; and if f (a) > f (b), then f 
is decreasing to the left of b. 


Proof. Consider the case f(a) < f (b) (the proof in the other case is similar or one 
can apply this first case to g(x) = f (—x)). 

If b < d, then the definition of convexity shows immediately that we cannot have 
f(d) < f(b). Moreover, if b < dj < 4, then the same argument shows (since we 
now know that f(b) < f(di)) that f (di) < f(d2). Thus f is increasing on [b, оо). 


With the aid of this lemma we can now prove the theorem. Since f is not constant, 
there is some а < b with f(a) = f (b). We consider only the case f(a) < f(b). 
We already know from the lemma that f is increasing to the right of b. Suppose now 
that the minimum of f on [a,b] occurs at some c in (a, b). Then f is decreasing 
to the left of a by the lemma. Moreover, if a’ is any number with а < a’ « c, 
then we must have f(a’) > f(c) (if we had f(a’) = f(c), then f(x) < f(c) for 
x іп (а', c), contradicting the fact that c is the minimum point). So the lemma also 
implies that f is decreasing to the left of a’ for all such a’. This shows that f is 
decreasing to the left of c. Similarly, f is increasing to the right of c. 

On the other hand, suppose that the minimum of f on [a, b] occurs at a. The 
same sort of reasoning as before shows that f is increasing to the right of a. There 
are then two possibilities: 

It may happen that f(d) > f(a) for some d < a. In this case, the minimum of 
f on [d, a] occurs at some c with d « c < a. The same reasoning as before shows 
that f is decreasing to the left of c and increasing to the right of c. 

It may also happen that f(d) < f(a) for all d < a. Then we may apply the 
results already proved (for a « b) to d « a: If the minimum of f ever occurs at 
a point c in (d, a), then f is decreasing to the left of c and increasing to the right 
of c, but if the minimum is always at d, then f is increasing to the right of d for all 
d, so f is increasing. 


7. Choose х > 0 so that f(x) < f (0). The Mean Value Theorem implies that there 
is some xo іп (0, x) with f'(xg) < 0. If we had f'(y) < f'(xo) for all y > xo, then 
for all x > хо we would have 


f(x) — f (xo) < f'(xo)(x — хо), 


which would imply that f(x) is eventually negative (since /’(хо) < 0). Therefore 
f'(x) > f'(xo) for some x; > хо. This implies that the minimum of f’ on [0, x1] 
occurs at some x in (0, хү). Then f"(x) = 0. 
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8. (a) This follows from Problem 4 with t = 1/2. 


(b) The assertion is true for n = 1, i.e, k = 1/2. Suppose that for some n it is 
true for all x and y. If k = m/2"*! is in lowest terms, then k is odd. Consequently 
ky = (m — 1)/2"*! and ky = (m + 1) /2"+! can be expressed in the form а/2”, 
so the assertion is true for К! and k2. Notice also that k = (kı + k2)/2. From the 
result for kı and Ёо, and the assertion for п = 1 applied to x’ = kıx + (1 — k1) y and 
y! = Кох + (1 — k2)y we obtain 


sæta- =s (27) 2. ГО 


2 2 2 
К (х) + -А1)1 (у) ЮЈ(у) + (1 — к) (у) 
ЕСС 


= ЕЛ (x) t (1 — А) f(y). 


(с) Let 0 <: < 1. For any ғ > 0 there is a number k of ће form m/2" which is 
so close to £ that 
|f (kx + (1 Юу) - fax + (1 —0y) < e, 
САРО) + (10  ) £021 Erf 6) + (0 РО) < =. 


Then 


f(x t (0 —12)y) < ftkx+(1—k)y)+e 
< kf(x) + (1— fiy += 
< tf (x) + (€ — tCf (у) + 2e. 
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Thus f(tx + (1 —t)y) < tf (x) + (1— t) f (у). The following diagram shows that 
if strict inequality holds for even one f, then it holds for all t (by applying the weak 
inequality to x and tx + (1 — £)y or to tx + (1 — t)y and y). But we have strict 
inequality for t of the form m/2", so we must have strict inequality for all т. 






the graph of f cannot 
lie above this line 


9. (a) Let х„ and xg be the smallest and largest of the x;. Then 


n n n 
Ха = у ріХа < у Dixi € у Dixg = хв. 


n 
(b) Part (a), applied to pi/t, ..., Pn—1/t, shows that (1/t) È` pixi lies between the 


i=l 
smallest and largest of x1,..., Хи—1, so it certainly lies between the smallest and 
largest of x1, ... , Xn. 


(c) Jensen's inequality is true for n — 1. Suppose it is true for n — 1. Then by 
Problem 4 we have, since p, = 1 — t, 


(5 pa) - '(: (0/0) 5 pixi + (1 — 2 
i=l і=1 


п-1 
< (Уфо) + (1 — t) fn) 


i=l 


Л-1 .. 
<t). P. Ра) + pu f Ga) 
i=l 


= i f (xi). 


(The same sort of proof shows that strict inequality holds for n > 1 (begin by 
checking that strict inequality holds for n — 2).) 
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10. (a) As the proof of Theorem 1 shows, [f(a + А) — f(a)]/h is decreasing as 
h —> 0%, so 


А = |1 1-------1--- = 
к= h 


f(a4-h) — f(a) -ш 283918 - | 
a | 


This inf exists because each quotient [ f (a + #) — f(a)]/h for h > 0 is greater than 
any one such quotient for Л < 0. Similarly, 


ДЭВ +970 :Л <o}. 


The relation f/ (a) < fi (а) is obvious from the previous considerations. The 
functions f, and f' are increasing, because if a < b, then (as in the proof of 
Theorem 1; see Figure 6 of the text) we have 


/ / (а + $ —а)) — Ла) _ ]Ф+(а—Ь))— f(b) 
по < fia) < 1600 НӨ L T0 0 9 


< f: (b) x А. 


(b) If b < a, then as in part (a) (with a and b interchanged) we have 
fib) < Р (a) x fi (a). 
If f, is continuous at a, then lim f(b) = f, (а), so we must have f’ (а) = f. (а). 
>a 


To prove the converse, we first show that f} will always be continuous on the 
right, i.e., 
lim f, (b) = /\ (а). 
bat 


In fact for апу є > 0 we can choose с > a so that 


f(c) — f (a) 
a 


Бин < Г (а) +=. 


Since f, (а) exists, f satisfies им f(b) = f(a) (as a matter of fact, f is con- 
—a 


tinuous at a even if f, (a) does not exist; see Problem 11). So we can choose b > a 
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close to a with f(b) as close to f(a) as desired. Thus we can choose b > a so that 
— f(b = 
fO-f0) fO-f@,, 
c—b с-а 
Therefore 
(с) — f(b) 
fia) < уу < 101—709 
-fO-f@ |, 
с-а 
< f А (а) + 26. 
This shows that f is continuous on the right. 


It remains to show that if f£, (а) = f- (a), then f, is continuous on the left at a. 
Given € > 0, choose c < a so that 


f(a) — f(c) 
< UG S 


- а 


(а) -e = f (а) – є 





Then if с < b < a, the secant line through (Р, f(b)) and (a, f (a)) lies between the 
tangent line at a and the secant line through (c, f(c)) and (a, f (a)), i.e., 


fa)-f(  f«- f) 
с — b 


a а — 


< fA (b) < у (а). 


(а) — € < 


This shows that „im f(b) = ү; (а). 
—a- 
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11. (a) Let a be a point of the interval. Let € > 0. Pick some хо > a. Notice 
that no matter what value f (xo) may have, the line segment between (a, f (a)) and 
(xo, f (xo)) eventually lies below the horizontal line at height f (a) + =. Since the 
graph of f must lie below this line on (a, xo), this shows that f(x) < (а) + є for 
all x > a sufficiently close to a. A similar argument works for all x < a sufficiently 


close to a. 





It remains to show that f(x) > f(a) — e for all x sufficiently close to a. If 
f (x) > f (a) for all x there is nothing to prove, so suppose that f (xo) < f (a) for 
some хо With хо > a, say. Then we must have f (y) > f(a) for all y < a, because 
of convexity, so all y < a certainly satisfy f(y) > f(a) — =. Moreover, if we pick 
some yo < d, then the line segment between (yo, f (yo)) and (a, f(a)) lies above 
the horizontal line at height f (a) — = in some interval to the right of a. Since the 
graph of f must lie above this line to the right of a, it follows that f(x) > f(a)—& 
for all x > a sufficiently close to а. 
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(b) The following Figure shows the possible kinds of discontinuities on a closed 
interval. 


844 


12. (a) Clearly f is weakly convex on an interval if and only if for all a and b т the 
interval, the line segment joining (a, f (a)) and (Р, f (b)) lies above or on the graph 
of f. If f is actually convex, then it clearly contains no straight line segments. 
Conversely, suppose that f is weakly convex and its graph contains no straight 
line segments. To prove f convex we have to show that the line segment joining 
(a, f (a)) and (b, f (b)) cannot contain even one point (x, f (x)) for a < x < b. 


f(b) ^ 





Suppose it did. Since the graph of f does not contain the entire line segment from 
(x, f(x)) to (b, f (b)), there must be some x’ in (x, b) such that the point (x', f(x’)) 
lies below this line segment. But then we easily see that (x, f (x)) lies above the 
line segment from (a, f (a)) to (x', f(x’)), contradicting the fact that f is weakly 
convex. 


(b) Theorem 1’. If f is weakly convex and differentiable at a, then the graph of f 
lies above or on the tangent line through (a, f (a)) at all points. If a < b and f is 
differentiable at a and b, then f'(a) « f'(b). Lemma. Suppose f is differentiable 
and f’ is nondecreasing. If a < b and f(a) = f(b), then f(x) < f(a) = f(b) 


164 Chapter 11, Appendix 


for a < x « b. Theorem 2’. If f is differentiable and f' is nondecreasing, then f 
is weakly convex. Theorem 3’. If f is differentiable and the graph of f lies above 
or on each tangent line at every point, then f is weakly convex. Theorem 4’. If f 
is differentiable on an interval and intersects each of its tangent lines in an interval, 
then f is either weakly convex or weakly concave on that interval. 


13. Suppose first that Ay is convex. Then for xı < x2, the points (xi, f (x1)) and 
(x2, f (x2)) are in Ay, so all points of the line segment between them are in Ay. But 
this just means that all of these points lie above or on the graph of f, so / is weakly 
convex. 

Conversely, suppose that f is weakly convex, and let (x1, y1) and (x2, y2) be two 
points of Аг, so that we have f (xi) < yi. 


(Х,,У,) 


ее» Ї 





Modifying Problem 4 in the obvious way, we have 
t 1-1 < 1-1 
(ж) fx + (1 t)x) < foa) +d — 0f (2) Бий 
<ty + (1 —t)y2 
But every point of the line segment between (хү, y1) and (x2, y2) is of the form 
(tx; + (1 — t)x2, ѓу + (1 — t)y2), 


and (ж) shows that these points аге in Af. 


СНАРТЕК 12 


1. di) f'(x) -х!7-41. (If y = f (x) then x = fiy = (y — 1)’, so 
у=1+х!/.) 
(iv) 


(—х)!??, х < 0 


-1 = 
TUN) (=x), xl. 
(If y = f^! (x), then 
22 ЭГ —у?, у> 0 
мон Е e 


Since —y? < 0 if y > Oand 1 — y? > 1 if < 0, we have y = (—x)'? for x < 0 
and y = (1 — x)! for x > 1.) 





(vi) f^! (x) =x — [x/2] for [x] even. (If y = f^! (x), then 


x-—f(y)-yclyl 
=y+n forn<y<n+l. 


Thus 
2n<x<2n+1, 


and 
y =x —n = х —[x/2].) 
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(viii) 


—1+ 71+ 4x? 
Fast шша ee 


0, х =0. 


(If y = f^! (x), then x = f(y) = y/(1 — y’). So xy? + y — x = 0. If x = 0, then 
у = 0. If x 40, then 


-1-ү1-4х2 [1+ 4x? 
узак ees or у--1- 
2x 2x 


The first possibility is the correct one, since x and y must have the same sign.) 
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2. (i) f—! is increasing and f ^! (x) is not defined for х < 0. 





(iii) f—! is decreasing and f ^! (x) is not defined for х < 0. 
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(iv) f^! is decreasing and f^! (x) is not defined for x > 0. 





5. (b) If h(x) = 1+x, then g = hof,sog ! = f-'oh™!, so g7! (x) = f ! (x—1). 
It is also possible to find g^! directly: if y = g—!(x), then x = g(y) = 1+ f(y), 
so y = f (x—-1)) 


7. (ii) Any interval [a, b], since f is increasing. 


(iv) Those intervals [a, b] which are contained in the interval (—oo, —1— 42| or in 


[-1 + 47, оо) or in [-1 + A2, со), since these are the intervals on which f is 
increasing or decreasing. 


8. We have 


/ = —1\/ == 1 
Е 


= + Шр 


_ 3 И GG 79) 
2 (1 [£71 G)P)72 


-2177100р 
-5lf 0] 


8" (x) 


- 586. 


9. Apply Theorem 5 to /71. 
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10. (a) For Df (y) to exist f'(y), f"(y), and f"(y) must exist, with f'(y) Æ 0. 
Then 
—1\/ 1 
U 0 = тов 
РОР 0) (FYV) 
[ЕР 

РОР) 

= [О-В 


(F(x) = 


(7 1)" о) = 


x [УР + QG (o) 
AU OG) ЗА) (хх) 


[Г 
all exist (compare Problem 21), with (771) (х) Æ 0. 


1 
LEET E) 


(b) Since we know that 9) f ^! (x) exists, we can use Problem 10-17(a) to write 
1 2 9(f o f )() = [9f Cf 1 6) ОР + SF") 
_ 9 f(f (x) 


= us OF (x): 
Poe € 
j 3 f(f@) 
2 (f (x 
gjf (x) 21— ——————. 
diss [P (£7! (3)F 
11. (a) Let f = g^!, where g(x) = —x? — x. Notice that р is one-one, since 


g'(x) = —5x* — 1 < 0, and that g takes on all values. So f is defined on В, and 
for all x we have 


x = g(fQ)) = -Lf GP — fG). 
Moreover, f is differentiable, since g'(x) Æ 0 for all x. 
(b) 
Р (х) = (871) (x) = by Theorem 5 
 а(Ро)) 59) 1 


1 
g'(g !(x)) 
1 


(c) Differentiating both sides of 
[ГОР + РО) +х 20 


yields 
5ЯЛООГ- ТОО f'(x) +1 — 0, 


170 Chapter 12 


50 
-1 


f'(x) = ТЕТЯ 


12. (a) f(x) = /1— x? and f(x) = —y 1 — х2. 


(b) There are no functions with this property. 


(c) Let 
81(х) х <-1 
82(х) р = g(x) for $ —1«x«1 
83 (х) х>1. 





Then each g; is one-one. If f; = g; І then each f; satisfies [ f; (x)? — 3 F(X) =x. 
The domain of 


Л (—oo, 2) 
№ 18 (-2,2) 
f (2, со). 


(To find y = fix) = g; ! (x) explicitly we would have to solve the equation x — 
g(y) = y? — Зу. This can be done, but only with great difficulty; see Chapter 25.) 

It is not hard to see that any continuous function f satisfying | f (x)]? —3 f (x) = x, 
and defined on an interval, must be (part of) some f;. For such a function f satisfies 
g(f(x)) = x; this equation implies that f is one-one (Problem 3-23) and that /7! 
coincides with g on the domain of f—!. But the domain of f ^! is an interval, and 
the only intervals on which g is one-one are contained in (—оо, —1) or (—1, 1), or 
(1, оо). 


13. (a) Differentiating both sides of [f (x)? + x? = 1 yields 
2f (x)f' (x) + 2x = 0, 
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ОГ 


га хув сү 


(5) This equation is true for 





f(x) =У1-х?, in which case f'(x) = == = 
апд 
Р(х) = –у1— х2, in which case f'(x) = = = 
(c) We have 
ЗРО) f(x) 31) = 1, 
SO 


: B 1 
ДУ ТӘРЕ: 


14. (a) Differentiating both sides of x? + [f(x)P = 7 yields 
Зх? + 3[ f(x) f'(x) = 0, 
бх + OF GOLF ООР + ЗРО)” (х) = 0, 


or 
2 
T. 
Pr DD 
2 
-2 
Р(х) = —— d Fed 
[f GO? 
— —2x f GI — 2x* f (x) 
i 7006 | 
(b) For this f we have 
f(-)=- 
" 2*— 2.2 
f'(-1) x 
_ 7 
кү 


—Х 


F(x)’ 


-Х 





f(x) 
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15. Differentiating both sides of 3x? + 4x? f (x) — x[ f(x)? + 2[f(x)} = 4 yields 


9x? + 8x f (x) + Ax? f' (x) — ХОР — 2xf (x) 700 + (ЛОР (х) = 0. 
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At the point (—1, 1) we have 
9—8+4f'(-1) -1+2f'(-1) -6f'(-1) =0 
or 
f'(-1) = 0. 


So the equation of the tangent line is у = 1. 


16. Consider a differentiable function f which satisfies 
[ОГ + LFG)P + xf) = 1; 
then 


Ч f GP РО) + ЗО) (к) + F(x) + xf'(x) = 0, 


/ 2 — f(x) 
f O = A GP ТОР. 


19. (ii) 8^! (3) = —1, since 8(-1) = A(0) = 3. So 


1 1 
(878) = or = Gr 
ў BBG) BD 
ot 
WO) 
1 
ET т, 
sin^(sin 1) 
(The answer is not surprising, since the equation B(x) = h(x + 1) implies that 
B'=h'-1,) 


21. As in Problems 10-19 and 10-31, the main difficulty is in formulating a reason- 
able conjecture for the form of (f^!) (x). It is not hard to prove the following 
assertion by induction on k: If f ( f^! (x)) exists, and f'(f ^! (x)) is non-zero, 


then 
A(x) 


[Ро 


for some integer т, where A(x) is a sum of terms of the form 


[о +. FOF oy). 


(FG) = 


22. (a) Suppose f is increasing and g is decreasing, and f(a) = g(a). If a « b, 
then 
g(b) < g(a) = f(a) < f(b), 


and similarly if b < a. 
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(6) Appropriate functions f and g are shown below (to be explicit we can take 


g(x) =x and f(x) = [x] + ух — [x] (Problem 4-17)). 


(c) Appropriate functions f and g are shown below. (Using the exponential function 
from Chapter 18, we can define f(x) = e* and g(x) = —е*, but at the moment 
explicit definitions would be awkward.) 


23. (a) The geometric idea behind the proof is indicated below: If f(a) > a, then 
f(f@) =a < f(a). Since f(a) > a, and f(b) < b for some b (namely, f(a)), 
it follows that f(x) = x for some x in [a, b]. 






(f(a),q) 
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(b) Let f be any decreasing function оп (—oo, а] which takes on all values > a, 


Бус | f(x), хха 


and define 


fx, xza. 





(c) If f(x) < x, then x = f !(f(x)) < f(x) = f(x), a contradiction. Simi- 
larly, we cannot have f(x) » x. 


24. The functions with this property are precisely the one-one functions, because 
reflecting through the antidiagonal is the same as reflecting through the vertical axis, 
then reflecting through the diagonal, and finally reflecting through the vertical axis 
again. 





If a more analytic proof is desired, notice that the reflection of (a, b) through 
the antidiagonal is (—b, —a). Thus if (a, /(а)) and (Р, f (b)) are two points on 
the graph of f, we require that (— f (a), —a) and (— f (b), —b) should not have the 
same first coordinate if a Æ b. In other words f (a) and f(b) must be different. So 
f must be one-one. 


25. (a) Since f is not increasing, there is some x < y with f(y) < f(x). Since 
f is nondecreasing, if x < z < y, then f(x) < f(z) x f(y) < f(x) So 
f(x) = РО) = ЛО). 
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(b) f(x +h) > f(x) for h > Oand f(x +h) < f(x) for h < 0,so 


fG +в) — f). 
: » 


0 


for all h £0, so f'(x) > 0. 


(c) If y > x, then 
f(y) — fx) 
у-х 


-01(2) for some z in (x, y), 
>0 


so f(y) > f(x). Similarly, if y < x, then f(y) < f(x). 


26. (a) The idea behind the proof is indicated in the figure below. On the interval 
[n, n+1], let g be the linear function with g(n) = f(n+1) and g(n+1) = f(n4-2). 





(b) On the interval Їл, n4-1] let g be the linear function with g(n) = f(n+1)/(n+1) 
and g(n + 2) = f(n+ 2)/(n + 2). 
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1. (a) Sets =x — a, so that x =a + s. 
(b) The tangent line according to our new definition consists of all points 
c(a) +s- c'(a) = (a, f(@)) +5: (1, f'(a)) 
= (a, f (a)) + (s, sf'(a)) = (a + s, f (a) + sf'(a)), 
the same set of points obtained in part (a). 
2. We have 
(t,t) t>0 
(—t?,t) t<0 


and these points are all on the graph of h(x) = |x|, since |-42| = t?. On the other 
hand, if S(t) = Р, then our straightforward definition of с’ gives 


с (0) = (f'(0), 5 (0)) = (0, 0), 
since we have f'(0) = S'(0) = 0. 


c(t) = (f(t), 22) = 


3. (a) Since u’ Æ 0 on the interval, и is one-one on the interval, so u^! exists, and 
each point 


(u(t), v(t)) = (u(t), v(u ! (u(£))) = (u(t), v ou ! (u(t) 


is on the graph of vou !. 





(b) We have 
f’ = (v ou™y = (ou )-(w y 
Vo ua 
m uou 
j , , v (t) 
f (x) = f м@а)) = wy 
(c) Then 
үлд Wow D out = (ou D)! out) 
(u' o u 1) 
(u' 8 и 1)(и” 5 u`!) B (v' 8 и!) (и” T u`!) 
(и'/ о и!) (и’ о иг!) 
7 (и o u71)? 
Е (u' a u )(v" o и!) ТЭ (и 5 u 1) (и” 5 и!) 
(и’ Е и!) 
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SO ; 
p, у _ W(Dv"(t) — v (t)u” (t) 
A woe 


4. (i) Differentiating the equation x?? + f(x)?’ = 1 yields 


2 (210) 
3x1/3 ЗУ(х)/3 TU 
f)! 
Т(х)-- лз ` 
(ii) Problem 3(b) gives 

3 sin? t cost sin £ 
/ dau Spi d NE ceci 
PONE 3 cos? t (— sin t) cost 


for x = cos? t. Substituting this value of x into the equation х2/3 + y?/3 = 1 gives 
cos? t + f (x)? = 1, 


f(x)! = V1 - cos?t = sint, 


/ Р(х)!" 
/ (х) = х1/3 е 


$0 





5. The square of the distance from P to (u(t), v(t)) is 
(xo — u(t))^ + (yo — vt)’, 

which has it minimum at t when 
(*) 0 = 2[xo — u(t)] - [—u’(t)] + 2[yo — v(£)] - [—v'@)]. 
If u'(t) Æ О, this can be written as 

v'(t) | у= (+) _ 

и’ (1) xo —u(t) 
thus the tangent line, with slope v’(t)/u’(t), is perpendicular to the line from Р to 
О, with slope [yo — v(t )]/[xo — u(t)]. 

If u'(t) = О, so that the tangent line is parallel to the first axis, then [since we 
assumed that u’(t) and v'(t) are not both 0], (ж) implies that yo — v(t) = 0, i.e., 
that the line from P to О is parallel to the second axis, and thus perpendicular to 
the tangent line. 





-1, 


6. (а) Letting и(0) = f(0)cos0, v(0) = f(0)sinO, the slope of the point with 
polar coordinates ( f (0), 0) is 

v(0) _ f(0)cos0 + f'(0)sin0 

u'(0)  —f(0)sinO + f'(0) cos0- 
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(b) When /(0) = 0, this formula shows that the slope of the tangent line through 
the point with polar coordinates (0, 0) [i.e., the origin] is tan, which is just the 
slope of the line making an angle of 0 with the positive horizontal axis. 


For the Archimedian spiral г = f (0) = Ө we have f (0) = 0 so the tangent line 
through the origin is the horizontal axis. 


For the graph of r = cos 20 (Problem 3(11) of that Appendix) we have 
cos 20 = 0 for 0 = 45°, 135°,... 


so the lines through the origin making angles with the horizontal axis of 45° and 
—45° are tangent lines. 

For г = | cos 20| (Problem 3(v)) we clearly have the same tangent lines through 
the origin. 

Similarly, for the graph of r = cos 30 (Problem 3(iv)) the lines through the origin 
making angles of 30°, 60°, —30? and —60° are tangent lines, and the same is true 
for г = | cos 30| (Problem 3(vi)). 


For the graph of the lemniscate г? = 2a? cos 20 (Problem 10 of that Appendix) 
we again have г = 0 for cos20 = 0, so the lines through the origin making angles 
of 45? and —45? are tangent lines. 


(c) We must have f'(0) = 0, since f (Ө) is the distance from the origin to the point 
with polar coordinates ( f (0), 0). According to part (a), the slope of the tangent line 
is then — coto = —1/tan@. Since tan is the slope of the line from the origin to 
the point with polar coordinates ( f (0), 0), this shows, in agreement with Problem 5, 
that this line is perpendicular to the tangent line. 


(d) By part (a) we have 


f (0) cos0 + f'(0) sin8 
tan y = —————————————— 
— f (0) sin0 + f'(0) cos0 
50 
tano — tan 0 
1 + tano tano 
f (0) cos 0 + f'(0) sind sin 0 
— f (9) sin 0 + f'(0) cos0 _  cosó 
f(0)cos0 + f'(O) sinO  sinO 
— f (0) sin0 + f'(0) cos0 “сов0 
_ f(0)cos? 0 + f'(0) ѕіп Ө соѕ0 + f (0) sin’ Ө — f' (8) sin Ө созӨ 
-= —f(0)sin0 соѕ0 + f'(0)cos?0 + f (Ө) соз Ө sin + f'(0) sin? 6 
_ РӨ) 
РӨ). 


tan(a — 9) = 





1 + 
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7. (a) @ If 
(x? + f(x)? + РО) = 2x? + foy, 
then 
(x7 + f(x)? + f(x))[2x + 2f (x) О) + /'(х)] = x + РО) РО), 

SO 
Ро) [1 + 270) (2+ РО) + О) — £69] 2 x[1 - 202? + Ха + £())] 
SO 

Ро x[1-2( + f(x)’ + fG))] 

[1+ 2f(x)] (x2 + f(x)? + F(x) — РО) 
x[1 —2 x? + f(x)? | 


[1+ 2f(x)] Vx? + fx? — F(x) 


(ii) At the point with polar coordinates (х,0) = (1 — ѕіпӨ, Ө) the slope of the 
tangent line is 


(1 — sin 0) cos 0 — соѕ0 sin@ Ш cos0(1 — 2sin0) 
(—1 + ѕіп Ө) ѕіпӨ —cos@cos@  sin?0 — cos20 — sin 
cos 0(1 — 2sin 0) 


— 1—2cos?6 — sing 


(b) We have г = 0 for 0 = 90^, so the line through the origin making an angle of 
90? with the horizontal axis is a tangent line. [More precisely, there is no tangent 
line at this point, but there are appropriate left- and right-hand derivatives of оо 
and —oo.] 


8. (a) From the Figure, the distance from P to the radius passing through Q is 
а sin f. Since the distance from О to О is at, the first coordinate of Р is the differ- 
ence, at — a sin f. 

Similarly, the second coordinate of P is a minus the distance from P to the center 
of the circle, and thus a — a cost. 


(b) We have 
u'(t) = a(1 — cost) > 0, 


since cost < 1; in fact, u'(t) > 0 except at isolated points. So и is increasing. 
(c) We have 
v(t) =a —acost 


a — v(t) 
cost = ————, 
a 
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and thus @ 
a — v(t 
t = + arccos : 
a 





with the + sign for > 0, and the — sign for t < 0, since arccos is always positive. 
Moreover, 


sint = +y 1 — cos? t 


2 
- 1- (229 
a 
=+- 2а — vO, 


with the sign being the same as that of sint Hence 





u(t) = at — asint 


= +a arccos -—— + \/[2а — v(t)]v(t), 


where the first + is the same as the sign of t and the second is the opposite of the 
sign of sin f. 


(d) For the first half of the first arch of the cycloid we have t > 0 and sint > 0, so 


u(t) = a arccos “0 — y [2а — v(t)]v(t). 


This means that this curve consists of points 


(u(t), v(t)) = (s arccos : a — y [2a — v(t)]v(t), 2) | 02101 


or of points 





RJ 





(a arccos“ — y [2a — у]у, ›) 0 x y x 2a, 


which is indeed the graph of 27". 


9. By the Cauchy Mean Value Theorem (Theorem 11-8), there is a number x in 
(a, b) with 
(ж) [u(b) — u(a)]v'(x) = [v(b) — v(a)]u (х). 
If we write this as 

v(x) _ v(b) — v(a) 

и(х)  u(b) —u(a) 
then the right-hand side is just the slope of the line from P to Q, while Problem 3 
shows that the left-hand side is the slope of the tangent line of the curve (since 
u' (x) #0, и is one-one in an interval containing х, so part of the curve is the graph 
of a function f = vou). 
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Of course, this assumes that the denominators are not 0, so we really have to 
exercise more саге. To begin with, note that either u(b) = u(a) ог v(b) Æ v(a), 
since otherwise P = Q and there is nothing to prove. We might as well assume 
u(b) # u(a), since the whole argument can be made with u and v interchanged. 
Then the only problem is that we might have u’(x) = 0 in (x). Since u(b) Æ u(a), 
this means that we must also have v'(x) = 0. This possibility can actually arise, as 
mentioned in Problem 2, and really should be eliminated by hypothesis. 


10. (a) Obviously 


Ju(t) — h| < v lult) – hl? + |000) — b? = lle) — 1, 


and similarly for |v(t) — [5|. 
Now suppose that lim c(t) = l by the above definition. Given є > 0, let д > 0 


be the one given by the definition. Then for 0 < |t — a| < ó we have 
Iu(t) — 11 51с()-1| < e. 
Thus lim u(t) = И. Similarly for v. 
—a 
(b) Conversely, suppose that lim c(t) = 1 according to the definition in terms of 
component functions, so that lim u(t) = l1 and lim v(t) = l2. Suppose we are 


given & > 0. Choose бү, 52 > 0 so that 


if 0 < [t —a| < à, then lu(£) — l| < —= 


42, 
€ 
if 0 < |t —a| < ô then |v(t) — h| < —, 
42 
and let 6 = min(6;, 62): Then if O < |t — a| < ô we have 
20287 
Iu(t) — h|* < 3 
2 
€ 
lut) - bl < =, 
and thus 
£^. x 
їс) — ПР = lult) — hl? + |000) – bl < LE um £^, 
so that 


[с(#) — 11 < e. 
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3. (a) Problem 2-7 shows that 


19 
k=1 


1 А В 


nwt рїї n mU 


which can clearly be made as close to 1/(p + 1) as desired by choosing п large 
enough. 


(b) We have 


рр+! n—1 
L(f, Pa) = rale], 


k=0 
рр+! п 
U(f, Pa) = sue 
k=1 


Part (a) shows that L( f, P,) and U(f, Р„) can be made as close to the number 
bP+! /(p + 1) as desired by choosing п sufficiently large. As in Problem 1, this 
b 


implies that | xP dx = bP*!/(p + 1). 
0 


4. (a) We have 


— = — = ——... Ц ШИ, 
a to 1+1 tn-2 to 


so r = (b/a)!/” = с". Similarly, 


so t; — ar! =a. ci/^, 
(b) We have 


U(f, P) = У [а c ^]? [а . сі!" =a cth] 


i=l 


n 
= aP+! (1 сг") (сү 
Э 


= аР+1 (1 2 c 1/")с(Р+)/" У (com 
i=0 
1 – сР+! 


— „p+! __ „пл „(Р+1)/п 
-а""(1-с )с Tc EDS 


by Problem 2-5 
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-1 
арр eph yer 1-70 
] — с(Р+1)/п 
|o Nt 
— (nptl _ pptly,(ptl)/n 32227 
zd Лаг | — с/т 
1/п __ ] 
— (АРНЕ рр ріп E 0— 
= (а рт )c ПЕНИС ТЕЕ Тг, 
Problem 2-5 also gives 
— „(р+1)/ 
MORET 
] — c!" 
So 
U(f, P) = (pP*! = аР+!усР/" aan EN 
] 4- с/т... p ср!" 
Similarly, 


1 


— „-р/п 22 р+1 _ „P+! ця 
L(f, Р) = P"U(f, P) = (b UU MN IUE TE 


(c) By making n large enough, we can make c!/" as close as we like to 1 (see 


Problem 22-10 for a rigorous proof). The same holds, of course, for each of the 
p numbers c!/",...,c?/". So U(f, P) and L(f, P) can both be made as close as 
desired to 


ЬР+1 — ар+! ЬР+1 — grt 
1-14--41 pHi 
N 
p times 


5. (i) The integral is 0, since the part from —1 to 0 is the negative of the part from 
0 to 1. 


(ii) By the same reasoning the integral is 
1 
-1 
since f (x) = 3y 1 — x? is a semi-circle of radius УЗ on [—1, 1]. 


6. Since sint > О on [0, 2/2] (using radians) we clearly have 





X • 

t 

| = dt > 0 for O < х < z/2. 
о #+1 


Moreover, the integral (i n sint dt is exactly the negative of pe 2 sint dt, while 
1/(t + 1) is smaller on [7/2, л] than on [0, 7/2], so the entire integral 


B. oo 
| sint dt 
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is smaller in absolute value that the same integral on (0, л /2]. The same is certainly 
true of 
х sint 
| md 
л/2 1 


for all л/2 < x < л. This shows that 





22 
t 
| = dt>0 also for 7/2 € x < л. 
о #+1 


Ес. 


7. (i) f; f —0. 
(iv) f is not integrable. 


(vi) f is integrable; a rigorous proof can be given in several ways, using various 
problems in this chapter, for example Problem 20. (Presumably, the integral of f is 


1 Р 111 1 2 111 1 Е? 

2 2\2 3 313 4 
At the moment we do not even know what an infinite sum means, let alone how to 
work with them, but the following likely looking manipulations are actually valid: 


Вы TM NS T: 
2 X4. 3 3.3 4 


From the fact that 
1 1 п 


1225 25: 010 =ч. 

derived in Problem 2-6, we might guess that 
| + + : 3-1 
1.2 2.3 3.4 нэ 


The other infinite sum happens to equal л? /6 (but we will not get to a proof of this 
fact anywhere in the text), so the integral of f is 77/6 — 1.) 
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8. 01) 


(ii) 
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(iii) 


—/2/2 


(1 — x?) — x? dx = За 





-А/2/2 /2/2 42 
| 2—х%ах+ | 2-0-594х--| 2— x? dx = 24/2. 
- —/2/2 2/2 
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(у) : 
| (x? — 2x +4) — x? dx = 4. 
0 





(vi) The area should be 
v2 4 
2/2 -| х?ах = 
0 





10. The first inequality is а special case of Problem 8-13, and the second inequality 
follows from the fact that { f (x1) + g(x2) : 1 < x1, x? < tj) contains all numbers 
in (f(x) + g(x) : 5-р € x < tj), and possibly some smaller ones. 


11. (a) If L(f, P) = U(f, P) for even one partition P, then each т; = Mj, so f is 
constant on each [#—1, tj]. Since these closed intervals overlap, f must be constant 
on all of [a, b]. 


(b) If L(f, P) = U(f, Py) and P contains both Р, and Р», then L(f, P) < 
L(f, P) x U(f, P) x U(f, Po) = L(f, Pi), so LCf, P) = U(f, P). It follows 
from part (a) that f is constant on [a, b]. 
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(с) Only constant functions. For suppose f is not constant on [a, b], and let т be 
the minimum value of f on [a,b]. Since f(x) > m for some x, and since f is 
continuous, we can choose a partition Р = {ц,..., tn} of [a, b] so that f > т оп 
some interval | 1, 5]. Then т; > m, so L(f, P) > m(b — a). On the other hand, 
if О is the partition О = (a, b), then L(f, О) = m(b — a). 


(d) If f is integrable on [a, b] and all lower sums are equal, then f takes on the value 
m = inf(f(x) : a x x < b} at a dense set of points in [a, b]. In fact, Problem 30 
shows that f is continuous at a dense set of points. Now if f is continuous at x 
and f(x) > m, then, as in part (c), there is a partition P with L(f, P) > m(b — a), 
while L(f, О) = m(b —a) if О = (a, b), contradicting the hypothesis. Conversely, 
it is easy to see that if f takes on its minimum value т on a dense set of points in 
[а,Ь], then L(f, P) = m(b — a), since each т; = т. (The condition that f be 
integrable is essential in this problem. For example, if f(x) — 1/q for x — p/q in 
lowest terms, and f (x) = 1 for x irrational, then L( f, P) = О for all P, but f does 
not take on the value 0 = inf(f(x) : a € x x b) anywhere.) 


12. Theorem 4, applied to a < b < d, implies that f is integrable on [b, d]. Then 
Theorem 4, applied to b < с < d, implies that f is integrable on [b, с]. 


14. Let Р = (19, ..., tn} bea partition of [a, b]. If g(x) = f(x — c), then 
т; —inf(f(x):ti-1x x < ti} = inf{g (x) : tii +c E x <t +c} 


and similarly for М,, so L(f, P) = L(g, P’) and U(f, P) = U(g, P’). If f is 
integrable, so that for every = > 0 we have U(f, P) — L(f, Р) < & for some Р, 
then g is also integrable, since we have U (g, P^) — L(g, P^) < в. Moreover, 


b b+c 
| f (x) dx = sup(LCf, P)) = sup{L(g, P)) = f(x — c) dx. 


a+c 





15. Notice that 


1 1 
зш {е eren = int х=}, 
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Denoting the first inf by т; and the second by т;’, we have 


147, P) = ) mi (bti — bt; i) 


i=l 


n 
= У omi — tj-1) 
i=l 


n 
=) miti — #1) 
i-i 


= L( fP). 
So 


a 


ab 
| га = sup{L(f, P’)} = sup{L(f, P)} = | га. 
b 1 


16. If P = {t,...,t,} is a partition of [a, b], and P’ = (cto, .. ., сы}, then 
т; —inf(f(ct) : 8—1 <t < tj) = inf{ f (t) : ctiz1 < t < cti} = mi’. 


So if g(t) = f (ct), then 


n 
cL(g, P) = c) milti — ti-1) 


i-1 


= У mi(cti — 1-1) 
i=] 
= L(f, P’). 
So 


cb b 
| f(t) dt = sup(L(f, P)) = с. sup{L(g, P)) = с. | Л (ct) dt. 
ca а 
(Actually, this proof is valid only Гог с > 0, but the case с < 0 can then be deduced 


easily.) 


17. The upper half of the unit circle is the graph of 


f(x) = УТ 


while the upper half of the ellipse is the graph of 


g(x) =b,/1—- (5), 
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so the area enclosed Бу the ellipse is 
a t 2 a t 2 
2f ь i- (2) ar = 2b | i- (2) dt 
22 а 27 а 
1 
= 2ab | V1-—t?dt 
-1 
= 2ab-n/2 = rab. 
18. (a) We have 


a 1 1 
| х” ах = г | (ax)! dx = а"! | x" dx = c,a" t, 
0 0 0 


(b) From part (a) we have 


2a a n 
211, a^ *! = | x” dx = | у, (e dx 
0 -4 k=0 


a 
—2 p (e^ | x* dx (compare Problem 5) 
k even 0 
E ni n-k k+l, _ +1 л 
= 22, (e ас = 2а" 2 (o. 
even k even 


(c) The proof is by complete induction. We know that c; — 1/2. Assume that 
cy = 1/(k + 1) for k <n. Then 








ntl 


Эн 
n+1 





by Problem 2-3(e)(iii) 


19. Choose М > 1 so that |f(x)| < M for all x in [a,b]. Given в > 0, let 
ô = €/3M. Since f is continuous on [a, хо — 6/2] and [xo + 5/2, b] there are 
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partitions Р, = {to,..-,t} of [a, xo — 6/2] and Р, = {50,..., Sm} of [хо + 6/2, b] 
such that U(f, Pj) — L(f, Pi) < 8/3 and U(f, P2) - L(f, Pa) < €/3. If P = 
[to, ..., I 30s Sm}, then 
U(f, P) - LCf, P) < [U(f, P) - LCf, Р)] +6 -М t [UCf, Po) — LCf, P))] 
« E/34- 8/3 + Е/З = €. 


20. (a) 


L(f, P) — >, аа — tii), 


i=] 


U(f, P) = 2 f(t) (ti — tii). 


i=1 


(b) If ti — tj. = ô for each i, then 


U(f, P) - L(f, P) = 9 Vf Gi) — f (i-i — 4-1) 
i=] 
=5) f(t) fi) 


i=1 


= ó[f (b) — f (a)]. 





(c) For every = > 0 we have U(f, P) - L(f, P) < e€ if tj — tizi = à < 
e/[f (b) — f (a)]. 


(d) The function in Problem 7(vi) is an example (on the interval (0, 11). 
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21. (a) 
L(f ^, P) + U(f, Р) 
= DFG AG — 8a) + DG) — FG) 


i=1 i=1 


= У uf lu) Вах  (ti-4)] 


i=l 


=bf~'(b)—-af™ (a). 
(b) It follows from (a) that 


b 
| f^! =sup(L(f-!, P)) = аи -аг Ча)-0(7.РЭ) 


= bf !(b) — af (a) — inf {U(f, P’)} 
f^) 


OE Цай | E 


(c) If f(x) = х" for > 0, then for 0 < a < b we have 
fq) 


b b 
| ухах-| f^ уф) аа) - | х" dx 
а а f-(a) 








E | (voy (za 
= -asā -| n+1 7 n+1 
_nvb нуд 





ntl n+l’ 


22. The Figure below shows the case b < f(a). 
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We have 
ab = area OACB < area OAE + area OBD 
a b 
= / годах + | Р(х) ах. 
0 0 
If b = f(a) we clearly have equality. It is easy to see that we have the same 


inequality if b > f(a) [or simply apply the first inequality to f~t]. 


23. (b) To show that continuity is necessary, first choose any continuous one-one 
function f on [a,b]. Then f: f(x)dx = (b — а) f(&) for a unique £. Now let 
g(x) = f(x) for x z 5, but g€) # f(E). 


(c) From the inequality mg(x) « f(x)g(x) x Mg(x), we obtain 
b b b 
mf водах < | убдвбдах<м | водах. 
Consequently 
b b 
| e09604x = и | водах 
for some u with m < и < M. This и = f(&) for some & in [a, b]. 
(d) Replace g by —g. 
(e) If g(x) = х on [-1, 1] and f(x) = x, then 
1 1 2 1 
| f(x)g(x) dx -| x’ dx = 3 x р | хах. 
-1 = и 


1 


24. If P = (to, ..., tn} is a partition of (бо, 01], then 


2 t; — tj 1 n t; зэв ti 1 
L(f?/2, P) = m;? —— and U(f?/2, Р) = М6 
(72/2, P) 2 т 5 (72/2, P) dM ; 





represent the total area of sectors contained in А and containing A, respectively. So 


L(f?j/2, P) < area А < U(f?/2, P) 


0 
for all P. It follows that area A must be /?/2. 
бо 
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25. (a) If f(x) = ох + В, then for every Р we have 


(f, P) = у Vti — tii + o (t; — t)? 
1-1 


-)(8-8-041-02 
i=l 
= (b—a)/1l-a?, 


and the distance from (a, «a + B) to (b, ob + B) is 
у [a(a — b)? + (a — b}? = (b – а)у1 + o?. 


(b) If f is not linear, then there is some ż in [a, b] such that (a, f (a)), (t, f(t)) 
and (b, f (b)) do not lie on a straight line. Thus if P = {a, t, b), then 


£(f, P) = y (t а)? + [f(t) - fa) + y (6 — 0? +170) – ФР 
> y (b —a)*+[f(b) — f(a)?, by Problem 4-9. 


(c) follows immediately from part (b). 


(d) For each i there is some x; in (t;_1, tj) with 
fF (ai) Gi — ti-1) = f Gi-1) — f t). 
So 


n 


L(V1+ (Y^, P) x Soi = 8-1) + [д < U(V1 + (Y, P) 


i=1 


and 


Уау HODR = У VG — ti? + Df'Gs)(ti — ti) 
i=l i=l 


= Уу (tj — tij1)* +f (ti) — 70-08 
1-1 
= (f, P). 
(e) Since sup(£( f, P)) is an upper bound for the set of all £( f, P), it is also an 
upper bound for the set of all L(./1 + (f’)?, P) by part (a). 
(f) It suffices to show that 
sup(£(f, P)) x U(V 1 (f’)?, P") 


for any partition P", and to prove this it suffices to show that 


e(f, P^) < U(V14- ОР, P") 
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for any partition P’. If P contains the points of P’, then 
£(f, Р) > £f, P’); 


the proof is similar for the proof for lower sums, putting in one point at a time and 
using Problem 4-9 to see that this increases £. This if P contains the points of both 
P' and P", then 


(f, P) < (f, P) xU(V 1-4 (£9, P) < U(V14- (£2, Р”). 


(g) We are considering 
| У1-073 
lim — 
хэв у(х — ay +[f(x)— Г(а)]?2 


By the Mean Value Theorem, f(x) — f(a) = (x —a) f'(&£) for some & in (a, b), and 
by the Mean Value Theorem for Integrals (Problem 23), the numerator is 
(x —a)y 1+ f’(n)* for some у in [a, b]. So we are considering 


(x —a)J 14 f'n}? _vit f'n} 
V(x — а)? + flex а)? + ГЕ 


which approaches 1 as x —> a (we need to assume that f’ is continuous at a). 


26. (a) If P = {t,...,t,} is a partition of [a, b] with U (f, P)—L(f, Р) < є, then 
U(f, P) — f? f < e and f? f —L(f, P) < є. Let зү(х) be mj for x in (tji, ti) 
and 0, say, for x = tọ, ..., t4; similarly let 52(х) Бе М; for x in (ti—1, tj) and 0 for 
X —19,...,fn. 


(b) The existence of such step functions implies the existence of partitions P, and 
P, with U (f, Po) — L(f, Pi) < =. 


(c) The function in Problem 34 is an example. 


27. It obviously suffices to show that for any є > 0 there are g < f with f М f- 


f g «E and h > f with f E h – f? f < e. Moreover, the second follows from the 
first by considering — f so we just have to find the desired g < f. 

Choose a step function s < f with f E f- I 5 < €/2, by Problem 26(a). Choose 
М > 1 so that | f(x)| < М for all x in [а,Ь], and И s is constant on (11, tj) for 
i=1,...,n, choose 6 < ¢/2nM. Let = on [tj-.1 + 6/2, tj — 6/2] and let g be 
a linear function on [t; — 6/2, tj] and [ti, t; + 6/2] with g(t;) = —M. 
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Then g <s < f and f? s — f? g < nM8 < =/2, во f? f [28 « E. 


28. (a) If s, (respectively 52) is constant on each subinterval for a partition Р, 
(respectively P5), then sı + 52 is constant on the intervals for the partition P which 
contains Р, and Р». 


(b) Part (a) shows that there is a partition P = {t,...,¢t,} such that sı and 52 are 
constant on each (&—1, tj), with values a; and bj, say. Then 


b 
| (sı + 52) = 


1 


п п 
= Уу alt; — 1—1) + X bilti — tj-1) 
i=1 1-1 


b b 
= | 51 Я! 52. 
а а 


(c) Given = > 0, choose step functions 51, 52 and й, № with sı < f < 52 and 
tj X g < and Е 52 — fe 51 < €/2 and 1 ty — jh tj < 5/2. Part (b) implies that 


b b b b b b b b 
Ги. Га» | n= | + | "EX EI n= | em 
а а а а а а а а 


and that 
b b 
| (2 +n) | (51 +1) «є. 
а а 


This shows that f is integrable, and also that /^(f 4-g) = f? f+f ч g, since there 
is only one number between all such f E (sı + tı) and f : (52 +h). 


(ai + bi)(tj — ti-1) 


n 
-1 
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29. Let g(x) = f? f — f? f. Then g is continuous and g(a) = — f? f and 
g(b) =] b f; so g(a) and g(b) have different signs and consequently g(x) = 0 for 
some x in [a, b], unless g(a) = 0, in which case we can choose x — a. 

For the function f shown below, only x — a or x — b will work; f has been 


chosen so that f? f = - f? f. 


30. (a) Clearly if M; = т; > 1 for all i, then U (f, P — L(f, P) > Б а. 
(b) If = 1, let b; = t; and choose any a4 with tọ < a; < д. Similarly if i = n. 


(c) Choose a partition P of [а1, bı] with U (f, P) — L(f, P) < (bı —a1)/2. Then 
М; — т; < 1/2 for some i. Choose [а2, b2] = [tj 1, tj] unless i = 1 or n, in which 
case use the modification of part (b). 


(d) Let x be a point in each 7,. Notice that we cannot have x = ад or Ви, since x 
is also in [a541, by41] and ад < ап < Dn41 < bn. If > 0, there is some п such 
that 

sup( f (x) : x in In} — inf( f(x) : x in In} < &e/2. 
Then | f(y) — f(x)| < e for all y in J,; since x is in (an, bn), this means that 
|f (y) — f (x)| < = for all y satisfying |y — x| < ô where д > 0 15 the minimum of 
x — an and b, — x. Thus f is continuous at x. 


(e) f must be continuous at some point in every interval contained in [a, b], since 
f is integrable on every such interval. 

31. (a) Choose хо in [a, b] and let f(x) = О for all x zz хо, and f (xo) = 1. (The 
function in Problem 34 is another example.) 


(b) There is a partition P of [a, b] such that f (x) > xo/2 for all x in some ёс 1, tj]. 
Then L(f, P) > xo(ti — tji-1)/2. 


(c) This follows from part (b), since f is continuous at some xo, by Problem 20. 


32. (a) Choose g = f. Then f К f? = 0. Since f is continuous, this implies that 
f = 0. 
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(b) If f(xo) > 0, then f(x) > О for all x in (xo — d, xo + 5) for some ô > 0. 

Choose a continuous g with g > 0 on (хо — ô, хо + ô) and g = 0 elsewhere. Then 
b Ж 

Ј fg > 0, а contradiction. 


Хо-8 Хо хо +5 


34. Let = > 0. Choose n so that 1/n < 5/2. Let хо < x1 < .-.: < xm be those 
rational points p/q in [0, 1] with q < n. Choose a partition P = (19, ..., tg} such 
that the intervals | 1, ti] which contain some x; have total length < 5/2. On each 
of the other intervals we have М; < 1/n < e/2. Let J; denote all those i from 


1,...,п for which [t;—1, t;] contains some ху, and let /, denote all other i from 
1,...,n. Since f < 1 everywhere, we have 
U(f, Р) = | Mi(ti ^ ti) + У Mi(ti — 4-1) 
iin i in Г, 
E 
<1- (t —ti-0 5 2,06 ti-) 
i in 1j Lin I, 


€ Е 
<]--+--l=e. 
х 2*5 E 


35. Let f be the function in Problem 34, and let g(x) = 0 for x = 0, and g(x) = 1 
for x Æ 0. Then (g o f)(x) = O if x is irrational, and 1 if x is rational. 


36. (a) If f > Ооп [t;-1, tj], then М; = М; and т; = mij. If f «0Ооп| 41,144, 
then М; = —т; and т; = —М;, so again М;’—т; = М; —т;. Now suppose that 
f has both positive and negative values on (2-1, tj], so that т; < 0 < Mi. There 
are two cases to consider. If —m; < Mi, then 
М; = Mi, 
50 
М; = mi х М; = М; < М; — mi, since т; < 0. 


A similar argument works if —т; > М; (or consider — f). 
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(b) If P is a partition of [a, b], then 


U(|fl, P) – L(fl, P) = У (М – т) — tii) 


1-1 


< У (M; — mi)(ti — ti-1) 


i=] 
= U(f, P) — LCf, P). 
So integrability of f implies integrability of |f|, by Theorem 2. 


(c) This follows from part (b) and the formulas 


/+в8+1|/— #8 


f+e-l|f-al 
2 


max( f, 8) = 


(d) If f is integrable, then max( f, 0) and min( f, О) are integrable, by part (d). Con- 
versely, if max( f, 0) and min( f, 0) are integrable, then f = max( f, 0) + min( f, 0) 
is integrable, by Theorem 5. 


38. (a) Since 
О<т' < f(x)<M; and 0«т, < g(x) < Mi" for ай x in 1,4 1, 


we have 
тт < f (x)g(x) < М М" for all x in [¢;-1, ti], 


which implies that m;’m;" < mj and М; < МГ Mj". 
(b) This follows immediately from part (a). 
(c) By part (b), 


n 
< У МИМ" — m/m" Yt — tii) 


i=1 


n n 
М/[М; — mi')(t; — tii) + У тм" — mi"Y(t; — tii) 


i=1 i—1 


< Dow — mi'](ti — 4-1) + » — mi" (ti — i). 


(d) Integrability of fg follows immediately from part (c) and Theorem 2. 


(e) The same result clearly holds if f < 0 and/or g < О on [a,b]. Now write 
f = max( f, 0) + min( f, 0) and g = max(g, 0) + min(g, 0), so that fg is the sum 
of four products, each of which is integrable. 
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39. (a) Given x1, ..., x, and у1,..., Yn, let f and g be defined on (0, 1] Бу 








E i 
f(x) = мы п шаш 
О. xl, 
| ime i 
g(x) = 25 n SPS 
0, x=1 
Then 
1 1 п 
= — Xi Yi, 
| fe=a dow 
2 1 <= 2 
== 
A 1 « 2 
8 => Ji» 
рев» 
SO 


this is the Schwarz inequality. 


(b) First proof: If g = 0, then equality holds. Otherwise for all А we have 


b b b b 
os [| a - | p-a | fx g^, 


2 


[ғ Ја) 0. 


SO 


(=) 


Second proof: Using 2xy < х? + y? with 





уа) |. 8x) 
х = y = ——— 
b b 
TER [= 
we obtain 
2 f (x) g(x) f(xy 8o 








+ 


(909 Le Le 
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50 
b 
a F(x)e(x) ах zs f ах MEE cp 


KL D p 


Third proof: The analogue of the formula in the solution to Problem 2-21(c) is: 


( n ([ 3 8 ([ re) +3 [ [лево - /(у)в(х)]? ax| dy. 


To check this equality we simply compute that 


| | | гово + О8О? – 2/9860 FOE) ах 4) 
-| | so» | f foy | “4 -210)60) | | fe} d 
(ey os o e) 
-a( f te) (f o) 


(с) If f = g except at one point, then equality holds, even though f = Аа is false. 
But if f and g are continuous, then equality in the Cauchy-Schwarz inequality does 
imply that f = Ag for g Æ 0. This follows from all of the above proofs: In the first 
proof, we will have 


b 
o< | (f - Ag?! 


since (f — Ag)? is a continuous non-negative function that is somewhere positive. 
Similarly, in the second proof, we have equality only if we have 


fe) во) 


Е 


In the third proof, equality implies that 


for all x, 


sO we can choose 


b b 
| | | [f(x)a(y) — f Oe) ax dy — 0. 


202 Chapter 13 


This means that for all у, 


b 
| LF G9 бу) — FO)e(x)P dx = 0, 


which means that for all x, 


Р(х)8(у) = /(у)в (ох). 
So if 2(yo) Æ 0, then 


f (yo) 
(yo) 





f(x) = g(x) for all x. 


(d) Apply the Cauchy-Schwarz inequality to f and g(x) = 1 on [0, 1]. The correct 


result for [a, b] is 
b \2 b 
(/ /) <@-а(/ е}, 


40. (а) If € > 0, pick N > Oso that | f(t) —a| < £e fort М. Then for М > 0 
































we have 
N+M 
| f(t) dt — Ma| < €M, 
N 
SO 
N М+М а eM 
f(t) dt — « <= 
N+M Jn N+M N+M 
Choose M so that 
M 1 ы 
= —а|<& апа | f (t) dt| < є. 
N+M М+М J, 
Then 
1 N+M 
a | f (t) dt —a| < Зе. 
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1. Let |f(x)| < M for x in [a,b], and choose 5 > 080 that |g(x) — g(y)| < 
є/ M(b — a) for |x — y| < ô. If all t; — &_1 < ô, then 
n 


У fig — 4-1) – У Гадя и — ie) 


i=] i=1 


>, fxg) — ви — #1) 


i=l 


Е п 
< М. МФ а) 2 а — 1) 


= 68. 





n 
So by making t; — tj. small enough we can make 9. f (xi)g(ui)(ti — tj 1) as close 


(= 


n 
to У f (xi)g(xi)(ti — ti-1) as we like, and hence as close to f ч fg аз we like. 


(i= 


2. Let f (x) +(x) < М on [a, b], and choose ê > 0 so that Vx — ~y < &/(b — a) 
for x, y in [0, M] with |x — y| < 6. Then choose 6 > 0 so that |g(x;) — g(u;)| < à 
for |х; — uj| < 6’. If all tj — tji < 6’, then |x; — u;| < 5’, so 


Lf Gi) + gui) — ГРО) + 8041 2518(49)-2050| < 6, 


IV f(x) + gui) — у fe) + (х) | < Ё 


hence 
and consequently 


Уу f (xi) + gi — ti) — У УРО) + 2G) (ti — i-o 
izi i-i 


1-41 


= У [VS i) + gui Тао] во 


п 
5 
< — У fj —tj-1) = E. 
Ба 2-0% 1-1) 


3. By the Mean Value Theorem we have 
n 
ec, Р) = У V [w оц)? + [v (и (t — tii) 
i=] 
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for some xj, uj in [t;-1, tj]. By Problem 2, these can be made as close as we like 


ю [=] E yu’? + v’? by choosing t; — t;_; small enough. This means, first of ай, 
that 7 must be an upper bound for all £(c, P): for if some £(c, P) » I, refining the 
partition Р would only increase £, and hence never make it close to Г. Since J is 
an upper bound and we can make Ё(с, Р) as close as we like to Г, it follows that 7 
must be the least upper bound. 


4. The graph of f is given parametrically by 
и(0) = f(0)cos0, v(0) = f (0)sinO. 
So its length is 


01 Ө, 
/ атын! V Lf! cos — f sin]? + [f’ sin + f cos]? 
09 бо 
0, 
-| / f? + f”. 
бо 


5. Let {t,...,t,} be a partition of [a,b], and choose x; in [ti—1, ti]. Then the 
Schwarz inequality shows that 


FOGDEN а-а) = У f Gti tii xi) ti — tia 
i=l i=l 
< (X Ро)? — i) (> 804) (ti — 1-0). 
i=l i=l 


But the left-hand side can be made as close as desired to f - fg by making ti — ti—ı 
small enough, while the two factors on the right side can be made as close as desired 


to f - f? and f М г2. Hence we must have 


[ «(0 9) 
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1. (ii) 
1 3 
641° x. 
х х 2 
1 + sinf (J sin? га) + (J sin? га) 
1 1 
(iv) 
-1 
1+ х2 + sin? x 
(vi) 
x y xX 
cos (| sin (/ sin? td) ay) - sin (f sin? tdi) 
0 0 0 

(viii) 


1 1 
а бии IF 1 


F(F-Mx) | 


I Р-Р 


2. (1) All x z 1. 
(iv) АП irrational x. 


(vi), (viii) All x not of the form 1/n for some natural number п. 


3. (a) Since f is differentiable at c it is continuous at c, so F is differentiable at c. 


(b) If we assume that f is continuous in an interval around c, then F’ will be con- 
tinuous at c, since we will have F'(x) — f(x) in this interval, and differentiability 
of f at c implies continuity of f at c. But without this assumption Р” may not even 
exist at all points near c. For example, f could be the function shown below. 





c=0 1/3 1/2 1 
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(с) Since f’ is continuous at с, f’(x) must exist for all x in an interval around с, 
so f is continuous in an interval around с. So, as in part (b), F' is continuous at c. 


4. (1) If we let F(x) be this expression, then 
-1 1 


Pays € 
mee + (2) 


(ii) In this case 


F'(x) = cosx- 
1 — sin? x 
(a minus sign because the derivative 
— Sin x ——————— of — cos is sin, but it appears as а 
vl-—cosx lower limit) 


=1-1=0. 
(The meaning of these facts will become clear in the next chapter). 
5. (ii) 
1 


1 
—1\/ 0) = ————— = uum 
C (0) f'(f-!)) — cos(cos( f —! (0))) 
1 


E cos(cos(1)) 


6. (i) Differentiating the equation / tg(t) dt = x 4-x?, we find that at points where 
g is continuous it must satisfy 


х (х)-1-442х. 
Now if we simply define 
1 
- +2, 150 
T P 17 
0, t=0, 


then tg(t) = 1+ 2t for all t 0, so [A tg(t) dt — [5 1+ 2141 = x + х?. 
(ii) We must һауе 
х?в(х?)-2х =1+2х. 
Let ЭР 
=} 212 +t, 1»0 
0 t < 0. 


, 


Then 
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so for all х, 
2 2 


х “| 
| tg(t) dt "T -t3 + ldt 
0 o 2 


= (х2)? + х? = х + х?. 


7. Clearly f? is differentiable everywhere (its derivative at х is f(x)). So f is 
differentiable at x whenever f(x) 5 0, and 
f(x) =2f(@)f'@), 


so f'(x) = О at such points. Thus, f is constant on any interval where it is non-zero. 
Since f is continuous, it must be constant (proof left to the reader). Soif f(x) = K 
for all x, then 


Х 
| К = К?+С 
0 


so for all x we have 
Кх = К?+С. 


This is possible only if К = 0, which is possible only if С = 0. 


8. Since the two sides of the desired inequality are equal for x = 0, we just need to 
prove the same inequality for their derivatives, i.e., 


f(x» < 2/(х) | f. 


We have f(x) > О for > 0, since f(0) = О and 0 < f’, so this inequality is 
equivalent to 


f(x)? <2 | f. 


But both sides of this inequality are true for x = 0, so we just need to prove the 
inequality for £heir derivatives: 

2р0) (х) < 2f). 
This is true since f (x) > O and 0 < f'(x) x 1. 


9. If 
1 
зарж x*sin-, x40 
0, х =0, 
then 
1 
g'(x) = шимээ. x £0 
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So if we define 
1 
2xsin—-, x #0 
x 
0, х =0 


we have 
f(x) = h(x) — g'(x) for all x. 


Hence 


raj | (к в) 


-([9)- 


using the Second Fundamental Theorem of Calculus (and not merely the Corollary 
of the First Fundamental Theorem). Since h is continuous we can then apply the 
First Fundamental Theorem to conclude that 


F'(0) = h(0) — g'(0) 
= 0. 


10. (i) In Problem 13-23(c), choose 


= 2226 
f(x) = VII g(x) =x 4 
1 





Then 








1 6 1 
| = dx = | РНЕ ЖЕЙ 
о V14+ x2 V¥1+ #2 Jo 71-62 


where 0 < & < 1, and hence 

















[eS 23-17 fe 
o Vi-xV1l+x Jo 41-12 | 
and choose 
f(x) = | ‚ gx)21-x 
ый 
Then 











— 
л 
N 
PEN шин 
| | 
x x 
N 
x 
| 
p 
| = 
Уүү 
N 
2--- 
= 
N 
p 
| 
> 
&, 
> 
| 
p 
| А 
wry 
N 
ooj w 
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where 0 < & < 1/2, and hence 





12. If 
Род = | иже au || xf) du — | иба, 
0 0 0 
then 


F' (x) = Exe + f fandu — xf (x) by Problem 11 
0 


= [ f (u) du. 


Consequently, there is some number c such that 


Г 1606 -шаи= f ([ ло) аи + с for all х. 
0 0 0 


Clearly с = 0, since each of Фе other two terms is 0 for х = 0. 


13. Applying Problem 12 to g(u) = f (u)(x — и), we obtain 


| f(x —uy du = | [f (u)(x — и) (х — и) du 


Х и 
= | (f f (t)(x — t) а) аи. 
0 0 
Therefore we must show that 


E (f. fq) -04) ди -2| її 1 foan) au) duz. 


Now x — t = (u — t) + (x — u), so 


(1) | Fyn — 1dr = | лоша | f (t)(x — и) dt. 
0 0 0 


For the first integral on the right we have 


—t)dt = | d 
(2) | (и — ра | (f foar) ” 


by Problem 12. The second can be written 


(3) | jm) es) | fat. 
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From (1), (2), and (3) we have 


(Г 19e) а= f (f (f rmn) au) au 
+f [e-o f roa du. 


On the other hand, applying Problem 12 to g(u) — [s f (t) dt we obtain 
[ С — о | fodi du = [ (Г її roa) au) du. 
0 0 0 0 0 


15. (a) This follows from Problem 13-14, since f(x — a) = f(x) for all x. 


(b) Let g be periodic and continuous with g > 0 (for example, g(x) = sin? x). If 
f(x) = fo g, then f’ = g is periodic, but f is increasing, so it is not periodic. 


(c) Let g(x) = f(x +a). Then g'(x) = f'(x +a) = f'(x). If f(a) = f (0), then 
we also have g(0) = f(a) = / (0). Consequently g = f,i.e., f(x +a) = f(x) for 
all x. 

Conversely, suppose that f is periodic (with some period not necessarily = a). 
Let g(x) = f(x +a) — f(x). Then g'(x) = f'(x +a) — f'(x) = 0, so g has the 
constant value 2(0) = f(a) — f(0). Le., 


f(x + а) = f(x) + f(a) — РО). 
It follows that 
f (na) = nf (a) — (n — 1) f (0) 
n 
= 1t — I)f(a) — f (0)]. 


Now if f(a) 55 f(0), then this would be unbounded. But f is bounded since it is 
periodic. 





17. Let F = f; f. Then Problem 13-21 states that 
f^ Q) 


f f = хх) фа (a) -f 
a f'(a) 
—xf (x) фа (a) - Ff! ()) + FG а). 
So if G(x) = xf! (x) — F(f (x), then G'(x) = f !(x). 
18. (a) For each point (x, 2x?) = (x, f (x)) on C, we have 


x x? 
area А -| 2 — t? dt =^. 
" 3 
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It is simplest to consider Со as the graph of g7!, for then 


2x? 
area B — f egn 
0 


Clearly (compare Problem 13-21) 
2х2 


ТЭ =r f f (t) dt 
0 


X 
= 2x3 -| 212 dt 
0 


0 


50 
4 2d 
мсаВ-133-1 в. 
3 0 


Thus we require that for all x > 0, 


and hence that 


3x 
= 2 
2х°) = —, 
g (2х7) 1 
and thus 
2 3,2у 
(==. 
8 
Finally, 
32 
g(x) = gU 


(b) Now for f(x) = cx" we have 
5 т т с-1 m+1 
area A = ct —t dt = ——x : 
0 т 
and 


ox 
area B= | flag" 
0 
x m 


CX 
-ean- | ата | g! 
0 0 
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So we require that 








т+ 1 т+ 1 

and thus 

(c – 1)х" =cmx™ — (сх")-стх""! 

7577, Oe 

стхт-1 ст 
80 4 T 
Ш cm —c y\1/m 
g(y)2———— (5) | 
ст С 

Finally, 


cm—c+1 7 т 
ст | 


g(x) =с( 
19. (a) F'(x) = 1/х; G'(x) = (1/bx) -b = 1/x. 
(b) It follows from part (a) that there is some c such that F(x) = G(x) + c for all 


x > 0. Since F(1) = 0 = G(1), we have F(x) = G(x) for all x > О. 


20. Suppose f is continuous on [a,b] and f(a) < 0 < f(b). The Fundamental 
Theorem of Calculus shows that f = F’ for some F (namely F(x) = f; f). 
Darboux’s Theorem then implies that f(x) = О for some x in [a, b]. 


21. We have 
a g(x) 
F (x) = / ко | h(t) dt, 
f(x) a 
$0 


F'(x) = —h(f (x))- f'G) -8(80(4)-8 (x). 


22. Applying the Cauchy-Schwarz inequality to f’ and 1 оп [0, 1] we have 


1 2 1 1 
(/ Pa < [| м». [в 
0 0 0 
since /(0) = 0 this gives 
1 
rays | av. 
То show that the hypotheses / (0) = 0 is needed just take f(x) = 1 for all х. 


23. (a) Equation (x) just says that (Go y)' = F’ in the interval, so there is a c such 
that Go y = F +c in this interval, i.e., G(y(x)) = F(x)- c for all x in the interval. 
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(b) Conversely, if y satisfies (жж), then differentiation yields (ж). 


(c) If 
"T 14x? 
У (х) = 1+ y(x)’ 
so that 
[1+ у(х)]у'(х) = 14 x^, 


then there is some c such that 


20: 33 
уо) Parte te 


for all x in the interval on which y is defined. So 


2 
у(х) +20) 2х —54°—с=0, (calling 2c simply c) 


SO 
—2 + \/4+4(х + 2х? + с) 
у(х) = Е = 
or 


У(х)--1-41-х44х2-с 


These solutions are never defined on all of В, since 1 +x +2x3/3+c < Oforx <0 
with |x| sufficiently large. 


(d) If 
(1+ 5[у(х)])у'(х) = —1, 


then there is some constant c such that 


[G)P + у(х) + x = с. 


(e) If y(x)y'(x) = —x, then there is some c such that 


[y(x)? | —x? +c 
27. c d. 7 


yx)-2vc-x* 
у(х) = —Xc — x?. 


If y(0) = —1, then clearly у(х) = —V 1 — x? (for |x| < 1). 


SO 


Or 


24. (a) If the Schwarzian derivative is O then 


age p КЕЧ af fe Эс 0. 
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But then 
( Гай ) Juego 
f? f’® 
РИ 
MM 
= 0, 
so f"?/f'? is constant. 
(b) Hence и = f’ satisfies 
u "?.y = С for some C. 


By Problem 23, 
2u |? = Cx +а for some D 


SO 


TR TE Ш 4 
о) = иф) = Сер: 


This implies that 
f(x) = Gc DE for some E, 


which is the desired form. 


25. (a) 


go NT: 1 -1 
| x dx= lim — — —— = — 
1 N>oor+1 141 r-cl 


(because r +1 < 0 so lim N’t! = 0). 
Моо 


(b) Problem 13-15 implies that 


Since ft 1/х dx > 0, we have lim. ЇР 1/хах — oo. 
n— 


(c) The function I (N) = 15 8 is clearly increasing, and it is bounded above Бу 

i. f. Consequently, Jim I (N) exists (it is the least upper bound of (1(М): 
— 00 

N > 0). 
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(d) Clearly /° 1/(1 + х2) ах exists if f° 1/(1 + x?) dx exists; the latter integral 
exists by part (c), because | = 1/x? dx exists, by part (a), and we have 1/(14- x?) < 
1/x?. 


26. (i) Since 





1 1 
кзз ©. 
Ite x 


апа 
ӨӨХ T 
— exists, 
3/2 


the integral f^" 1/1 + x? dx also exists. 
(1) For x > 1 we have 
1+ x2 < 23/2 


50 
Х 1 X _ lip 


== ш Se ey 
1+x3/2~2 x3/% 2 
Since /Г x!/? dx does not exist, neither does fj" х/(1 + х3/2) dx. 


-3/2 


(iii) For large x the integrand looks like 1/x./x = x^ ?/?, which causes no problem, 


but for x < 1 we have м1 +x < 2, so 
1 1 


Е 
хУ1-х 2x 


апд i dx/x does not exist (this is really an integral of the sort considered in 
Problem 28). 


27. (a) Clearly Wis 1/(1 + x*) dx exists; in fact, it equals 12 1/(1 4- x?) dx. 
(b) fj" хах does not exist. 


(c) If lim h(N) = оо апа lim g(N) = —oo and BA f exists, then 
Моо N— —oo 


h(N) со 
lim f= | f. 
—со 


Моо g(N) 
Proof. Given є > 0 choose Мо so that 
< - for ай М > Mo. 


EE, ftd 2 


Now choose N so that h(N) > M and g(N) < —M for all N > №. Then Юг 


N > No we have 
со h(N) 0 0 
fJ rone 1-1 f 
0 0 —oo 8(М) 


со h(N) 
Жин 
—со 8(М) 


E 











< ы апа 
2 





= 


+ 
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28. (а) 
а 
| 1 
ohne ee m 
a +1 +1 1 
a a r r r+ 
[ox ax = tim И =з г 
0 e>0+ Je eo0*r-1 1741 141 


(because г + 1 > 0, so lim. etl 20) 
£—0 


(c) Problem 13-15 implies that 


1] |] 54 

| 4+ | „4х = | - ах, 
1/2 X 1/2 X 1/2" X 
hom 


n times 


11 |] 
| -dx =" | — ах, 
1/2" X 1/2 X 


so lim f : 1/x dx does not exist. Of course, this implies that lim ff 1/x dx does 
є- 0" e—0* 


SO 


not exist for any a > 0. 


(d) 


0 E 
1 |х| dx = im | |х|“ dx 
а £07 Ja 


a 
= — lim x! ах 
£—0* E 
art! 


r+1 





(e) Since lim 1/V 1 — x? = lim. 1/V 1 — x? = œ, we define 
x Х-»- 








1 1 0 1 І 1 
== | + | dx 
| ял -1 y1 — х2 о y1—x? 
0 1 E 1 
lim — dx + im | ах 
0 1 
=2 lim dx 


Now the limit 


x = lim — dx 


0 1 
шп —— d 
Jim, | ЕЕ жоу 
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exists by part (a). For —1 < x < 0 we have 


х(1 + x) «0, 
x « —x?, 


1+х <1—х2, 


У1+х < У! -х2?, 
1 


1 
>. 
У1-х У1- х2 


It follows that 





lim 


also exists. 


29. (a) By the version of l'Hópital's Rule given in Problem 11-52 we have 





al 
lim JE — = x -0 
x— 0+ zum 1 

(xl 


(Note that we have the necessary hypothesis lim, Г dt /t = со by Problem 28(с). 
Х-» 
Actually, in the solution for Problem 28(c) we showed that 


11 501 
| тах-н | - ах, 
1/2" X 1/2 X 


1 f!1 t 
дт аха - ах, 
27 1/2" X 27 1/2 X 


which implies that 


from which we could immediately deduce the result.) 
Now if | f| < M on [0, 1], then 


| a | <M ЕЭ 


1 
lim : | P? dt =0 


x—0t 





so we still have 


(b) For f = 1 we have 
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In general, let / = ш f (x). Given є > 0 choose ô > 080 that |] — f (t)| < = Юг 
Х-» 


0 <t < 8. Then 
| =. : 


1 mE 25 
«f ta l d| = «| йн AO а 


sxe f “+ 8-1, Л 
| f(t) 
X 


E CITRE e-2 +х 


t ! f(t) —1 
JE 211 sex f La 
5 t 
This shows that by making x small enough we can make 


[ "ы 














ОГ 





жил Л 





or, finally, 


+ xl. 














as close to є as we like. Since this is true for every € > 0, 
t 
lim JE: 79) = |. 
x— 0+ 


30. (а) 
1] NM 
dx — li 2 li Sd 
| 197 jim [met dm [ae 
dud 


by Problem 28(а) and 25(а). 
(b) If —1 « r < 0, then ЇГС х" dx does not exist, since x” > x ^! for > 1 and 


ЇР x^! dx does not exist. If x < —1, then / x" dx does not exist, since x^ > x^! 


for 0 < x < 1 and f} x^! dx does not exist. (Of course, if r > 0, then [°° x” dx 
does not exist.) 
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1. (ii) 
1 1 -1 
/1 — [arctan(arccosx)]2 1 + (агссозх)? ү/1-х2 
(iv) 
—X 





IF 
(This result is not surprising, since f(x) = arctan 1/x = 7/2 — arctan x.) 














2. (ii) 
sin x — x + x?/6 , cosx—1-4- x?/2 , —sinx+x 
m ————————— = lim — т — 
x0 x4 x0 4х3 x>0 12x? 
= —cosx+ 1 | sinx _ 
^ х>0 24х ^ x20 24 006 
(iv) 
, cosx — 1 + x?/2 . —sinx+x . —cosx+1 
lim ————— ———— = lim —————— = lim ————— 
x0 x^ x0 4x? x0 12x? 
. sinx .  cosx 1 
= lim = lim = —. 
x0 24x х-0 24 24 
(vi) 
| 1 1 . Sinx—x | cosx — 1 
lim | — — — = lim ————— = lim ——————— 
х—>0 ХХ sin x x0 xsinx x0 sinx + xcosx 
= lim шоо — 0 
x0 2cos x — xsinx 
3. (a) 
sinh | 
| h . sinh—h 
0) = im ———— = 1 
FO) 8230 h m h2 
h—1 
— lim ia = 0. 
h—0 h 
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(b) Since 
Р (х) = ==” for х Æ 0, 


we have 


F'O = lim h cosh — sin h 


h3 
. cosh — h sin h — cos h 
= lim ———_— 
h—0 3n? 
Ш 1 
pu 





(b) Clearly f(x) = 0 for x = Укл. The numbers у кл become arbitrarily large, 
of course (since V К?л > К), but the also cluster closer and closer together, because, 
for example, 


1 for some x in (k, k4- 1), by the Mean 
Vk +1- МЕ = — | 
i vk 2./х Value Theorem 
1 





Chapter 15 221 


(c) If 
0 = f'(x) = cosx + 2cos2x = cosx + 2(cos* x — [1 — cos? x]) 
= cos x + 2(2cos? x — 1) 
= 4cos? х + cos x — 2, 
then 


-1541-32 -14 33 


COS X = 8 8 


Since 0 < [-1+ 4/33]/8 < 1 and —1 < [-1- 33] /8 < 0, there will be four 
such x їп [0, 277]: 


The critical points xy and x4, with cosx; = cosx4 = |-1 + У33 | / 8, satisfy 
0 < x < 1/2 and 3л/4 < x4 < 2л; so f (xı) > 0 and f(x2) < 0, since sin x and 
sin 2x are both positive on (0, 7/2) and both negative on (37/4, 1). To determine 
the sign of f (хз) and f (x4) notice that 


f(x) = sinx + sin2x 
= sin x 4-2sinx cosx 


= sin х(1 + 2 cos x). 
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Now sin(x2) > 0, since 0 < x2 < л, but 1+2cos(x2) < 0, so f (x1) < 0. Similarly, 


/ (хз) > 0. 


2т 


(d) f'(x) = sec?x — 1 = tan?x > 0 for all х, so f is always increasing. Оп 
(—7/2, 1/2) clearly f increases from —oo to oo. On (kr — 1/2, Ел + 1/2) the 
derivative f’ is the same as on (—7/2, 12), so f differs by a constant from f on 
(—л/2, 1/2) The constant is clearly —л. 


г |У 


—— —— энэ — '— P “энэ ьы—— — č a a ë ë 
—єг — — —— ——] ӨМНӨНЬ мэ» ee 
—— e ë e ——_— ——_ _ ë e O зэ» 
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(e) f'(x) = cosx — 1 < 0 for all x, so f is decreasing. Moreover f' is periodic, 
so f is the same on [27,47] as on [0,2л] except moved down by 2л. Since 
f" (x) = — sin x, it follows from the Appendix to Chapter 11 that f is concave on 
|О, л] and convex on [7, 27 ]. 


(f) If = f'(x) = (xcosx — sinx)/x?, then x = tanx. The graph in part (d) 
shows that on the right side of the vertical axis this happens for 0 < x; < хо <..., 
where x, is slightly smaller than nz + x/2. 
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(g) f'(x) = sin x +x cosx, so 0 = f'(x) when tan x = —х. Comparing the graphs 
of tan and —/ we see that this happens for x = 0 and for х sightly larger than 
пл +л/2 (п > О) ог sightly smaller than пл + л/2 (п < 0). The graph is even, 
and f(x) = 0 at multiples of л. 


м [A 


5. The point with polar coordinates (0, a/0) has cartesian coordinates 
a а . 
хэ--0080, у = — · $110. 
9 Ө 


For 0 close (00, х is large, but y is close to a. 





6. For any particular number y, define f (x) = cos(x + у). Then 


f'(x) = —sin(x + y), 
f" (x) = —cos(x + y), 
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50 
f" + =0, 
/ (0) = соз у 
Г (0) = —sin y. 
So 
f = (—sin y) · sin + (со$ у). cos, 
SO 


cos(x + y) = cos y cos x — sin y sin x. 


8. (a) Clearly f (x) = Asin(x + B) satisfies f + f" — 0. (Moreover, а = f'(0) = 
A cos B and b = f(0) = Asin B.) 


(b) It clearly suffices to choose A and B so that a — Acos B and b — Asin B. 


Since we want 
a? + b? = (А соѕ B)? + (Asin В)? 


А = үа? + P». 


we must clearly choose 


If a 0, we can choose 
b 
В = arctan —. 
а 
If a = О, we can choose В =л/2. 


(c) V3sinx + cosx = А sin(x + B), where 


А = (Уз) -1-2 

В = arct /6 

= arctan — = 71/6, 
V3 


so V3sinx +cosx = 2sin(x + 7/6). 
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10. From the addition formula for sin we obtain, for |æ| < 1 and |8| < 1, 


sin(arcsin æ + arcsin В) = sin(arcsin o) cos(arcsin В) 


+ cos(arcsin œ) sin(arcsin В) 
-аүу1-82-841-а2. 


Consequently 


arcsin œ + arcsin В = arcsin(o. / 1 — В? + 8y/ 1 — o2), 


provided that —л/2 < arcsina+arcsin B < 7/2. [If л/2 < arcsina+arcsin В < л, 
the right side must be replaced by л -агсыш(0-/1-0824441-02),аааї —л < 
arcsin œ + arcsin В < 1/2, replaced by —л — arcsin(æy 1 — 8? + By 1— o? ).] 


13. (a) If 


H(a) = " (f (x) — acosnx)* dx 


—л 


л л л 
= а? | cos? nx dx — 2a f(x) cosnx dx + f (xy! dx, 
-N 


—л N 


then the minimum occurs for 


л л 
0 = H'(a) = 2a | cos*nxdx—2] f(x)cosnx dx, 
N —л 
$0 
л 
f(x) со8 пх ах = 
а = == f(x) cos nx dx, 


m jJ 
| cos? nx dx ài 
-Л 


by Problem 12. The proof for sin nx is similar. 


(b) 


-Nn 


T N 2 
| (se | J rencosns анат) dx = 
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= [/(х)]?ах — 2 f(x) Ё + dre, COS x + d, sin d dx 


л 2 
+ | Ё + P сл? cos? nx + ал? sin? d dx 


N 
«f Уу; Сһаһ COS пх sin mx ах 


Л пт=1 


Л со М 
«f 22 Cn COS nx + d, sin nx dx 
л 


п=1 


= | [/(х)]?ах 


аос 
-x (se 1 82 euo + be) en (82 970 44, в 


using Problem 12, the definition of a, and b,, and the fact that the last integral 
vanishes because f^, cosnx dx = f”, sinnx dx = 0. The second equality follows 
by algebra. 


14. (a) Substituting a = (x + y)/2, b = (x — y)/2 in 
sin(a + b) + sin(a — b) = sina cos b + cosa sin b 
+ sina cos(—b) + cosa sin(—b) 


= 2? sin a cos b 


sin x + sin y = 2 sin Ё 5 *) cos (=) ; 


(b) Using the same substitution in the equation 


yields 





cos(a + b) + cos(a — b) = cosa cosb — sina sin b 
+ cosa cos(—b) — sina sin(—b) 


= 2 cosa cos р 


COS x + cos y = 2 cos (=) cos (* 5 *) 


Similarly, from the equation 


we obtain 








cos(a + b) — cos(a — b) = cosa cosb — sina sin b 
— cosa cos(—b) + sina sin(—b) 


— —2sinasinb 
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we obtain 
COS X — cos у = —2sin Ё *) sin (* 2 *) | 
15. (4) 
f(x) = 1-соѕ 2x = sin? x 
2 
Эл T T T 
on, —_ ae —— a 
214 1204, 
21 Y ^. f(x) 7 -cos 2x 
/ \ 
/ \ 
/ N гох) = -cos 2x 
16. If y — arctan x then 
"m Sin y Sin y 
Жон n = = эээ. 
Cosy  /1—sin?y 
SO 
xv 1 — sin? у = sin y, 
х2(1 — sin? у) = sin? y 
2 
sin? у = 1 
1--х2 
50 





sin(arctan x) = sin y = 
1+ x2 


1 
cos(arctanx) = cosy = V 1 — sin? y = VIE 
1+ х 
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17. If x = tan u/2, then u = 2 arctan x, so by Problem 16 


sin u = sin(2 arctan x) 
= 2 sin(arctan x) cos(arctan х) 
2х 
EETA 


; 1-х 
cosu = y 1 — sin? u = 


1+ x2. 


2 


18. (a) By the addition formula, 


sin(x + 7/2) = 510 х соѕл/2 + соѕ х ѕіпл/2 = cos x. 


(b) Part (a) implies that x + 77/2 = arcsin(cos x) for —л/2 < x + 7/2 < л/2, or 
equivalently —л < x < 0. If x = 2kz +x’ for —л < x < 0, then cosx = cos x’, 
and if x = 2kz + x’ for 0 < x’ < л, then cos x = cos x' = cos(—x’). So 


x —2kn +л/2, (2К-1)/л € x € 2kn 


arcsin(cos x) — 
aene | 2kn 4-n/2—x, 2kn <x < Qk + Пл. 


Similarly, from 
cos(x — 7/2) = sinx, 


we conclude that 
x —2kn — 1/2, 2knz +л/2 € x € Qk t 1)л t л/2 


inx) = 
BREST 0 aA sg ai, Эа ОЕ 


22. If (x, y) is on the unit circle, then x? + у? = 1. In particular, |x?| < 1, so 
-1«х < 1. On the intervals [0, л] and [-л, 0] the function cos takes on all 
values between —1 and 1 so there is some 9 in [0, л] with x = cos 0, and also some 
9ш1-л,0| with x = cos@. If > 0, then у = sin@ when 0 is in (0, л], and if 
у < 0, then у = sin when 0 is in [—7, 0]. 


23. (a) If a < 2kz +л/2 < b, then sin is not one-one on [а, b], because sin has a 
maximum at 2kz + 7/2, so sin takes on all values slightly less than 1 on both sides 
of 2kx + 1/2. Similarly, we cannot have a < 2kz — 1/2 < b. Since the numbers 
of the form 2kz + 2/2 are within л of each other, л is the maximum length of an 
interval [a, b] on which sin is one-one, and in this case [a, b] must be of the form 
[2kz — 7/2, 2kz + 1/2] or [2kz + л/2, 2+ Пл — 2/2]. 


(b) (e71) (х) = 1//1 — x2, since g7! (x) = arcsin x + 2k. 
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24. The domain of f^! is (оо, ПОП, оо). 





25. By the Mean Value Theorem, 
| sin x — sin y| = |x — y|-|cos6| form some 0 between x and y 
< |x — yl. 
Strict inequality holds unless 0 = 2Кл. But in any case, if х < y, say, then we 


can choose х < 2 < y so that (х, 2) does not contain any number of the form 2kz. 
Then 


sin y — sin x = (sin y — sin 2) + (510 2 — sin x) 
= (y — z) cos Ө + (z — x) cos 62 


for some 6, in (у, z) and Ө» in (x, 2). Since | cos 91| < 1 and | cos 02| < 1, it follows 
that 
| ту — sin x| < |y — xl. 


26. (a) 








sin àx ах = lim 
À—> оо À À 


lim = 
À— оо 


[ cosAc cosdAd Ет 
C 


(b) If s has the values s; оп (ti—1, tj), then 


A>00 Ја 


b n ti 
lim s(x)sin Ах dx = lim У’ 5; | sin Ax dx 
À—oo = li -1 


= 0, by part (а). 
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(c) For any є > 0 there is, by Problem 13-16, a step function s < f with 


b 
| [f (х) — s(x)] dx < г. 
Now 


b 
| f(x) — s(x)] sin Ax dx 








b b 
| f(x)sindxadx — | s(x) зтАх ах! = 
а а 





b 
< | Lf (x) — s(x)] - [sin Ax| dx 


b 
< | [/(х) — s(x)] dx < €. 
Part (5) then shows that 


im < E. 








S f (x)sin Ах dx 


Since this is true for every ғ > 0, the limit must be 0. 


27. (a) We have 
area OAB < 5 < агеа ОСВ, 




















50 
sinx x sin x 
<—< 
2 2  2cosx 
(b) From 
sinx x 
< PT 
2 2 
we obtain | 
sin x 
<1; 
2 
Нот : 
x sin x 
2  2cosx 
we obtain | 
sin x 
COS X < 


Since lim cos x — 1, it follows that lim 1 (sin x)/x = 1. 


x= 
(c) 
|. l-cosx |. l-cos?x 
Пар. 
х-»0 x x>0 x(1 + cos x) 
— tim BE. 9 өг 





х-0 x 1+ cosx 
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(4) 


23 . sin(x +h) —sinx 
sin (x) = lim — 


h 
sin x cos h + cos x sin h — sin x 
h—0 h 
. sinh . cosh-]1l. 
= lim ——— cos x + lim —————— sin x 
h>o Л h—0 h 
= COS x. 


28. (a) Problem 13-25 shows that 


1 
£(x) = | Ира = | 


1 
x 








! 1 
= dt. 
| 1-2 


[АсшаПу, a more detailed argument is necessary, because Ї 1/4 1 — £? dt is not 
an ordinary integral, but an improper integral. It does follow immediately from 


Problem 13-25 that 
1-6 1 


length of f on [x, 1 — €] -| 
x у1-01 


To obtain the desired expression for (х) we must then use the fact that 





dt. 


lim (length of f on [х, 1] — =]) = length of f on [х, 1]. 
8-» 


This is proved as follows. First of ай, the following figure shows that the “length of 
f on (х, 1]" does make sense; in fact, the length of f on (0, 1] is < 2. 


total length 2 


The same sort of figure also shows that the length of f on [1 — e, 1] is < 2e. The 
desired limit then follows from this inequality and the fact that 


length of f on (х, 1] = length of f оп [x, 1 — =] + length of f оп [1 — e, 1]. 
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The proof of this latter fact is very similar to the corresponding assertion for inte- 
grals.] 


(b) This follows from part (a) and the Fundamental Theorem of Calculus. 


(c) By the definition given, cos = $^, so 

1 

cos (х) = (£^ ly (x) = ————— 
(x) = (GE )(x) SG 0) 


= EN C. ES = — Sin x. 


y 1 — cos? x 


The proof for 8ш (х) is the same as the one in the text. 


29. (a) Clearly œ is odd and increasing. The limit lim. a(x), 1.e., the improper 
Х-» 


integral ha + t2)! dt, exists by Problem 14-25. 
(b) 


—14/ E 1 
e O= со) 
= — = 1 + [а ООР. 


1+ [a 7! (x)]? 


(c) If —л/2 < x <л/2, then 
1 


11410710) 


cosx = = (1+ [a ! (x)p) 7, 


SO 
cos (х) = —07 (х) (о !)у'(х)(1 + aT 77 
= e (х)(1 + [07 GE) 
= — fan x cos х. 


Naturally the same result hold if x is not of ће form Кл + л/2 or Кл — л/2. (For 
x which are of this form we have, by Theorem 11-7, 


cos (х) = lim cos'(y) 
yx 
= lim — tan y cos y 
yx 


: — tan y 
— lim 


y?x /1 + tan? y 


--1 since lim tan x = oo.) 
yx 
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Now for x not of the form kz + 2/2 or Кл — 1/2 we have 
cos" (х) = — tan x cos'(x) — tan’(x) cos x 
= — tan? x cosx — [1 + tan? x] cos x by part (b) 
= — COS x. 
For x which are of this form we have 
cos" (x) = lim cos" (у) = lim — COS y, 
-1 


= lim ————— = 0, since lim tan y = oo. 
yx 


y>x 41-4 tan? y 


30. (a) (yo? + (у0')?)' = 2уоуо +2y0' yo" = 2yo'Qn' + yo") = 0, so yo? + (yo)? is a 
constant. The constant is non-zero, since yo is not always 0, so yo(0)? + y9/(0)? Æ 0, 
so either уо(0) Æ О or уо(0) Æ 0. 


(b) Any function 5 = ayo + byo’ satisfies s" + s = 0, so we just have to choose a 
and b such that 

ayo(0) + Буо (0) = 0 

ayo (0) — byo(0) = 1. 
This is always possible, since 

—yo(0)* — yo (0)^ # 0. 


(c) Suppose that cos x > 0 for all x > 0. Then sin would be increasing, since 
sin’ = cos. Since sinO = 0, this would mean that sin x > 0 for all > 0. Thus 
we would have cos'(x) = —sinx < 0 for all > 0, so cos would be decreasing. 
Thus cos would satisfy all the hypotheses for f in Problem 7 of the Appendix to 
Chapter 11. But then the problem implies that cos"(x) = —cosx = 0 for some 
x > 0, a contradiction. 


(d) Suppose cosx > 0 for 0 < x < xo = 1/2, the function sin is increasing on 
[0, 2/2]. Since sin 0 = 0, it follows that sinz/2 > 0, so sin /2 = 1. 


(e) 
соѕл = соѕ(л/2 + 1/2) = cos? 2/2 — sin? 27/2 20— 1 = –1. 
sina = sin(7/2 + 1/2) = 25шл/2с0$л/2 = 0. 


2 2 


cos 2л = cos(z + л) = cos^z — sin^z = 1. 


sin 2л = sin(z + л) = 2зшл созл = 0. 


(f) 
sin(x + 27) = sin x cos 2л + со$ хзш2л = sin x. 


cos(x + 2л) = cos х cos 2л — за x sin 2л = cosx. 
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31. (а) A rational function cannot be 0 at infinitely many points unless it is 0 ev- 
erywhere. 


(b) The assumed equation implies that fo(x) = 0 for x = 2kz,so fo = 0. So 
(sin x)[(sin x)" ^! + fn-1(x)sinx)" 7? +--+ + fi(x)] = 0. 


The term in brackets in continuous and О except perhaps at multiples of 2л, so it 
is 0 everywhere. We have just shown that if sin does not satisfy such an equation 
for n — 1, then it does not satisfy it for n. Since it clearly does not satisfy such an 
equation for n = 1, it does not satisfy it for any n. 


32. (a) Multiplying the equation for g, by ф› and the equation for 22 by ф we 
obtain 


$i $2 + 21019» = 0 
$2" $1 + 220102 = 0. 
Subtraction yields the desired equation. 
(b) 
b b 
| [$1 $2 — $2 ф1] = | (22 — 82)ф1ф2 > 0, 
а а 


since 82 > gı and ф1ф> > 0 by assumption. Since 
(фф — фф) = $i; + фф — фф — pip” 
= $i à, — фф", 


we have 
b 
0 < | |Ф) фә — $2" $1] 

= [фу (6)ф2(Ь) — $1(b)92'(b)] — [$1 (а)ф2(а) — $1(a)92' (a)] 

= 1 (9)ф2(5)- Фи (а)ф2(а) --191(9)ф2 (b) — ф(а)ф» (a)]. 
(c) If ф (а) = ф\(Ъ) = 0, then it follows from part (b) that 

$1 (5)ф2(9) — Фф (а)ф»(а) > 0. 

But clearly 


$»(a) > 0, Ф2(5) > 0 
ф'(а)з>0, ФФ < O. 


This implies that 
фи (5)ф2(9)-9Ф1 (а)ф›(а) < 0, 


a contradiction. 


(d) This follows from part (c) by replacing фу by —4, and/or ¢2 by —4$». 
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33. (a) Substitute (k + 2)х for x and (k — 1)х for y in the formula 


2) (22) 








sin x — sin y = sin x + sin(—y) = 2sin Ё 


(b) We have 


1 
2 + cos x + соѕ 2х +...+cosnx 








1 1 k 
Eom z bs sin(k + 3)x — sin(k — рх 
2 2sin 7 k=1 
1 1 1 001 
DS + = [sin(n F= sin(5)x | 
2sin — 
2 
sin(n 4- Ix 
2 sin - 
2 


(c) Substituting (k + Ix for x and (k — jx for y in the formula 


(ж) COS X — cos у = —2sin (H) sin (=) 


from Problem 14 we obtain 








cos(k + 5)х — cos(k — 5)х = —2 sin kx sin - 


50 


sinx +...+sinnx 


— > bs cos(k + 5)х — cos(k — Dal 














2 sin 2 k=1 
1 
= — = [cos(n + 5)х — соѕ(5х)] 
2 яп — 
2 
1 1 
— — z -2 sin (24) sin ” :)| by (ж) again. 
2 sin 2 2 


(4) It obviously suffices to compute the integral for b < л/2, which makes things 
sightly easier, since sin is increasing and cos is decreasing on this interval. Let 
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Р = {to,...,t,} be the partition of (0, b] with t; = ib/n. Then 
be ib 
L ‚Ру=— ) — 
(cos, P) “ys cos ( : ) 


sin (1 + ur) b 


2n . b 2n 
— sin — 
b 2n 
For п large, sin([n + 112) = sin({1 + 5-16) is close to sinb, and 28 sin 2 = 


(sin b/2n)/ (b/2n) is close to 1. So L(cos, Р) can be made as close as desired to 


sin b, which means that f, cos = sin b. For ЇН sin it is best to use the next-to-last 
equation in the derivation of part (с): 


b— ib 
U (sin, Р = – У in | — 
(sin, P) 2 Улат (2) 


For п large this is close to — cos b + 1, so [s sin = 1 — cosb. 


СНАРТЕК 16 


1. (а) Let А = area O AB. Since 


хүг25: 


Ата 

ЕЕ + у zx 

y 

4A? + y* = у?, 
y* — y! + AN = 0, 
; 1541-1620 
Que ES 


we have 


We have 


ye 1 — //1— 1642 
2 , 


provided that y? < 1/2, or y < 4/2/2. So 


y 111-\1- 16(агеа OAB)? 


ОАС = = = = 
агеа 2-2 2 


(b) Let Pm be the union of т triangles congruent to the triangle О AA’ in the figure 
below. 
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Each such triangle has area A,,/m so triangle ОАВ had area А,,/2т. Now P», is 
the union of 2m triangles congruent to OAC. So by part (a), 


1-41-16 OAB)? 
Am = 2m area OAC = т шэг. 








2 
1 — y 1 — 16Am?/4m? 
= Mi] m 
2 
=> 2 —2/1 — (2Am/m)?. 
2. (a) 
Am 2тагва(ОАВ) 
—— = — = OB = “лм. 
Ат  2тагеа(ОАС) 
(b) 
2 2 Ag A2k-1 
Ax Ag Аб Ах 
Ад А-1 
= — Ээ --ү- = (4...04-1. 
Аз Ark 
(с) 
a = Cos = v2 = 
"те 2 үз 
2: л /4 1 А cos /4 
Оз =C ра — 
Р 2 2 2 
| [1 7 1 [1 
"ү2 2V2 


etc. 


СНАРТЕК 18 


1. (ii) 
1 1 
1+ 102(1 + log(1+ е!+е\**)) 14 log(1 + elte"*) 


1 1+х 
1+е : el**. 


КЕРЕТ ^ 


* 2 2 
(f e! at) Mp rs 
0 


(iv) 


(vi) We have 
log(sin x) . log(sin x) 





Tee log e* x 

SO ЕВ 
— log(sin 2 

f'(x) HEN sin X 32 

(viii) 
1 
4log(3 + e*)e* + (log 3)(arcsin х)0989)-1 _к=== 
]—x 


(x) f(x) = е 085, so 


1 
f'(x) = е*ї%®* (х -—+1.- logx = x^ (1+ log x). 
х 


2. (a) (logof)' = (log of) - f' = (1/f) - Р. 
(b) (i) log(f (x)) = log(1 + x) + log(1 + ех) so 


2хех’ 
1 e% 








Е 
(logof) (x) = га 








$0 
/ — (1 1 x LA 
PAT М R т=ш= 
(ii) 
Бос ILLI - 
ds Мы = лу ED 
C" "A м d... 4. 
о m В+ 3(3 +x) 
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| 
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(iii) 
f'(x) = (sin х) [соз x = — sin x log cos x| 
sin x 
+ (cos х)" * [sinx ыг + cos x log sin J i 
COS x 
(iv) 
шиг 020010 
ТӨР A) 80439) 
; 1 3x? 1 3x? 
Iron e* (1 + x3) Е 11 Та Е eX (1 + x?) Е |] нэ 
3. 
^ f'(t) : , 
Lu dro | довел) а: = 1ов(/ O) —1ов(/ 0). 
4. (а) 
| 
- | 
(b) 
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(с), (4) 
| | 
VN )=е*+е* Ид 
\ / 
\ / 
N ехр/ 
“и 
xut ын 
— 1 ` дах. 
f(x) ze*-e^* 
(e) 





5. (ii) 
eX — 1 — x — x?/2 — x?/6 aM Dm [2 
lim — lim 
x50 x3 х-»0 3х2 
ёС-1-х ех — 1 
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(iv) 
1 
-141Х 
log(1 —x—x*/2 
lin РА ee ge ene 
x0 Х x0 2x 
1 
а О 
х-»0 2 : 

(vi) 

T log(1 +x) — x + x?/2 — x?/3 

x0 x3 
1 2 
1 -144Х-Х 
= lim Tx 
x0 3x? 
1 Ён 2 
2 3 
шүүс аа) 
x0 6x x0 6 
6. 


7. (b) Since cosh? — sinh? — 1 by part (a), we have 
sinh? _ 1 
cosh? cosh?’ 
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(4) 
cosh x cosh у + sinh x sinh у 


ех+е х epe? ех ех oe” 








EL RNC M NC = че 
exty e "^^y e e'* exty е-Х-у ЄХ e 
ZG au E RC er 4 4 4 4 
x+y —(x+y) 
= C = cosh(x + y). 
(f) Since 
X +e 
cosh x = | 
2 
we have 
ех —e * 
cosh’(x) = = sinh x. 


8. (b) It follows from Problem 7(a) that 
cosh?(sinh ! x) = 1 + sinh?(sinh ! x) = 1 + x?, 


cosh(sinh х) = V1 + x?, 


SO 


since cosh у > 0 for all y. 
(d) 

1 
cosh'(cosh 1 x) 
Е 1 
" sinh(cosh ! х) 

1 


наги 


(cosh y (x) = 





10. Since 0 < logt < t for t > 1 we have 
* 1 * 1 
04 > | — dt = log х, 
2 logt 2 t 


and log is not bounded on [2, оо). 


11. If | f| < M on [1, oo), then 


5170 х 1 
оо < | Oasu | 1 dt = M logy, 
1 1 
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so |F(x)|/logx < M for all > 1. To prove the converse, first suppose f > 0 on 
[1, co). Then since f is nondecreasing, 


F(x) = [ TO dt < уо) [ - dt = f()logx. 
1 1 


so |F/ log | bounded implies |f| bounded. For the general case note that since f is 
nondecreasing it is certainly bounded on any interval to the right of 1 on which it is 
negative. If f(b) = 0 for some b > 1, then for x > b 


b x 
ғо) = | Da. | IO 4, 
1 t b t 


b x 
<f ГУ att po) | La 
1 t bt 


b 
= LO dt + уодПовх - log Р], 
1 


$0 


f(x) 





F(x) _ 1 [ f(t) ” [log x — log b] 
102х logx Л t log x 


= A(x) + B(x)f(x), say. 
The for x > b we have 


F(x) 
log x 





+ доо. 








1 
If x) 5 ici 


Now |A(x)| is bounded [it — 0 as x — oo] and 1/|B(x)| is bounded [B(x) — 1 
as x — oo], so if | F/log | is bounded, then so is | f |. 


12. (b) 
ey 
lim ———— = lim — = co. 
Х-»ОО (log х)! у>со y^ 
(d) 
1 Ү7 
(-1)" (iog 3j 
X 
li l n= | 
L ida МЕ 
X 


— пп CD Cos yt _ 
= lum — = 


У-» ОО у 


0. 
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13. } is convex, since 


f'(x) = x*(1 + log x), 


X 
f” (x) =x* (1+ log x)? + — > 0. 





14. (а) If x > 0 and 


x"e* —nx" le* — eX (x — п) 


— / SS = att 
0-70)-5 x “үл C 
then x — n, so the minimum is at n, since Пт f(x) = oo = lim f(x). So for 
x—0* Х-» ОО 


x > п ме have f(x) > f(n) = е"/п". 


(b) If x > n + 1, then 
e* ent! 
/ 
dern (n + 1)" 
by part (a) applied in the case n + 1. It follows immediately that Jim f(x) = oo 


(merely using the fact that f'(x) > € > 0 for some є and all sufficiently large х). 


15. f is convex, since 


Р(х) =е*х ”— пех "С, 


f" (x) = etx" — nex"! – пех"! + n(n + 1)e*x "? 
e* 


= „= [? —2nx + n? -n] >20 for all x. 
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16. (e) If f(x) =e, then f’(0) = b, so 





by __ 1 
ims = 
уэ 0 у 
Thus 
lim x(e?/* — 1) =b. 
X ОО 
50 


logb = lim x(e*£9/* — 1) 
Х-Э ОО 


lim х(БИХ — 1). 
Х-э ОО 


17. We have lim f(x) =e by Problem 16(с) and 
х оо 
lim f(x) lim {1+ гү exp{ lim xlog{1+ 
1 x)= И =f = im x - 
x— 0+ x—0+ x Р x— 0+ 8 x 


| x+1 
= exp Jim, x log xc 


= exp ( lim [x log(x + 1) — xlog а) 
х—>0+ 
= ехр0 = 1, using Problem 12(4). 


Moreover, 


1 үе 1 1 гү 
rey (+ [ийе 2] e (14 жж» 
x x x+1 X 
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То analyze f’, we notice that 


g'(x) Ий» КОШЕ. 
Х == --- —— 
1 2 2 
i x (x + 1) 
x 
=| В 
ш-----ш «0. 
x(x + 1)? 


Thus g is decreasing. Since lim. g(x) = 0, we must have g(x) > 0 for all x > 0. 
x 


So f is increasing. We also have 
1 1 
lim f'x)-—1- li | 1--1- 
Ji, Pe) = 1- im [en (1+) - 5] 


lim |1 1) — log x - —— 
Jim, ово + pes xu 





= oo. 





20. (a) We have 
(0817 = " ыы 


$0 
log |f (x)| = ex +d 


for some number d, so 


I f(x)| = ее, ed > 0. 


(b) On an interval where f is non-zero it has the form f(x) = кес. But this 
can’t approach 0 at the endpoint of the interval; so f couldn't be 0 at the endpoints. 
This proves that if f is non-zero at one point хо, then it is nowhere 0 (consider 


sup{x > хо: f(x) = О} and inf(x < хо: f(x) = 0}). 
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(d) Let h(x) = Г(х)/е ©). Then 
_ ЄКӨГУ- faga) 
Е е28(х) 


ево (к) — гово _ 


a е28 (х) 


h'(x) 
0, 


so f(x)/e8®) = k for some constant k. 


23. Notice that f is continuous, by Theorem 13-8. We therefore have f'(x) = f(x), 
so there is a number c such that f(x) = се". But f (0) = 0, soc = 0. 


24. (1) Differentiating ho f = е", we see that f must satisfy f(x) = e", but this 
f doesn't work, since 


X 
| el dt =e* —e = ех — 1. 
0 


So there is no such f (easier proof: set x = 0, to get 0 = е0 !). 
(ii) Differentiating, we obtain 
2xf (x?) = Axe 


SO 
f(y) =—2e”  y>0. 


This f does work. 


25. We need 

(1) FEO- a(F())- РО) = (РО) - ЈО) 
or 

(2) fOe) = # Y). 


According to Problem 20(d), if F is a function with F’ = f, then we must have 
g(y) = ke", 
For this g to work we need 


Га) 
| kf (t)eF dt = kef FO) — 1. 
0 


Since fe” is the derivative of e^, this means 


k К - ег | РОО) 


ог ke" ©) = 1. We can choose F(0) arbitrarily; we might as well make F(0) = 0. 
Then we need k = 1. 
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This derivation is not complete, because we assumed f'(x) Æ 0 in order to go 
from (1) to (2). In fact, if f(x) = c for all x, then our equation simply says 


| cg = 8(с) - 1, 
0 


and any g satisfying this will work. Even if we assume that f'(x) Æ O for all x, 
there is the further problem that equation (2) only holds for y in the range of f! In 
order not to get too involved, let’s simply assume that f is defined on (0, оо), with 
f! > O everywhere on [0, оо), with /(0) = a > O and [a, оо) being the range of f. 
Then 

g(y)=ke™™ ура. 


For this g to work we need 


а f(x) 
| 718 + | kf (t)eF qt = keF 6» — 1 
0 a 
Or 


( | : fe) +k [ere — F0] — geF F@) _{ 
0 


(f. fe) — ke* ® = —1. 
0 


Choosing F(a) = 0, this says 
a 
(9) k= | fat 
0 


Or 


On [0, a) we can choose g arbitrarily, and then let g(y) = ke®™ for y > а, where 
Е is the function with F(a) = 0, F' = f, and k is determined by (+). 


26. We have f"(t) = f'(t), so f'(t) = се! for some c, so f(t) = а + се! for 
some a. So 


ce! — @+сёу+ | (a + ce.) dt 
0 


=а + се +а-+ се – с, 


soa = c(l — e)/2. 


27. The given equation implies that f? is differentiable, so f is also differentiable 
at any x with f(x) Æ 0, and for such x we have 


2f (x) 0) = F(x) 


x 
1+ x2’ 

SO 

108(1--х2) 


ГО) = g'(x), where g(x) = 3 
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So on any interval where f 5:0 we have 


log(1 + x? 
80. an 


(х) = С 


for some С. 
If x = 0 is in the interval we immediately have 0 = f(0)? = C. But it is possible 
to have a pieced-together solution like 


0 x < 0 
f(x) = 1 log(1 + х?) | 
шинийн 


28. (а) Let 
ke) =с+ | fg>C>0 on [a, b]. 


Then A'(x) = f (x)g(x) > 0 on [a, b] and 
h'(x) = f G)g(x) 


eo) С $ | | 


= g(x)h(x), 
$0 77 
(ов о А) (х) = E < g(x). 
If we set 


G(x) = | 7 


then since log(h(a)) = log C, we can write 
[log oh —logc] < G’ 
where both G and log o h — log C are О at a. It follows that 
Х 
log(h(x)) — logC < G(x) = | g for x > a, 
a 

or , 

h(x) < Cel. 2. 
(b) If 

X 
ғо) < | fe 
a 


then for every = > 0 we have 


fix) set | fe 
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so by part (a) 
О f(x) < e *; 


since this is true for every є > 0, we must have f(x) = О. 


p= fora | ув 


by part (5), this proves that f(x) = 0 for all x (but we need to assume f, g > 0). 


(c) We have 


29. (a) For n = 0 the inequality reads 1 < e* for x 20, which is certainly true, 
since e? = 1 and exp is increasing. Suppose the inequality is true for n. Let 


х? хэн 
251 ДРА T —— 
tI E E ГЕ И 
Then 
x? x” 
POST Eat aoe tase 
2! n! 


while f(0) = e?. It follows that f(x) < ех for x > 0. 


(b) 
x о ЛЕ ntl 1)! 
Se i 20000201 
n—oo x" noo хп 
тт 


= ОО. 


30. Using the form of l'Hópital's Rule which was proved in the answer to Prob- 
lem 11-53, we have 





31. (а) A good guess is that the limit is О. Reason: On (0, x] the maximum value 
of e" is ех; on most of the interval the value is much smaller, so that integral should 
be much smaller than ех. We can easily evaluate the limit by the form of l'Hópital's 
Rule that appears in Problem 11-52: 
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(b) (i) Using l’ Hópital's Rule, we obtain 


xti 
t 
е dt [х+-] x? 
9 ‚ е е 
lim | = lim 5 
X— 00 e* X00 2xe* 
A 
|» | ee =] 
= lim 
х—> со 2x 
= 0. 
(1) 
log x 
x+ х 12 dt | 2 
е ю Х 
: х : е6+ x ) — ех? 
lim 2 = lim as Sea 
Х-»ОО е X— 00 2xe* 
lo 
| е2105Х Gg) — 1 
= lim 
Х-»ОО Эх 
2 
log x 
| xis ы) -1 
= lim 
х— 00 2х 
= ОО. 
(iii) 
log x 
+ 2x {2 4 2 
е log x 
: х : (+ 2х ) — ех? 
їйї ЗБЕН ue ТПО Аааа Бань ни 
x— 00 ex Х-»ОО 2хе* 


32. (a) We have 


1 h) —1 
log’ (x) = lim Belk EM оё 
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ms (+t = L tim log +! 
и. DU ES 9 СН) 


1 
m log (im (1+ ot) : by continuity of log. 


(b) By the binomial theorem, 


1 ү? Dow n\ (1\* 
а,-|14- =1+л:1:-+ У Z 
n п T k n 








Similarly, 


n+1 
1 1 1 k—1 
= д aie 1— erc | 
Ба єє. т) ( ==) ( же) 


All terms in these sums are positive, and for each k < п we have 


1 | 1 | 2 | К-1 
К! п+ 1 п+ 1 п+ 1 























since each (1 - 53 »(1- Г). SO арі > dg. 


(c) Since each (1 — £) < 1 and 1/k! < 1/2*^! for К > 2, we have 


і 
п 





2 211 2 1 1 1 
an < +2 = + gua = 


1 


3 1 
E 5иБ Эп-17 
SO а, < 3. 

For any = > 0, there is some п with e — a, < є, since e is the least upper bound. 
Since ап < аһ < -.: we have e — ay < € for all k > n. 
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(d) Пл <x <n + 1, then 





SO 


п+1 


(1+ Е Jj ~ (14 = j| 


For large enough п the terms in brackets [ ] is close to e, and (n + 1)/n is close 

to 1, so the whole expression is close to e. Similarly, (1 + 1/n)"*! is close to e for 

large n. So (1 + 1/x)* is close to e for large x, i.e., lim (1 + 1/x)* = e. This 
X-—00 


implies that Um (I + h)!/^ = e (Problem 5-34). 
We also have 

















|| 
Га 

Te 

aH 
"ee 

м 

+ 
< |= 
eoe 
Ve 
|...) 
N 


$0 


Consequently, 


It follows that Jim (1 4- h)!/^ =e, and thus that lim (1 4- 5)!/^ =e. 
-» 07 9 


33. If A(t) = P(t) = 10’, then 
A'(t) = P'(t) = 10’ — P(t) = —A(t). 
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So (Бу Problem 20) there is some number k such that 
A(t) = ke™. 
Since А(0) = P(0) — 10’ = —10’, we obtain k = —10’, so 
P(t) — 10’ = —10'e*, 
SO 
10’t = Nap log[10’ — P(t)] 
= Nap log 107е7": 


letting x = 107e7*, so that t = log(10’/x), we obtain 

107 
Nap log x = 107108 —. 
х 


34. (a) We have lim f(x) = —oo and lim f(x) = 0 by Problem 12. 
x0* х—> со 





(9) Since f has its maximum at е, we have 


| 1 
oge — logz 


, 


e л 
80 
elogz > л loge, 
80 
лё >e". 


(c) The equation x? = ух is equivalent to f(x) = f (y). The assertions in part (c) 
amount to the fact that the values f(x) for O < x < 1 or x = e are taken on only 
once, while the values f(x) for 1 « x « e are taken on for some x’ > e and vice 
versa. 


(d) Part (c) shows that the only possible natural numbers x « y with x? — y* must 
involve 1 < x «e,sox —2. 
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(e), (f) If f; and f? are defined as in part (f), then g = 12 o fj. The curve in 
part (e) is the graph of g on (1, е); the straight line is the graph of the identity 
function. They “intersect” at (e, e) [more precisely lim g(x) = e]. 

X—€ 


| 
| 
| 
| 
| 
| 


хе g(x) | е 


Moreover, g is differentiable, since fı and fz are differentiable and р(х) 5 0 for 
all x in the domain of р. In fact, we have 


8 (а) = (foo fi (х) = (f(A) - A’) 


1 
GE ey ЫШ 


_ BOP 1 — logx 
~ 1— log g(x) х2 o 


35. (a) exp is convex, since exp'(x) = exp(x) > 0 for all x. Similarly, log is 
concave, since log” (x) = —1/x? < О for all > 0. 


(b) Naturally we are assuming that z; > 0. Problem 9 of the Appendix to Chap- 
ter 11, applied to the convex function exp, shows that 


n n 
(У; р, log а) > Y: р: exp(log zi) 


i=l i=1 
or 
21?! 4 So ea < P1121 + P5 + PnZn.- 
(c) Choose p; = 1/n. 
36. (a) If mj is the inf of f on [t;-1, tj], then 


i. Msg Eye Y^ 1o “их, Зэ? 
----- А == —— —— = — n; 
р-а 8 4 Б—а#— ш п Hn BT 


= log| (mı my), 
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while 


1 ]--«- 
log (ue 2) = ог] = | Ээ 


i=1 


n 
Since (mı --- mn)!” < (1/n) - У` т; by Problem 2-22, and log is increasing, we 


i=] 
have the desired inequality. 


(b) Theorem 1 shows that if f is integrable then for every € > 0 there is ô > 0 
such that 








n b 
2 7606 -в-0- | /одах|<е/2 
i=] a 
for any partition P = (19, ..., tn} of [a, b], and choices x; in [5_1, tj], for which all 


ti — tj 1 < 6. It is easy to conclude that we then have 


<E 





b 
L(f, P) — | f(x) dx 





for such partitions (we need to increase €/2 to € since т; may not actually be f(x;) 
for any x; in [t;-1, 1). In particular, 


«€ 





b 
[Log pi | log f 


« € 





L(f, Px) – / ғ 





for п sufficiently large. The desired result then follows easily from part (а). 


(c) Let P = {%,...,t,} be any partition of [a,b], and let т; be the inf of f on 
[21,4]. Letting р; = (ti — tj-1)/(b — a), we have 


1 : ч 
5 Log Р, Р) = Ур log т; < кз (> рт) 
1-1 i=l 


1 


Since this is true for all partitions P, we have 
1 р 1 р 
222252 1 <] ——— | 
5 | og f < (5 f) 


(d) More generally, if g is concave and increasing, then 


pen 
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37. From f’ = f we conclude that f(x) = ce* for some с. From 
f(x + 0) = f(x) f(O) 


we conclude that either f(x) = 0 for all х, or else that / (0) = 1, in which case 
C= 1. 


38. Suppose that f 5 0. From f(x + 0) = f(x) f(0) it follows that f(0) = 1. 
Then from 


1 = f(0) = f(x (-x)) = р(х): /(—х) 
it follows that f(x) Æ О for all x. Moreover f(x) > О for all x, since 
f(x) = /(х/2+ х/2) = fy. 


Now if п is a natural number, then 


Рп) =fdt---+) = Ха)"; 


moreover, 
1 = f(0) = f(n + (—п)) = f(n) - f(-n), 
$0 | | 
= ———— Z= m = 1 = 
P= 5 уа 70 
Similarly, 
Ё | px 
О) = р —-+...-+ — = (5) | 
n n n 
SO | 
f (5) = yf) = fa)". 
Finally 
m 1 1 1 ү” nn 
(Erir) =r (2) а. 


m times 
Since f agrees with g(x) = [f (1)]" for rational x, it follows from Problem 8-6 that 
f = 8. 


39. If g(x) = f (e^), then 
g(x + у) = f(e*?) = f(e - e?) = f(e*) + fle”) = g(x) + 80). 


It follows from Problem 8-7 that g(x) = cx for some c. If c = 0, then f = 0. If 
c = 0, then 
f(e) = f(e) = 8(1) = с, 
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50 
f(e*) = f(e)x 


or 
f(x) = fe) logx for x > 0. 


40. The formulas for f'(x) and f"(x) (for x # 0) given in the text suggest the 
following conjecture, which is easy to prove by induction on k: 


3k 
ci qu а; 
Р(х) =e 12 ) < for some numbers а1,..., Q3x. 


i=] 


It is then clear that f“(0) = 0 for all k, using the same argument as in the text. 


41. The following conjecture is easy to verify: 
3k 


. 1 3k E 1 
f(x) = px bs а sin — + 2- bi COS d 
л x х 2 


for some numbers а|,...,436,Ө1,--.,Өз4- 


It is then clear that / (0) = 0 for all k, as in the previous example (note that 
| sin 1/x| < 1 and | cos1/x| < 1 for all x 50). 


42. (a) If y(x) = е, then 
a, y (x) + an1 y" (x) + ++ + ау (x) + aoy(x) 
= ana” e** ЕЕ а, 0" e** з оар ауае% + аде 


= ед (ay o" + a, 1077! +... аа + ао) = 0. 


(b) If у(х) = xe, then 
yO (x) = al xe” + lale”. 
(This formula can be verified by induction, or deduced from Problem 10-18.) So 
апуб (x) + апу (x) + -+ + ay (х) 440102) 
= xe [ana" a, 4077 +... + аа + ao | 
+e% nao" + + а] 

= 0 

(the second term in brackets is О because œ is а double root of (*)). 


(c) If y(x) = x*e™, then by Problem 10-18, 


(7) 22 ат k! k-s_l—s | ах 
y (x) = ҮЭ : TY a a е. 


5-0 
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50 





п К п ] k! 
D - rx (a тэн sse —0 


$20 + /=0 


(the terms in brackets are О because o is a root of (ж) of order s + a, for each s < К). 


(d) If y4,..., Yn satisfy (жж), then 


n n n 
У aen poseer c, yn) = > 9 Y^) = 0. 
1--0 


1—0 j=l 


43. (a) From 


lp gl! Ign / 1 / / 
o= f- = FF- IF = [О r] 
it follows that (f^)? — f? is constant. The constant must be 0, since f (0) = f’(0) 
= 0). 


(b) Since f (x) = 0 for x in (a, b), it follows from part (a) that either f'(x) = f(x) 
for all x in (a, b) or else f'(x) = — f (x) for all x in (a, b). Thus either f(x) = ce? 
or else f(x) = ce * for all x in (a, b). 


(c) Let a be the largest number in [0, xo] with f(a) = 0. Then f(x) Æ 0 for x in 

(a, хо). But then f(x) = се” or f(x) = ce™ for all x in (a, xo), where c Æ 0. 

This contradicts f (а) = 0, since f is continuous, because f(a) = 0 Æ lim сех or 
xa 


lim ce *. 
44. (a) Let 
, £0) f'(0) 
2 
„_ f0-F'O 
5 


If g(x) = ae* + be * — f(x), then g” — g = 0, so f(x) = ae* + be™. 
(b) Note that 
ае* + be * = (a — b — + (а + я 
= (a — b) sinh x + (a+ b) cosh x. 
(Comparing with part (a) we see that 
f(x) = f'(0) sinh x + / (0) cosh x, 


in exact analogy with the trigonometric functions.) 
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45. (a) We have f "^P" (x) = сех, so 
f(x)2ao +а1х+::. + ад-2х"-2-се". 


(b) We have 
fe») = сех + де * 


by Problem 44, so 
f(x) = о d aix +--+ + ag ax"? + се + de *. 


46. (a) Since 
g'(x) = Р (хо + x) f (xo — x) — f (ху + x) f'(xo — x) 
= f(xo + x) f (xo — x) — f (xo + x) f (xo — x) = 0, 
the function g is constant. Moreover, g(0) = f (xo)? = 0. So 
f (хо + x) f (xo — x) #0 for all x, 
which implies that f(x) Æ О for all x. 


(b) Let f = fi/fi(0), where fı #0 and fi' = fi. 


(c) Since 
g(x) = ЗОРЕЮ -fet FE) 
ғо) 
_ /о)/е+у)—/к+у)/@) _ 
f (x)? 


the function g is constant, and clearly g(0) = f(y), so f(x + y)/f(x) = f(y) for 
all x. 


0, 


(d) f is increasing, since f'(x) = f(x) = f(x/2 + x/2) = [ГОР > 0. 
Moreover, 


1 


—1\/ 2 
И 005 FFD 
1 


FETO x 


47. (a) No. For example, let f(x) = х and let g(x) = x(2 + sin x). 
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(b) We have 
5 f@+e@) во) fe 
PE c. = 1+ lim 1725 = 140, since Jim ET 


(c) For sufficiently large x we have 
log f (x) > clog g(x) 
SO 
f(x) > g(x) с»1 
and therefore 


IO) > pa с-1»0. 


gx) — 


Since we are assuming that lim g(x) = oo, this implies that lim f(x)/g(x) = 
Х-» ОО Х-»ОО 


(d) Yes. Proof: Given М > 0, choose хо such that f(y) > 2№ (у) for all y > хо. 


Then 
хо+х хо+х хо+х 
Е(хо + x) = | f= Г "nf >] гах [а 
хо+х 
-Г гээн | 8- an || "в 
-| s-an f” g +2NG(xo + x) 
0 0 
= А+ 2М№МС (хоч x), Say. 
So 
F (xg + x) Е 
С(хо+ х) | uL G(xo + x) 


Since С (хо + x) — oo as x — oo, it follows that F (xp + х)/ С (хо + x) > М for 
large enough x. 


(e) (i) log4x «х+е“ « x? + log(x?) ~ x? [by part (b)] < x?logx « e* « 
(log x)* & x”. 


(ii) log(x*) [= xlog x] «& x log? x [« x?] K х'®* K e” < (logx)* « x* « ех 
[the last four < follow easily from part (с)]. 


(ii) хе K e"? K 2* ех < (logx)* « x* « ех [the second « depends on 
the fact that log 2 > 1/2 which is true since 2 > ye]. 
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48. Let М, be the maximum of |g;| + --- + 1 | оп [0, n] and choose f so that 
f (x) Z nMn on [0, n]. 





49. If there were natural numbers a and b with Іор 2 = a/b, then 2 = 104/® so 
25 = 10°. 
This contradicts the fact, mentioned in Problem 2-17, that an integer can be factored 


uniquely into primes (since the product 2? does not involve the prime 5, while the 
product 10“ does). 
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2. (1) —e^* /2. (Let u = —x?) 
(iv) —1/(e* + 1). (Let u = ех.) 
(vi) (arcsin x*)/2. (Let и = x?.) 
(viii) —(1 — x?)?/2/3. (Let u = 1 — х2.) 
(x) [log(log x)?/2. (Let и = log(log x).) 











3. (ii) 
2 2 х? x 2 
[ve ах = [x (хех ) ах = -|»е ах 
х2е° ех 
T 2 2 
(iv) 
J x? sin х dx = x?(— cos x) + 2| xcosx dx 
= —x*cosx +2 Е sin x — | sin dx] 
= —x? cos x + 2x sin x + 2cos x. 
(vi) 
1 1 1 
| 10200 : — dx = (log х) - log(log x) — | ves | . — ах 
х logx x 
= (log x) - log(log x) — log x. 
(viii) 


| 1. cos(log x) dx = x cos(log x) + | sin(log х) · г ах 
= х cos(log x) + | 1. sin(log х) ах 
= x cos(log x) + x sin(log x) — | x cos(log x) - : ах, 
$0 


x cos(log x) + x sin(log x) 


| совбовх) dx = 5 
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(x) 
201 2 2 1 
log)? = 2-8 72 [— loge. ах 
2 2 х 
241 2 
= 9897 | зюрхах 


х2(о8 х)? S -1 53 
-ш--Д-- — — . — ах 
2 2 х 
x2 


x? (log xy _ x? ы ӊ — 
2 2 4` 





4. (ii) Let x = tanu, dx = sec? udu. The integral becomes 


sec? udu Ш 
y 1+ tan? и 
= log(x + V1 + х2). 


(iv) Let x = secu, dx = sec u tan u du. The integral becomes 
| secu tan u du 


sec uy sec? u — 1 


[This can be written in terms of more familiar functions as arctan(v x? — 1).] 


sec u du = log(sec и + tan u) 


= | 1 du = u = arcsec x. 


(vi) Let x = tanu, dx = sec? udu. The integral becomes 
| = sec? u du = [= secu du =) 4 
cscudu 
tan uv 1 + tan? и tan u 


1 
= — log(cscu + cot u) = — log (s + 
x 


X 


ал 


х 
= log — |. 
е +у1+ =) 
(viii) Let x = sinu, dx = cosu du. The integral becomes 


1 os 2 
| Vi=sin?wcosu du = | cos*udu = | — 7a 





2 
u — Sin2u 
2° 4 
и — Sinucosu 
E LEE MN 
ar 





csin x a ху1— х? 


2 2 
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(x) Let x = secu, dx = secutanu du. The integral becomes 


|= 1 sec u tan и du 


= | secu tan? и du 


= | өс и) (зес? и — 1) ди = | иа - | sec u du 


1 
n [tan u sec и + log(sec и + tan u)] [Problem 3(vi)] 


— log(sec и + tan u) 


- „хуз? -1- ; log(x +ух?— 1). 


5. (ii) Let u = e*, x = logu, ах = 1/udu. The integral becomes 


| du Г. 1 
——————|-—-—-———du 
и(1+ и) и 1-и 

= log и — log(1 + и) 


= х — log(1 + e”). 


(iv) Let u = 41 + ех, x = log(u?—1), dx = 2u/(u? — 1) du. The integral becomes 


/ 2и аи / 1 4 ] d 
— = = u 
и(и? — 1) и+1 и-1 


= — 102(и + 1) + log(u — 1) 
= — 108 (1 + V1 + e*) + log(v1 + e* — 1). 








(vi) Let u = Ух + 1, x = (u? — 1)?, dx = 4u(u? — 1) du. The integral becomes 
| 4и(и? — 1) du 229 


—и? — 4и 
и 3 


= (Ух + 1 — xq) 
(viii) Let u = ./x, x = и?, dx = 2и du. The integral becomes 
| эе du = 2ue" — 2 | du 
= 2/xev™ — 2еЎ*. 


(x) Let u = 1/х, x = 1/и, ах = —1/и? du. The integral becomes 


1/и-1 , 1 /l—u 1-и 
‚и (— 5 йи = — Ди = — du. 
1/и + 1 и МТ и 71-42 
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Now let и = sint, du = cost dt. The integral becomes 


1 — sint | 
— cost dt = — | 1—sintdt 
cost 























= —t —cost 
= — arcsin u — vy 1 — u? 
| x2 — 1 
= — arcsin — — 
x x 
6. In this answer set, 7 will denote the original integral. 
(ii) 
1= |2; Ш 2 3 
@—1 ^ tum |» (@—-1) 20-1) 
(iv) 
I J | + ! + | а log(x + 3) + log( 1) 
= i= x x—1)- ——. 
x+3 х-1 (x-1y 5 Ё х-1 
(vi) 
I J ENTE NR 
= | —— + ——— dx 
х241 (х2 +1)? 
log(x? + 1) x 1| 1 
-ш-----4 2 | ——-—- +- | а 
g^ 775|  211)770451107 
log(x? + 1) 
> Ее e 
(viii) 
r= | dx Ш ах 
= J х5-252-1-2х2 J (x2 + 1)? — 2x? 


dx 
- | (x? + У2х + 1) (x? — У2х + 1) 


y2 1 v2 1 
= {42 A as 
(x? + /2x + 1) (x? — У2х + 1) 


pt (2х-2)4х. "m. Jl dx 
7 (x? + У2х + 1) (x? + /2x + 1) 


“| ad acess 
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те qwe — М2х +1) 


(к 
= - log(x? + V2x + 1) — E log(x? — 42x + 1) 
+ E arctan(V/2x + 1) — 2 arctan(—V/2x + 1). 
(х) 


fo 2x+1 :-5 | 1 4 
arm 2] (х?+х+ 1) ii 


3 | ах 
а ЭРГО. о 343 
EFS +x+ 1)2 | 2 ((x + y a 3) 








-cmif-——s 
4(x2+-x+1)? 213 ae ^ A 
\/3/4 
1 
(esr. dx — vA au) 


39 - 3273/4 | EE. 
(и? 


4х +1)? 
—3 374 3 аи 
ECETES ваха К? 2+1 * т 
Е -3 8./3/4и ги 1 1 
=a ey 72999 are ta ea 


-3 8х +4 4 PL 12 
3 


402 +х+ 12 (24x41) 3 х?+х+1 х2-х-1 


7. (i) (arctan)? /2. 
(ii) 
x dx 


X -1 
————— t dx = ———— t — ————— 
[тар arctan х dx 40 3 xi arctan x ] am 
— arctan x 1 


7 ACL + x2)? ^ 60-328 
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(111) 





1 2х 
log УЛ + x? dx = xlog 1-3 — | x: . —— dx 
J цаа У1--х2 
= xlog v 1 + x? — (= 


12327 


тв [зуры 


= xlogy1 + x? — 2x + 2arctan x. 








(iv) 
| «tos p dud qe [535 
2 s 12-29 
2 
= 5 log V1 + - [:-u 
1--х ER 
2 1 1 2 
ой 
2 2 2 
(у) Let 
| х?—1 
Е, 
so that 


ух*+у=х°—1, 
y+1=x*(1-y) 
111 
1-у’ 
1-у 1 
ou ee ed 
1+У(1—у)?°7 


The integral becomes 




















[› 1 УТ-у 1 1 У 
ис /1+у ü-i^? dy 24 2y? AG 
Ly (ly 
=f y 1 1-у 
Ја-у) 24252 ЛУ 
La [уф 


/1 = у? hy 
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Now let и = y?, du = 2y dy. The integral becomes 
1 | du 21 | du 
2/24 41-и41--4 2027 Ли? 
1 
= —— arcsin и 


24/2 
1 шоо (5 — y 
= ——arcsin| ——— |. 
2/2 x^ 
(vi) Let и = Ух, x = u?, dx = 2и du. The integral becomes 
42 
| » arcsin и du = и? arcsinu — | ———— du. 
У1 -— и? 
Now let и = sint, du = cost dt. The integral becomes 


559 
sin’ tcost | 1 — cos 2t 
| = sin? edt = | =" an 





V 1—sin?t 2 
1  Sin2t 
2 4 
t  sintcost 
2: 37 


So the original integral is 


arcsinu uy 1 — u? 
2 2 
arsin/x | /xV/1—x 
2 2 


u? arcsin u — 





= x arcsin J/ x 


(vii) Since 
1 ae 
| ———— dx = tan x — sec x (Problem 1(viti))) 
] + sinx 
we have 


1 
[е т х = tan x secx) — | tanx — see x dx 
1 + sin x 


= x(tan x — sec x) + log(cos x) + log(sec x + tan x). 
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(viii) 


| cos xe?" * dx — | sec x tan xe?" * dx 


= (e - [== dx) 
= (злез - | sec x cos set dx ) 


== хех = sec xe?"*. 
(ix) Let 
и = м {ап х, 
so that 
u? = tan x 


x = arctan u? 





The integral becomes (compare with Problem 6(viii))) 


[е 
1 + u^ 


5 л 
шэн ——и 
[+ 
и? + Ми +1  u2— 42u41 


= B 108 (и? + //2u + 1) + 2 108 (и? — V2u + 1) 





+ = arctan (v 2u 41)- E arctan(—V2u + 1) 


7) 2 
- E log(tan x + /2tan x + 1) + E log(tan x — V2tanx + 1) 





+ arctan(v2 tan x + 1) — Е arctan(—4/2 tan x + 1). 


(x) 
ах _ | ах Ш ах 
/ zu 71 (241)04-х241) J (+ 0) 2х2 + 1) – 3х2] 
ах 
E J (x? + 1)[(x? + 1)? — 3x?] 


dx 


7 J (x? + 1)(х? + V3x + 1) (x? — V3x + 1) 
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1 431 23331 
- [d л 6 3 a 
х +1 424 73x41 х2-43х-1 





_ arctan x МЗ 2х 443 4 5 | ах 


+— | ——— dx + — | — 
3 12 J x24 4341 12/ x24 73x41 
43 2х — УЗ - dx 
— Зх +1 х2 — УЗх+1 
t 3 
= MeN 3 би + ax ки — МЗх +1) 


+ = arctan (2x +3) += L arctan (2x - 43). 


8. (1) 


2 





| log(a? + x?) dx = x log(a* + x?) — | 


а? + x? 
—2а? 
= хова? +x?) — 2 qm = х 


29 
= xlog(a? +22) | 2+ — zdr 
+ 


(ii) 








(iii) 
x+1 x dx 


TE Dt. ON NE EN 
thesi 2 


= —y 4 — x? + arcsin(x/2). 
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(iv) 
| хасааах dx = татил | E dx 
2 2] (1--х2) 
_ x^arctan x > [1+ -1 2 
= 2 2 EF и 
x? arctan x шон эт 
ш--т--0-т-Б -arctan х. 
2 2 2 
(v) 
| sin? хах = | saxa — cos? x) dx 
cos? x 
= — Cos х + 
(vi) 
J sin? x [= — cos? x) 
4Х-1----т----- 
cos? x cos? x 
= | мал — sinx dx 
COS^ X 
] 
= + cos x. 
COS X 
(vii) 
| Е x?arctanx 1 | х? 
х хах = —————-— | ——~ dx 
3 3 / 1--х2 
x? arctan х 3! T -Х 4 
= Их + ——~ dx 
3 3 1+ x? 
| x? arctan x x?  log(1 + x?) 
i 3 6 6 
(viii) 
x dx Ш хах 
Ух? — 2х + 2 у (х= 12 +1 
(x — ах 


— + ———— D 
1-(х-1) J 1 + (x — 1)? 


= 2/14 (x — 1)? + log(x —-14+ v1 +(x - 1)?) 


(by Problem 4(ii))). 
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(1х) 
| sec? x tanx dx = | өс x tan x) sec? x dx 
sec? x 
2 





(x) Let f(x) 2x, g(x) = f tan? x dx — tan x — x (Problem 1(v)). Then 


| rixas = | feng ax = хбапх — x) — | tanx — хах 


22 
= x(tan x — x) + log cos x + > 


9. (i) Let x = a tanu, dx = a sec? udu. The integral becomes 
а sec? u du | ес? udu 


(а? + а? 1ап? и)? J а3(зес? и)? 


5 | аи 1 
= — | —— cos? и du 





a} secu a 
Ш 1 | 1 + cos 2u 2 
aq? 2 
Ни 2 sin 2u 
"203 4a? 
x 2 . x x 
= 243 агсїап F + 143 sin ан ic n COS ин -) 
1 1 
= — arctan — шэнэ 
2a? а Г 
1 + ( 
1 
= — - arct 
2G ы zs TESTS +a?) 


(Or one could write x = au and use the reduction formula.) 


(ii) Let u = sin x, x = arcsin u, dx = du/y 1 — u?. The integral becomes 


vl-udu | du 
{= ap 2 = = 2/1+sinx. 


(iii) Let u = /x, x = и?, ах = 2и du. The integral becomes 
| 2и arctan и du = и? arctan u — и + arctan u by Problem 8(iv) 


= x arctan ./x — ./x + arctan /Х. 
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(iv) Let u = ух + 1, x = u? — 1, dx = 2u du. The integral becomes 


[2 sinu du = 2u(— cos и) -2 | C cosi) du 


= —2ucosu + 2sinu 


= —2/х + 1с0$ мх +1 +25п мх +1. 


(v) Let u = У x? — 2, x = (u? + 2)!/3, dx = 2udu/3(u? + 2)?!3. The integral 





becomes 
duum u? du 5 | и? 4и JL 2 2 
= о — —=- =. 
(и? + 2)1/3(x2 + 2)2/3 3 J и2--2 3 u? + 2 
2и 242, и 
= — — — arctan — 
3 3 JI 
2/x3—2 242 х3-2 
= ——— — — arctan | 
3 3 2 
(vi) Let 
и=х+ Ух? —1 
их = үх? — 1 
uz — их? =z] 
so that 





The integral becomes 


1 1 1 
2 logudu— > qz 108 и ди 
1 1 1 1 1 
= -(ulogu — 1) – 2 - сови + | 4и 
2 2 и и и 


1 1 1 
= z(u logu — 1) + T 5; 108и + = 
- Hee tole VET 
, loge + vx? - 1) ы = D) | 1 ——| 

x+ -1 таа | 
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(vii) Let 
u=x+/x 
u—x=/x 
и? —2ux+x* =x 
x? —(2u+1)x+u? = 0 
so that 


2u + 1 + y (2и + 1)? — 4u? 
Se ei 


|. 2u +1+ V4Au + 1 
= EN 


1 
dx = 1+ ——— du. 


4 4u + 1 
The integral becomes 
1 44 1 44 1 
J iogudu+ | ——togudu = ulogu -1+ EH - [ УН au 
М4и + 1 2 2и 





м4 1 
= ulogu- 1+ 7 - 
Now let 
v = м 4и +1 
2-1 
и= — 7 duci йр 


The integral J; becomes 


v? dv 1 1/2 1/2 
{= | comer d | TU и+ 1 И 


1 1 
= v + 1020 — 1) — z log(v + 1) 
1 1 
= V4u + 1+ 5 log(V4u  1— 1) – 5108 (У4и +1+ 1). 














So the answer 18 


1 
(x + /x)log(x + /x)-1— z V Ax + 4х +1 
] ] 
- 5 tog ( ж +аус+1-1) sten (Viel). 
(viii) Let u = x!/5, x = из, dx = 5u* du. The integral becomes 


5u* du udu 5 2 5 2 
22 2 ЭР /5 
| в = 5| гт log(u^ — 1) = 1ор(х 1). 
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(ix) Let и = arcsinx, x = sinu, dx = со$ и ди. The integral becomes 
| ёсовшаш = ц? sin u — | eusinu du 


= и? sin u — au cos м) + | 2сови du | 


= и? sinu + 2u cos u — 2sinu du 


= (arcsin x)?x + 2(arcsin x)y 1 — х2 — 2x. 


(х) Let u = x?, x = u!/*, dx = аи/2и!/?. The integral becomes 


uw arctanu , 1, TP 
DUE и = 2 и arctan иаи 
urarctanu u? 108(1--и2) 
ЭР шз шым РИ cE AE Problem 8(vii 
6 12 + 12 by Problem 8(vii) 
Ш хб агсќапх2 х4  log(1+ x^) 
6 12 12 | 


10. (iv) Let x = cosh u, dx = sinh u du. The integral in Problem 4(iv) becomes 
| sinh udu | 1 
— = | —— du 
cosh u sinh u cosh u 


2 2e" 
= | ———— du = du 
ей + е“ 1 + e 


= 2 arctan е“ 





= 2arctan(x + Ух? — 1), 


since и = cosh™! х = 108 (х + Ух? — 1), as found in Problem 18-9. 
Comparing with Problem 4(iv) we cannot conclude that 


2 arctan(x + Ух? — 1) = arctan(v x? — 1), 


but only that these two expressions differ by a constant. As a matter of fact, we can 
only conclude that there are two constants cı and c? with 


2 arctan(x + Ух? — 1) = агсќап(у x? -1) + cy for x > 1, 
2 arctan(x + Ух? — 1) = arctan(Vx? — 1) + с for x < —1. 


By setting x = 1 and —1 it is easy to see that c; = 7/2 and c; = —л/2. 


Chapter 19 
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(vi) Let x = sinh u, dx = cosh u, du. The integral becomes 


| coshu du =] du 
sinhucoshu J sinhu 


2 
= el == e 4 





Тун | 2e" du 
ед — 1 


ей 








--ей 
= т 
| zut—— 


= — log(e" + 1) + log(e" — 1) 
(61) = Ух? +1+х-1 
е“ + I Vx24+14x41) 


(ix) Let x = sinh u, dx = cosh u du. The integral becomes 


| cost? udu — 


€ 


= 13 ^8 


k ee ‚ Jes + 1+?) 1 


ва Lai) 


— sinh u du. The integral becomes 


e% 1 —2u 
wu "5 


2и u e7?“ 





du 





(x) Let x = cosh u, dx 





2u 1 —2u 
| sint?udu= 55-25 du 
2u u e ^" 
8 2 8 


_& ua dim 1)? log(x + Ух? — 1) 1 


11. (i) 
1 2 2 dt 2 dt —2 —2 
Кы ы. БАр Tab (1 + t) tt I + tan 5 


14-12 
Comparing with the formula 
sin x 


1 1 — $1 
| тул [т 
1+ sinx 1 — sin? x 


we can conclude that 


х= | sect — sec x tan x dx = tan x — sec x, 


—2 


—————— = tanx — secx - 1. 
рН 
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This can be checked most easily by expressing everything in terms of #: 


25 2t 142 


itt 15485 qp ~ 





(ii) Let t = tan x, dx = 1/(1+ t?) dt. Then sin? x can be expressed in terms of t 





as 
52 2 1 
sin“ х = 1—cos*x=1-— 5 
sec“ x 
Ш 1 
tan? х + 1 
= ANE a 
i 14-2 1+2: 


So the integral becomes 


| l «= | -— 
12 1-2 J 22241 
1+ 











1+ t? 
- arctan 471 
= = 
arctan (V2 tan x) 
- = 
(iii) 
1 2 2 
| 24 ЬЫ? Ker tani шүүгээ ш 
ТЕГ ГР 
If b > О, this сап be written 
—2dt 
Га 
Ш —2dt 
-J ( 5r- 5.) - ap 
Jb b 
Vb Vb 
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"e (m- 4 EEE) 











уа? + b? Jb Vb 
a уа? +02 
— log | vbt — — — ||. 
Vb Vb 
If b < 0, the integral can be written 
| 2 dt me 24! 
—bt?+2at+b | 2 a+b 
(v+ E ) — 
ср Ь 
Ш 1 los (./55:4 а уа? + p? 
ya? +b У —b У —b 
a a? + b? 
- log | /—bt + ян 
| v-b ~b ) 


It is also possible to write 


| ах Ш | ах 
asinx+bcosx J Asin(x +b) 
1 
xdi log(csc(x + B) + cot(x + B)), 


where 
А = үа? +b? 
b 


уа? + b? 


a 


Ма +b? 


sin В = 
cos В = 
(iv) 
| 4t? 2 dt 
(14-02)? 1+? 
-3| шаг 
|J 14893 (1 42?) 
1 t 3 1 1 
--8|---2542|---54:|481|---254 
КЕЗЕНГЕ? |+ Гата 
—2t 1 1 1 1 
аА е dt 
com [2*3] тег“! 


2-4 m t 
(+? 142 





+ arctan t 
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—2tanx/2 tanx/2 x 


~ sec*x/2 вес2х/2 2 
= —2sinx/2cos’ х/2 — sinx/2cos x/2 + х/2 
= —2sin x/2cos x/2 (1 — sin? x/2) — sinx/2cosx/2+x/2 


— Г ] — cos x n x 
i 2 2 2 


| К ;| х 
„ош о оета Se ч 














2 2 2 
| —Sin2x X 
=—; 5 
(v) 
| 1 2 a - | 2 dt 
1% 14:2 — J 3:24 10t +3 
3+ 
1+ 22 
3 
-| к. „ык 
22-41 +3 


1 1 
— logGt + 1) — —1ор( +3) 
4 4 
1 
4 


х 1 х 
108 (3tan = + 1) == 4108 (tan = +3) : 


12. (a) The given formula shows that 


| 4 | COS X дуй. | COS X d 
se = — ————— = oe a 
шин 2 1+ sinx r 2 1 — sinx 


1 1 
— 5 log(1 + sin x) — 5 log(1 — sin x) 


= log м1 + sin x —log41 — sin x 


1+ sinx 
= log | ——— 

] — sinx 
(1 + sin x)? 


1 — sin? x 


( GM) 
= log | — —— 
COS X 


= log(sec x + tan x). 


— log 
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(b) With the substitution t = tan х /2 the integral f sec x dx becomes 


[ou -Їү " Р 
1-12 14124 Lee Let 


= log(1 + t) — log(1 — t) 


Now 
1 
sec x + tan x = cos 2(х/2) + tan 2(x/2) 
Ш 1 2 tan x /2 
cos? х/2 —sin?x/2 1 — tan? x/2 
Ш 1 2tan х/2 
X 2со$2х/2—1 1 —tan?x/2 
1 2tan x/2 
—— —— —— + а 
2 Ш 1 — tan? х/2 
1 + tan? x/2 


1 + tan? x/2 + 2tan x /2 
1 — tan? x/2 


— 142+ (+Y _ Itt 
14. We have 
л x m 
| f" G)sinx dx = f'G)sinx|. -| | (х) cos x dx 

0 0 

л л 

= Eo cosx| t | fs) sin хх! 
0 


-18)-10)-| f (x) sin x dx. 
0 


So 
Е | Гб) + "Овах dx = f(x) — f(0) =1- FO), 
0 


hence Х(0) = 


15. (b) We have 


| f(x)dx = | 1- f(x)dx 2xf (x) - | x(f—')'(x) ах 
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zaf Gre e 3-0 
09 | уту 


If F = f f(x) ах, the substitution и = f—'(x), x = f(u), dx = f'(u) du changes 
the new integral to 











f(u) / = = —1 
ag 0048 = Fu) = FQ! 09) 
$0 
| f Q)dx 2xf (x) – Е (х). 
17. 
| квдовэ) ах = | 1 - log(log x) dx 
1 1 
= xlogtlogs) – | x БЭР Е 
= x log(log x) — | [бох ах. 
18. 


fs dx — | хее?) dx 


—e * + 1 | 222 4 
= Х — е 3 
2 2 - 





19. (Use the substitution и = e*.) The function g(x) = 1/(x? + x + 1) has ап 
elementary primitive G, since it is a rational function. Then G o exp is a primitive 


of f. 
21. (a) 
| ив dx = х"е* —n | ил ах. 


(b) 
[008 x)" = x(logx)" —n | x(log ху! г ах 


= x(log x)" — n fiosa dx. 
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22. By Problem 4(х), 


cosh x 
1 
yt? – ldt = = ; cosh xv cosh? x — 1 — 5 log (cosh x + У cosh? — 1) 


Jn xsinhx (1 | 
шинж ERE log(cosh x + sinh x) 
Ш coshxsinhx x 
7 2 2° 


23. By Theorem 2, with g(x) =a +р – х, 


b b 
| Тог | ое 


8 (Б) а b 
= — годах =- | годах = | f (x) dx. 
b a 


g(a) 


24. By Theorem 2, with g(x) = x/r, 


[ aar] 5 -\/1- (5 “үл 


22 [ VI- ROP 6 dx 
1 
= "| /1-— х? ах 
= 


25. (a) If |x| > h, then |x/h| > 1, so 


1 
фи(х) = 4 ф(х/Л) = 


Moreover, using the substitution g(x) = x/h we have 
h h 1 
| фһ(х) dx = | фх/һуү ах 
—h —h 
1 
-1 
(5) We have 


1 Л 
lim | o,f = lim | bn f since фһ(х) = 0 for |x| > А. 
1 —h 


h0* у — h—>ot 
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Since f is continuous at 0, for any € > 0 there is ô > 0 such that | f (0) — f(x)| < € 
for |x| «4. Then for 0 «Л < 6 we have 


f. $.f(0) — f. "Ч 


Л 
< | Ф016) — FO) dx 











h 
ro- f Фу 
h 
<e f фһ(х) dx = е. 
-h 


[If f is continuous on an interval around 0 then there is a simpler argument, using 
the Mean Value Theorem for Integrals (Problem 13-23).] 


(c) We have 


$0 


lim [ =e lim асай s 
h=>0+ Ју h? + x? h—>0+ h 
л л. 





-1 


(d) Let | f(x)| < М on [-1, 1]. Notice that if 0 < h < 8, then for all |x| > а = 4/8 
we have 


So for 0 < h « ó we have 


1 h 4 р 
(1) f atoa- | patoas 
-d 1 
<| Jin | У8М <2\5М. 
2 | 4 





In particular, choosing the constant function f (0) we have 


< 24/8 f (0). 





4 р 
xf (0) — | 10) dx 


_а h? + x? 





(2) 


Given є > 0, choose à > 0 so that | (0) — f(x)| < = for |x| < А/6. Then 
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а а h 
(3) Ї of O) dx — А fos 


d 
< Ї 170) — 70014 


а р 1 р 
5: | n] omnee 


It follows form (1), (2) and (3) that for 0 < h < ô we have 


1 
л/@- | 7004 





< 2У8М +208 (0) + ле, 








< (л + 1)e for small enough д. 


26. (i) The whole circle of radius a/2 is traversed as 0 goes from 0 to л. So 


1 л ЭР а2 л 
агеа = — ая Ө d0 = — (1 — cos 26) dé 
2 Jo 4 Jo 








а? sin 20 |” 
dE 
ла? 
Е 


(ii) 

2л 1 2л 
/ (1++созб)°4® = | 4 + 4со$ Ө + cos? 0 40 
0 0 


1 (^ 1 20 
=5| ыы an 
0 


2 
2л 
E 


3: sin 20 
+л + 
0 4 
(iii) This will look something like the graph of (0) = a cos 20 (Problem 3(11) of 
Chapter 4, Appendix 3), but there can be only two leaves, since cos 20 must be > 0. 
Each leaf has area 











= 5 |e + 4sin Ө 





2a? cos 20 40 =a 


1 ЇГ , 129 |"/* 
2 —л/4 4 —л /4 
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(iv) Each leaf (two or four, depending on conventions for the sign of r) has area 
а? (774 1--сов20 





1 л /4 
5| а? cos? 20 40 = — --г---40 
2 J—nJ4 2 Ј ру 2 
Ш а? | л | sin20 |""* 
"214 4 | пд 





27. In the integral 

Xo 
[годах 
Х 


1 


make the substitution 
x = f (0)cos0 
dx = f'(0)cos0 — f (0)sin0 d9, 


g(x) = f(0)sin8 


to obtain 


Xo Oo 
| р(х) dx = / f (0) f (0) ѕіп Ө соѕ0 — f (6)? sin? 0 40 
х Ө, 








1 
Ө 2 % % Ө 2 % 
= 70) sinOcos0| — IO sin? + c00] — | f(0)* sin? 6 40 
2 Ө, Ө, 2. Ө, 
| 0 
== 70)8ш0 f (8)cos0 -E roa 
2 0, 2 0, 





Xoyo—xiy 1 (9 2 
тзт ST $0) 
2 JI ii. 


where уо and y; are the second coordinates of A and B. Hence 


Xo 1 Ө, 
| g(x) dx = area АОхоА — area АОхуВ + 5 | (ө)? аө, 
х бо 


1 


as desired. 


28. (a) For each partition P = (to, ..., tn} of [a, b], let 


P = (h (to), ...,h '(tr)} = (to..., t). 


Then P isa partition of [a, b] and 
u(t;) = u(ti), v(tj) = v(t). 
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So the £ for С corresponding to Р is 





[u(t;) — u(ti 1)P. + (006) — v(tij-))? 


= Y Viu) ие ор + D) — v P 
i=l 
= l(c, P). 
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Thus, every £(c, Р) is ‚К, Р) Юг зоте partition P of [а, b] and, conversely, it is 
easy to see that every / for c is £(c, P) for some partition P. So the length of £ on 
[a, b] and the length of £ on [a, b] are the sup's of the same set of numbers, and 


hence are equal. 
(b) The length of c on [a, b] is 
b 
| u'(x)? + и’ (х)? dx. 
а 


Letting 


x — h(y) 
dx = Н (у) ау, 


the integral becomes 


h- (b) 
u’(h(y))? + v'(h(y)? - h'(y) dy 


~! (b) 


h-'(a) 


= [u’(h(y)) - ^ P + [v (h(y)) - À'()P? dy 


h-!(a) 
h^! (b) 
- y (u o h'(y)* + (voh)'(y)? dy 
h-!(a) 


b 
= | 70у) + ау 


= length of c on [а,Ь]. 


29. (i) Since 
f(x) = x(x? + 2) 
Р(х) = x^(x* + 2) 
1+ f(xy? = 14 202 + х* = (1+ x7)’, 
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we have 
1 1 
| 1407 (х) dx -| +x? dx 
0 0 
(ii) Since 
1 
/ Е 2 
ОЕ ра 
1 1 
/ 2 4 
== 9 а 
Fe) 2 Т Taax4 





1 1 1 \? 
1 / 2 — 9,4 па ша 3x? 
+f (х) = Ius (3 + тут 5 


we have 





2 2 1 
| Le FOR dx = | 3x? + ; ах 
1 1 12х 
=7+ 4. 
(iii) For u(t) = a? cos? t, v(t) = a? sin? t we have 
u' (t) = За? cos? t - (— sint) 
v'(t) = За? sin? t cost 
SO 
и’ (t) + v'(t = 9a°[sin? t cos? t + cos? t sinf t] 
= 9a sin? t cos? t, 
50 
2л 2л 
yu’? + vw? = 3a? | | sin t cos t| dt. 
0 0 
On each of the four intervals [0, 2/2], [7 /2, л], [л, 32/2], [3л /2, 21] we can write 
|sintcost|=sintcost or |sintcost| = —sintcost, 


so on each interval we are considering 
































sin? t sin? t 
sint cost dt = Or — 
2 
So the integrals are the same on all four intervals, namely 
2 | ; Зл /2 2 
sin? t "i sin? t |" sin? t id sin? t |^ ] 
2 0 2 л/2 2 л /2 2 3л/2 2 
Hence the total integral is 
1 
За? -4 . — = ба? 
2 
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(iv) Since 


f'(x) = —tanx 
f'(x} = tan? х 


1+ f'(x}? = sec? x, 


and sec x > 0 for 0 < x < 1/6, we have 
7/6 л /6 л /6 
| 1+ f'(x} dx = | sec x dx = log(sec x + tan x) : 
0 0 


1 
= log V3 = z (083. 


(v) We have 

е е 1 e /.2 1 

| Ue f@Rdx= | (1+0 | Lad e 

1 1 X 1 Х 

Letting 
x —tanu 
dx = sec? udu 

we have 


[а ПЕ 
eed x= инь 
х 


{апи 
[ sec? u du 
i tan u 
| sec u(1 + tan? и) 
= | Аи 
{апи 


= | сеи + secutan udu 


= — log(csc u + cot u) + secu 


М1+х2 1 
= — ( ын кнута 





So our integral is 


2 
-oe (EE ee), nes 
= - log (1-- V1--  ) -1+18(1+ /2) + V1+ e? — V2. 





e 
1 
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(vi) Since 
/ e* 
fe) ==> 
" 2x 
/ — 
f (x) E 1 —е2х 
1 
1 / 2 = 
+ =— 
we have 
[ 5 0 1 
V1+ f'(x) =) —— dx. 
— log 2 — 1022 4.1 — ex 
Letting 
у=е* 
x = log у 
d 
dx = 22 
у 
we have 
dx Ш | ау 
У1-ес2 y/1- у? 
/1 — y2 
— —lo | + шэн by Problem 4(v) 
y 


= —log(e* ce *y1— eX) 
= —log(e*[1+ V1— е2 ]) 
= x —log(1+ V1 — e?*). 


So our integral is 


x —log(1+ V1— eX) 


0 


= —log2 + log 2 + log(1 + y 1 — е212) 


— 1052 





„ө (+) 


= log(1 + 143). 


30. According to the Appendix to Chapter 13, the graph on the interval |бо, 01] has 


length 
0 
| |f? + f". 
0o 
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(i) We have 


f (Ө) =acosé 
Г (Ө) = —asin6, 


SO 
РӨ)? + 700)? = а?, 
and the length is 
| а = ла (= 2л · (а/2)). 
0 


(ii) The length is 


2л 2л 
| \/а?(1 — соз Ө)? --а28ш2040 = | ау 2 — 2 cos 20 d0 
0 0 
t 1 — cos 20 
= 2а ———Ó ад 
0 2 
2л 
= | 2а | зт Ө| dd. 
0 
Breaking up the interval as in Problem 29(11), we find that the length is 


л/2 
4.20. | sin 040 = 8a. 
0 


(iii) Since 


by (ii) the length is 4a. 
(iv) The length is 
1 
1--0240 - 2 |9У14-02 4108 (ө +У1+9? ) | 
by Problem 4(ix) 


|2z 1 + 472 + log (2л + у + 4л? ) |. 


2л 2л 
0 





0 


| = 


(У) The length is 


л /3 л /3 
3| sec + sec! o tan? 6 do =3 | sec 0 1 + tan? 0 d0 
0 0 


л/3 
-13 | sec? Ө 49 
0 
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л/3 
= 3tan0 
0 


V3 


which is hardly surprising, since the graph is a straight line from (3, 0) to (3, 3 tan 3). 


31. (a) The length is 


2л 2л 
| \/а2(1 — cost)? + a? sin? tdt =a М2 — 2cost dt 
0 0 
2л d as 
=2a | gcc 
0 2 
2л t 
= 2a | sin — dt 
0 2 


t 2л 
2 0 


= (2а) (- cos — 





= 8a. 


(b) In the integral 


2ла 2л а 
f(x)dx - | и(и !(x)) ах 
let 
= и (x) 
x — u(t) — a(t — sint) 
dx =a —acost dt; 


the integral becomes 





2л 2л 
a | v(t)(1 — cost) dt = a? (1 — 2cost + cos? t) dt 
0 0 
er 1 2t 
- | (120087 + 5 + 75 ) a 
0 2 2 
= За?л. 


32. The formula is true for n = 1 by Problem 14-12. Suppose that it is true for п. 
Let F(u) = fy f(t)dt. Then F is a primitive of f with F(0) = 0. So 


х f(u)(x — uy 
0 (п + 1)! 
_ Еи) — uy" 
7 (п + 1)! 


du 


= -f — F(u)(x — и)" ЕА 
и=0 0 


п! 
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c I ( (Г F() dt) du )--- du, 
=| (f ї (| (f feas) 4 JE ii) ) du, 


which can also be written as 
x Un+i uy 
| (J (-(/ гда) av) +++) duca 
0 0 0 


33. 
— f (t) cos At 
À 





b b b pı 
t À 
lim | f(t) sin At dt = lim | к | roma 
Х3-»00 Ja À— оо y 2 А 
= 0, 
since 


_ nr |? 1 
fon < (FOI + Ifa), 


L f' (t) cos At 4 














E fe 
t «il flat. 





34. (a) Simply replace ф by —ф; multiplying the resulting formula for —@ by —1 
we get the formula for ф, with the same &. 


(b) The function y = $ — ¢(b) satisfies v (b) = 0. The formula for y gives 


b Ё b 
| О лане 10 (0—00 | О. | TTA 
So 


b 5 Ь E 
| О | f(x)dx + Ф) | 7002200) | (хуйх 
3 b 
= [ 50:14:52) | f(x) dx. 


(c) If F(x) = f? f, then 


b 
1 | Е(х)ф/ (x) dx 





b b 
| 203800) 22:55 63203 


5 
- re) | Q'(x) dx, by Problem 13-23 
a 





b 
= F(x)ó(x) 
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5 
-o- (f г) i60 


Ё 
a) | $a 


(d) If $ (a) = $(b) = 0, but ф > О on (a, b), and f > 0 on (a, b), then we clearly 


cannot have : : : 
| ло = $ | г+90 | f. 


35. (a) We have 


a,b; +... + agb, 
= bısı + 22(52 — 51) + 63(53 — sı) +... 
+ Ви 1 (5-1 — Sn—2) + bn (Sn — 51-1) 
= sı (bı — b2) + s2(b2 — b3) + +++ + Sn—1(bn—1 — bn) + Sn ви. 


(b) Since {bg} is nonincreasing we have by — Ву > О for each К. Also, т < sk < 
M for each k. So 
m(b, — Бо) + m(b2 — Ёз) + +++ + m(bn-1 — bn) + mbn 
< 51(61 — Ро) + s2(b2 — Ёз) + +++ + Sn(bn—1ı — bn) + Snbn 
< M(bi — b2) + M(b2 — b3) +--+ + M (bn-1ı — bn) + МЬ„, 
or 
mb; < aibi +... ав; < Mb. 


Applying this result to ag, акі, ...,аһ, and bg, Руф, ..., bn, we get bgm < 
akby +... + anbn < by M. 


(с) If we set 
aj = f (xi)(ti — ti-1) 


and let 


k 
m — smallest of the У’ f(xi)(ti — 1—1) 


1=1 


k 
M = largest of the УГ fii — 1) 
i=l 
then m <a, +... + ay < M for all k. Letting by = ф(хр) in part (b), we find that 
n 
f Cxio (xi) Cti — ti-1) 


1 


1 
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lies between the smallest and the largest of the sums 


k 
$a) 2: Ро) 1). 


1-41 


Since we can approximate / i Р(х:)ф(х) dx by sums У f Gi)ó (xi) (tj — tji), 


i= 


k 
and | f (t) dt by sums like $` f (xj)(t; — &—1), the final result should follow from 
1-1 
the above. However, some саге is required for the argument: 


Given ғ > 0 we can choose д > 0 so that whenever all t; — tj, < 5 we have 


< €. 


(1) 








b n 
| f (x)dx — ftiit — ti-1) 
a i=] 


We claim that for any £’ > є it also follows that for each k 








tk k 
| f(x)dx — > f iiti — ti—1)| <=. 
a i=1 
The idea is that if we had 
fk k 
(2) | fG)dx — | fiiit — t| >=’, 
a і=1 








then by choosing some р > п and new ўр < фо <... < tp = b we could make 
the sums оп [t;, b] so close to f. f (x) dx that inequality (2) would contradict (1). 


More precisely, choose £4, .. . , tp, still with t; — t;-1 < ô, so that 
b p 
(3) J гвдак- У fada - 4-0] <e -e> 0 
tk i=k+1 








Then 








b p 
| fG)dx — Уа) — ti) 
а i=l 
fk k 
= | | f(x) dx — > f (ti-1)(ti — Ж] 
а i-i 
p b 
= | У А-1) а-л) -| f(x) tx 


i=k+1 
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«f f(x)dx — Эр 1)(® — &- del 


i=1 





)dx — 3 fü 1) (ti — =) 


i=k+1 
>= — (e ааа 


contradicting the fact that (1) is supposed to hold whenever all t; — tjj < ô. 
If we now choose the t; so that for some tg and 4 the integrals f Mi f (x) dx and 


/ : f (x) dx are the minimum and maximum of f M f (t) dt on [a, b], then the small- 
est and largest of the sums 


k 
$(a) У f (tii)(ti ^ ti-1) 
1-1 


includes two sums within @(a)e’ of the minimum and maximum of f е f (t) dt. The 
remainder of the argument is straightforward. 


36. (a) Using the substitution 


] 
y=- 
X 
1 
y [m 
y 

1 

dx = – dy 
y 


the integrals become 


0) [ ээ (+5) ay (ii) f uw (+5) ay 
У? y 1 у? 


The second integral is the easiest, since fe sin^(y + 1/y)/y? dy is an increasing 
function « ты 1/y? dy, which is bounded. For the first we have to argue slightly 


differently: Since 
0+5) 
sin{ y+ dy 


[, souls Ls 
— sinl y+ dy| < 
м y y M y? 


N | ] 
< | 720) 55, for all N > M, 
м У? М 








the value of the integral from 1 to М is within 1/M of all later values, so the limit 

must exist. [For a precise proof, prove an analogue of Theorem 3 in Chapter 22: If 
lim |F(M)— F(N)| = 0, Феп lim F(N) exists.] 

M,N-oo №-— со 
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(b) The substitution у = 1/х yields 


E Eu 
(1) | — sin y dy (i1) | — sin? dy. 
о У? о У? 


Since 
siny _ | 





lim 
y20 y 
the second integral involves a bounded function and converges, while the first is 
essentially like h 1/y dy and does not converge. 
1 
) 


37. (а) We have 





1 
lim | log x dx = lim (: logx —x 
£0 /, =—0 


Sel 


since lim x log х = 0 by Problem 12(d) of Chapter 18. 
x 


(b) To investigate the behavior near 0, write 


log(sin x) = log (= x) 


Х 


sin x 
= log (=) + log x. 
x 


Since (sin x)/x is close to 1, this is close to log x, and part (a) shows that this causes 
no problem near 0. 
The behavior near л is essentially the same, since sin(zt — x) = sin x. 


(c) The substitution х = 2u, dx = 2 du gives 
л л/2 
| log(sin x) dx = 2 | log(sin 2u) du 
0 0 
7/2 
= 2 | log(2 sin u cos и) du 
0 
л/2 
= 2 | log 2 + log(sin и) + log(cos и) du. 
0 
(4) Since the substitution и =л — x gives 
л/2 л 
/ log(sin x) dx = | log(sin(z — u)) du 
0 л/2 


X 
«T log(sin u) du, 
л/2 
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and thus 
л л/2 
| log(sin x) dx = 2 | log(sin x) dx, 
0 0 


the result of part (c) becomes 


л/2 loe 2 
| log(cos x) = — 215 
0 2 





(e) The substitution x = 2/2 — и gives 


л /2 л /2. 
| log(cos x) dx = | 108 (со8(7/2-и))4и 
0 0 


л/2 
- | log(sin и) du, 
0 
$0 
л л/2 
| log(sin x) dx = 21 log(cos x) dx 
0 0 
= —л log2. 


38. For each N we have 
N 


N 
— | u(x)v' (x) dx. 





N 
| u'(x)v(x) dx = u(x)v(x) 


а 
The desired equation follows by taking limits (and shows that if any two of the three 
symbols involved exist, the third does also). 


оо 
| et! аі 
1 


certainly exists, because f ш t 2 dt exists (Problem 14-25), and for sufficiently large 
t we have е 't* ! < t^? (by Theorem 18-6). On the other hand, if t > 0, then 
e t  « t7 since the integral h 171 dt exists for х > 0 (Problem 14-28), it 
follows that йн e 111 dt exists for x > 0 (it is an improper integral if x < 1). 


(b) 


39. (a) The integral 


ОО 
га+0= | ех dt 
0 


[—oo ОО 
= —e ‘р + | xe “t! dt 
0 





t=0 


оо 
= 0+ «| e ЧТ dt = xT (x). 
0 
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(If x < 1, then we are also using а second version of integration by parts to take 
care of the integral from 0 to 1.) 


(c) 


ОО 


eg. 





ОО 
Г(1) = | еа = —e™ 
0 0 


This proves that Г(1) = (1 — 1)!. If T(n) = (n — 1)!, then Ги + 1) = nT (n) = 
n-(n —1)! =n!, so the formula is true for all л, by induction. 


40. (a) 


л/2 








л/2 1 
„п S. » „П—] 
sin хах = — — sin xcosx 


л/2 
п — 1 / . п—2 
= sin x dx. 
n 0 





(b) 











п  2n—2 2 [^ ai xd 
== 9 9 9 == б ... — Ш 
2111 21-17 de s 54 


2n 2n —2 2 





2n 
_ 21-1 1 m 
© 2n 2.2 


(c) 
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SO 


л/2 л/2 
| sin” x dx | sin?” ! x dx 
0 0 


= 


л [2 л /2 
| та" x dx | $11271 x dx 
0 0 





(d) If n is large, then Mm is close to 


J/2 







2.2.4.4...2п:2п Е 2.4...2п 
1.3.3.5... (21 0л +1) 4/2-1:1-3-5--(2-1) 
2п 
1+1 1 2...2п 
/2 Jn 1-3++-Qn—1) 


Since ,/(2n)/(2n + 1) is close to 1 for large п, the result follows. [Wallis’ procedure 
was quite different. He worked with the integral 


1 
| (1 — х2)" dx 
0 


(which appears in Problem 41), hoping to recover, from the values obtained for 
natural numbers п, a formula for 


1 
2 = f (1 — x2)? dx. 
4 0 


Wallis first obtained the formula 





! 2 4 2 
| а-та = = 20 MM 
0 3 5 2n +1 
(2-4---2n)? 2^ (nt? 


~ 2.3.4...2nQn +1) 2n+1 (2n)! 
(by what method I am not certain). He then reasoned that 77/4 should be 


1 21 (11)? 
| (1 — x^)? dx = 207 = (iy. 
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If we interpret 3! to mean Г(1/2), this agrees with Problem 44, but Wallis did not 
know of the gamma function (which was invented by Euler, guided principally by 
Wallis’ work). Since (2n)!/(n!)? is the binomial coefficient (7). Wallis hoped to 
find 1! by finding i) for p = q = 1/2. Now 


qu _ (Р+4)(р+4—1)---(р+1) 
p 4! 

and this makes sense even if р is not a natural number. Wallis therefore decided 
that 


2 


3 GtG) 
1 "X 4! І 


With this interpretation of (7 23 for p — 1/2, it is still true that 


(Pratt) „етеу, 
р 4-1 pj 





1 
s 
Denoting Г 1 " by W(q) this equation can be written 
2 
1 
20441 24 +3 
W(q +1) = 2— ——W(q) = W(q), 
(q +1) 2-1 (4) 20 42 (4) 
which leads to the table 
q 1 2 3 
5 


3 3 5 3 7 
Wa) 2 oap og 


NIU 


q 
И (а) 


Next Wallis notes that ат, a2, аз, a4 are 4 successive values W (4), W(q + 1), 
W(q +2), W(q + 3), appearing in either of these tables, then 

24 43 S 24-5 24-17 

24-2 24-44 24-6/: 


аз аз ад 
mi ee NE 
а а2 а2 


Wallis then argues that this should still be true when а], a2, a3, a4 are four successive 
values in a combined table where д is given both integer and half-integer values! 
Thus, taking as the four successive values W(n + 1), W (n), W (n + 3), W (n + 1), 


ale wile 


a2 аз ад 











Бесаизе 
а а2 аз 


which implies that 
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he obtains 





2п + 4 
“2-3 3 5 
2542 3 5 7 ntl 
“2041 2 4 6 2n 
which yields simply 


[2л +4 4 БОСС eee " [2n + 3 
2n t3 л 3.3.5.5... (2n + D)On + 1) 2n +2’ 


from which Wallis’ product follows immediately.] 














а|ь|а| + 
ошо | о 
ло | ло 











41. (а) Let x = cos u, dx = — sin и ди. Then 
1 0 л [2 
| (1 —x?)"dx = | (sin u)(— sin и) du = | sin?^*! и du 
0 -л/2 0 
2 4 2п 
=-.-... Бу Problem 40. 

Jm Wea а 

Now let x = cot u, dx = — csc? udu. Then 


оо 1 0 А —1 
———— dx = sin” u d 
| (1+ х2)" : 5, | (25) : 





C ал ы ее = by Problem 40. 





(b) If f(y) = 1 — y and g(y) = e ?, then /(0) = g(0) and 
f(y)25-1x-e?  fory-0, 


so f(y) < g(y) for > 0, ie, 1- у < e for > 0. So, in particular, 
1 — x? < e7” (for all x). 

The second inequality follows from the inequality 1 + у < е”, which can be 
proved similarly (and has already appeared in Problem 18-29). 


(c) 


SO 
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Using the substitution у = ~n x, ах = 1/Мпау, we obtain 


[ А p qv ы 
e ах = — | e- dy, 
0 Jn Jo 


Г TE Г 2 
е x= — e y, 
0 Мп Jo 


from which the desired inequalities follow. 


(d) It follows from Problem 40(d) that by choosing a sufficiently large, the numbers 


л 1 3 2-3 л п 1 3 2n — 3 
Маа а Vee | i473 


and 








and 


42. (a) 


b 1 11? b 1 
| sinx -—dx =—cosx:— -| — cosx: — — dx 
A x Х|. 5 x 








a b 








cosa  cosb b cos x 
= — x. 
a 


x2 


In particular, 











ОО с: ОО 
sin x cos 1 COS x 
| йх- - | 5 ах, 
1 х 1 1 х 
the latter integral exists because the integral 
ОО ОО 

COS x 1 

1 Xe 1 X 


exists (compare Theorem 23-4). 
On the other hand, the integral 
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exists and equals i, f (x) dx, where f is the continuous function with 


1, x= 0 
f(x) = ш ph 


(b) According to Problem 15-33, 


л sin(n + 4)t d 
| i.d f (1+ 2cost+---+2cosnt) dt 
0 sint /2 0 


= л. 


(с) The hint is the whole answer, since the function 





0, 1-0 
Ра) = 4 2 1 

– — ‚ 150 

t 517/2 т 


is integrable on (0, 7]. 


(d) From parts (b) and (c) we have 


lim ЩЕ iis [Ot an 
хоо Jo t ioo Jo — sint /2 Е 


Using the substitution и = (А + 3t, we have 





т 2sin(A + 1)t (А+1/2)л gd. d 
lim | эг т. Жыш Еа 
Х-» 00 Jo t Х-» 00 Jo и А+ 5 
Ие 
Zi ший. 
0 и 
43. We have 


ОО 





SN NE күл =]... 
sin x: — ах = sin х|-- + —2sinxcosxdx 
0 x х J lg о x 


I sin 2x 
= Ах. 
0 


Х 





Setting и = 2x, du = 2 ах, so that du/u = dx/x, this becomes 


© sinu л 
du = —. 
0 и 2 
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44. (а) Let u = t*, du = xt* ! dt. Then 


ОО ОО 
‚а 
Г(х) = Г e! dt = | “заан 
0 0 Х 


1 саг —_ „Их 
= - e" du. 
X Jo 


(b) 
Г(1) =2 | e^" du 
0 


= /n Бу Problem 40. 


45. (a) The substitution и = ax, du = «dx gives 


N aN 
| a ax= Iw du. 


Qe и 


Similarly, the substitution и = Bx, du = Вах gives 


Г apf Pa 





e u 
50 
М 2 aN BN 
J" LED-LED _ ү fe, "LO gy 
Е x МЕ и Е и 
ВЕ ВМ 
-| tO au | IO аи. 
ae и aN и 


As = — О апа М -> oo, this approaches 


Ре А PN В В 
| ^ du- | — du = (A — B) log —. 
ace U aN U a 


(b) In this case the same substitutions give 





? ед [7 E 4, r /(8х), р fa) 
E x ag И Е x Ве М 
$0 

Г 91094,2 [Г —. Alo В 

: х Че u ба. 


(c) (i) Since 





du, 
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converges and lim e * = 1, we have 
x0 





© cos x 
dx 
2 х 


exists (Same reasoning as in Problem 42(a)), and lim cosx = 1, so 
Х-» 


Г со$(их) — cos(Bx) p 
—————— dx = | 
0 


log — 
x а 


46. (a) Choosing n = 1 in Problem 11-43, with x; = fj, and хо = і, so that 
Q(x) = (x — tj-1)(x — tj), it follows that for each x in [t;_1, tj] we have 


f' c) 


f(x) — f(x) = (x — tix – 8): 5 


for some c in [tj 1, tj]. So 
nj М 
ЭЭ — ti-:i)(x — ti) = f(x) — Р(х) = PES — ti-1)(x — ti) 
(the inequalities are reversed because (x — t;-1)(x — tj) < О on [ti 1, 4]). 
(b) 
li 
i= | = (tj + tj -1)x + tj - itj dx 
ц 
li 2 |& 


X 
— (ti + tii): D + (tj — ti-1)(ti-iti) 


й] fi—ı 


t^ ta G (ti +t) A tji (ti + ti-1) 


x? 





2 2 
+ ti ti—1 — ti—1 ti 








з 3 2 2 
dic G? Зил М За? 
6 6 6 6 
_ (ii c fy 
6 
h? 
=-=. 


(с) Summing the equations in (b) fori = 1,..., and using h = (b—a)/n, we get 


n 
М, 

(b — a) s ; < 0-а) i=l 
n ^ Ja "= 12n? n 


n 
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Now the minimum m of f" on [a, b] is < nj, for each i, so 











XN 
=l L <M, 
n 
so we obtain 
(-ау [ (b — a 
« - Хо М, 
1252 "< | fos 


from which the desired result follows. 


47. (a) Using Problem 3-6, we can explicitly write P as 


P(x) = Эе диэ — f(1)x(x — 2) + on 


-e[72 - ry |+ зло «250 - 78 |+ у) 


So 
2 2 
| р-3 | эхарыг m +2|- 5/0 +270 - fC m + 2F(0) 
1 
= SUO 4/0) + FI 
(b) If 





P(x) =P (a+ (b z>) 


fx)=f ( ge =) | 





then since P agrees with f at a, (а + b)/2 and b, it is easy to see that P agrees 
with f at 0, 1 and 2. So the substitution 
(b — a)x 
2 
b—a 
2 ах 





и=а-+ 





du = 
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gives 


b 2 2 
| P(u)du — “| P(x) dx 
a 0 


Б- | үз 2 Е 
=~ OFO] by part (а) 


b — b 
= Lr) +4f (22) Ї ro] | 


(c) According to Problem 11-43, for each x in [a, b] there is a number c in (a, b) 
with 








-(с-айх-Ө(х-515).с 





Гог some constant С. So 


b b 
| /-Р-с-| & -a« - b (x-7) dx. 


This latter integral has the value 0. An easy way to see this is to check it for a = 0, 
b — 2 and then use the substitution of part (b) to express the general case in terms 
of this one. Another way is by using the substitution 


a+b a+b 
и = х — : х =и- 
2 2 








du = dx 


to make the integral more symmetric. Letting 


b—a 
2 


Л = 





we have 





b h 
| o -a« - b (s - 27) 4х = | (u+h)(u—h)udu 
a —h 


h 
=] u? — uh? du = 0, 
—h 


since we аге integrating an odd function. 
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48. (a) Writing Q(x) as in the hint, so that the first three equations automatically 
hold, we have 


/(4-58ү _ „(a+b a+b | a+b 
о( 2 )-=( 2 «t 2 a) ( 2 -») 


= (210) 2879 
2 4 

















Since b — a x 0, we can then choose А so that О” (21?) has any desired value. 


(b) If x is a, b or = er there is nothing to prove. Otherwise, consider the function 


b 
F(t) = (x —a) (х - ext) (x -DIFA — QH] 


b 
— (t — a) ( - 2x2] (t — BLF GO — ОО]. 


The F is O at a, b, e and x. To be specific, say atb < x « b. Then F’ is O at 
points &1, 52, 53 with 


b 
ach < 259 «хв <b. 
But it is easy to see that we also have 
p (* + *) = 
2 
So F' is 0 at 4 points in (a, b), and consequently, as т Problem 11-42, Р (4) is 0 at 
some point &, that is 





b 2 
0 = FOE) = (x — a) (х = =) (x — b) FE) - 4Lf GO — Ох), 


as required. 
(c) If m and M are the minimum and maximum of f? on [a, b], it follows that 
| Ь Ь 
Mi (x-a) (х - e (x-b) € f(x)-Q(x) < i a- a) (х - e) (x—b) 


for all x in [a, b] (note that the expression (x — a)(x — at? (x — b) 15 > Ооп [а, b]). 


It follows that 
Fo 
Of (x — a (x-4) (x — Б) dx 


f t-e- 
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for some c in [a, b]. To evaluate the integral on the right we use the same substitution 
as in Problem 47(c), to obtain 


h h 
| (и + №) (и — Ри? du = | u^ — u*h* du 
—h —h 








(d) By part (c) we have, noting that 2; — t2;-2 = (b — a)/n, 


bi b—a (b — а)? 
2 Ў би [f ( 2i 1) + f 2i i+ fC 2i)] 2880n5 f ( i) 
for some с; in (ti-2, tjj). When we sum for i = 1,...,n, each ty; occurs twice, 


once in the above expression, and once in the same expression for i + 1; the only 
exceptions are f (to) = f(a) and f(to,) = f(b), which occur just once. Moreover, 
if m < f(9 < M on [a, b], then 


n 
nm < у (і) < nM, 
i=1 


SO 


у`у®(с) =пу®(г) 
i=1 


for some c in [a, b]. Thus, 


[ғ - "s (ла) +4 tn) 423. бы) + г) В С 
: бп эн МИНИЙ Зайн 288074 | 





СНАРТЕК 19, Аррепах 


1. (a) The graphs intersect at (0, 0) and (1, 1), so the volume is 


1 3 511 
л | xl—x*dx2m ee 
0 3 5% 








-1d-b 
(b) The shell method gives 
1 3 4 |1 
эл | x-(x—x*)dx = 2л 103 
0 3 4 
= 2л(1 — 1). 


2. Rotating the graph of 


Р(х) = үг? =r —r<x<r, 


we get 








= inp. 
3. Rotating the graph of 
x2 
Р(х) = Б ге —a<x<a, 
a 
we get 
a x2 3 (4 
т | P(1-5) dx = л | x- = 
=й а 9a]. 
= 2b?^n (a — =) 
= trab? 


4. The shell method gives 


a+b 
эл | xy b? — (x — а)? dx. 
a—b 
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Letting 


x—a-bu 
dx = bdu 


we get 


1 
2л | (а + bu)b? V1 — u? du 
=i 
1 1 
= 2ла | y 1 — u? du +2nab? | uy l1 — u? du 
-1 24 
arcsi y 1 — и? 
ТЭЭ, csin и л и и 
2 2 
= 2лар? (5) 
2 


= л?аЬ? 


= ла. (лЬ?). 


1 


+0 by Problem 19-4(уш) 





(Thus, the volume is the area of the circle of radius b times the length za of the 
circle that its center revolves around. This is a special case of “Pappus’ rule".) 


5. Using the shell method the volume is 


2a 
2-20. | xy 4a? — x? dx 
a 


(the extra factor of 2 comes about because the shell method gives only the part with 
y 2 0). Letting 


x = 2аи 
dx =2adu 


this becomes 


1 —(] — 2\3/2 
ax | 8а?иу1 — u? du = 327a? - (2225 
1/2 


| 321a? үе 
© 3 4 


— ‘баз Ее 
ца ул: 








4 
(as compared to 3 Саул, the volume of the entire sphere). 
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6. (a) The volume is 
л/2 
л | х соѕ х ах = 2л | xsinx 
0 


-z [5-1 


= л(л - 2). 


л/2 л/2 
-| sin x dx 
0 0 





(b) The volume is also 


1 
л | (агссоз)?. 
0 


7. Actually, instead of using the formula for f f^, it is simplest to go through the 
steps by which this formula was derived: In the integral 


f(b) 
| yf—'(y) dy 


(а) 


let 
x= (y) 
у = f(x) 
dy = f'(x) dx. 


The integral becomes 


b 1 b 
| xf (x) f' о)ах = 5 | х( 12) (x) dx 





1 2 qe 
x -| f(xy tx 
E. [ery — af (a) — | | f y dx 
2 5 i 


as required. 


8. (a) If the diameter AB lies on the horizontal axis with A at (—a, 0) and B at 
(0, a), then the square intersected by the plane through (x, 0) has sides of length 


2X a? — x?, so 


4(a* — x°) (ti — ti—1) 
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is the volume of a “slab”, and the sum of these approaches 





a x3 a 
4 (a? — х?) ах 24|a?x — — 
—a 3 —a 
2 3 
= 4[ 20° - =] 
3 


Ш 16a? 
3 





27a? 
(as compared to —, the volume of the top part of the sphere of radius а). 


(b) Now the triangle intersected by the plane through (x, 0) has area 
V3 





4 . 4(a? = х?) 
so the volume is 
„З 16a? Е 4./3a3 
4 з 3° 


9. A plane parallel to the base at distance x from the vertex has area 


so the volume is 


h x?A 1 
| —— dx = -ҺА. 
o А? 3 


10. If (x, y, z) are the coordinates of a point P, then Р 1$ inside the first cylinder 
of radius a if and only if 

х? + 27 х а? 
and inside the second if and only if 

y +z <a’. 
For points with z = b (i.e, the horizontal plane at distance b above the plane with 
the axes) we must have 


x? <а2 b, у?<а?2—Ь?, 


so we have a square with sides of length va? — b2, and area a? — b?. So the volume 


of the intersection is 
a 


a 23 
| a? — z? dz = а?: — 3 


—a —a 
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11. (a) Using the formula 


b 
2л | FG FG) dx, 


we have 


f(x) = Ут? —х? 
, = —X 
шше — 
2 
1+ f(x) = 





5-2 


so the surface area is 
: 


r 
2л | М. ака | гах 
-r / г? — x2 -r 


= 4лг?. 


(b) The area of the portion is 


ath 
2л | гах —2nrh. 
a 


12. (a) The ellipse is the graph of 

2 b 

f(x) =b,/1- L = —\Уа? — х?. 
a a 


It is convenient to set 


b 
и = -. 
а 
Then 
f(x) = руа? — x? 
/ = — Их 
о) = 7 
2..0 
222229 
f'(x) A а? 2 х2 
а? + (и? — 1)x? 
1+ (ху = а 0 


/(х)у1+ f'(x = uva? + (и? — 1)x?. 
А =2ли f. уа? + (и? — Dx? dx. 


So the area is 
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Case 1: а < b, so и > 1. We use the substitution 





и? —1 
у = х 
а 
ау 
ýy = 
p^ —1 
PES a dy 
и? —1 
Then 
Ш 228. J p=1 day dy 
Уш = pa >l 
2ла? 2a" Sex ут 
= 1 + у ду 
Ми = 
Ми-1 
- УТ + У? 4 юо ул у1ЖУ _ 
и — -y и -—1 
by Problem 19-4(1х) 
b 
=-=== Ea — 1+ log(V¥u? — 1+ u) – log(-V/u? = 1+ n) | 
u? — 
: лар дыг 
-215 + —— log | ————— 
уи? —1 -/p = 1+ ш 
/ Denm 2 
Ta = [-vw - 1 4] -[vu?-1+4] 
“Уур i 2100 V/A? — 14 и). 
3 g(vu и) 
Note that 
EN | 
2 — - 
tim EV IHH) УТ Бу Г.Ндриа”в Rule 
n1 /|u? — 1 и- 1 и 
Уи? —1 
‚ и+уцш?—1 
= lim ——————Є 
p> 1 u 


^ 


=I. 


So as a — b, and thus и — 1, the above area approaches 47b?, the area of the 
sphere of radius b (Problem 11). 
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Case 2: a < b, so и < 1. The substitution 


gives 


2 
аав [YE уйтан, 


_ 2ла? ap а 











лар У 1-0 
E 1-у2 by Problem 19-4(viii) 
у 1- и? 1-4? 


zab | 
2arcsin y 1 — и2 +2uy1— u 4 
Ving и 


2лар 
= 2n b? + ae у 1 - p?. 
– р 


Again, we have 
и-»! |= и? 
either Бу Г.НОриа! 8 Rule, or using lim (sinh)/h = 1. 
> 


(b) The outer portion of the torus is obtained by revolving the graph of 


f(y) =а+УЬ? – у? —b<y<b 


around the vertical axis, and the inner portion is obtained by revolving the graph of 


f(y) =a- yb – у? —b<y<b. 


In both cases 


y 
iO) = 
p? — y? 
p? 
1+ РО)? = —, 
р — у 


so the area 15 


: b 
2 + /o?— dy+2n | (а- ae 
| (а у a y да тэг 
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Letting y = bu, dy = bdu, this becomes 
1 


1 ра 1 а 
222 = arab | шаш = 4лар агсѕіп и 
—1 y b2 — р?и? -1 y 1 — и? E 
= 4л?аф. 
(Notice [Compare Problem 4] that this is the product of 2л9, the radius of the re- 
volved circle, and 2ла, the distance around which the center of this circle is revolved. 
This is a special case of another version of “Pappus’ rule".) 


4zab 


13. (a) The volume is 





(b) The surface area is 


1 ЕЕ 
an |. 2 lt Gdx эл | а, 
Х 1 Х 


Since 


оо 4 122 3 
and /| dx/x = со, this surface area is infinite. 


(c) The paint that covers the distant portions of the trumpet will get thinner and 
thinner—it’s easy to paint an infinite area with a finite amount of paint if you’re 
allowed to spread the paint as thin as you like! 


СНАРТЕК 20 


1. (И) P390(x) = 1 +x + x?/2. 








(iv) 
Е (х m л)? (—1)"*!(x __ л)?" 
а хииж гэрийн Qm О 
(vi) 
Е (х2) (х—2)? ("+ — 2)" 
Р, 2(х) = 1022 + 5252) mE Ly 
(viii) 


26(x — 1)? Р 66(х — 1)? " 120(х — р? 


P41(x) = 3 + 9(х — 1) + T T T 


(х) Р, о(х) 21—x- x? — x9 4---4+(-1)"x". 


2. (ii) 160 + 50(x — 3) — 10(x — 3? + (x — 3)*. 
(iv) 9a + 3b + c + (ба + b)(x —3)+ a(x — 3). 


3. (ii) 


9 (—1y) 22: 2n42 1 
ince ———— 51077 for 2n +2 > 20, orn > 9. ) 


7 
1 3 
у= (since ет 5107 forn +1> 8, orn >т). 


4. (i) To obtain 


ao 1070099 . or — (2n +2)! > 1019" 
n Ц 


it certainly suffices to choose 2л + 2 = 1010”: we can also choose 2л + 2 = 101, 
since (1010)! is clearly > 1010”. So one possible sum is 


УС 
—5 Qi + 1)! 
(ii) 
1,000 | 
em (since surely (1001)! > 3. 101.900). 
i-o 7 
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(iii) We need to find an n with 
10272 








< 10-20 
(2n + 2)! 
Now 
1Q100+k 1019 10 10 10 101091 
ЕЕЕ ce MM < —— Сү, 
(100 + А)! 100! 101 102 100 +k 100! 106 
SO : 
10100+ 
< 10720 
(100 + k)! 
when 
10190 1 10120 
со бр ао" 
100! 10 100! 


This certainly happens for К = 120, so we can take 2n + 2 = 220 or n = 109, 
giving the sum 
109 (1) 102141 


Е (2i + 1)! 





(iv) 
24 10! 31010235 105.101% І E 
— 10 
mo (235)! (100)! 10 
(v) 
ios ( 1 ш ( 1 pe 
L]iMe 10 -(1079) — 1010 
24 1)’ TET (sin ane < 10 for 2n + 3 = 10 ) 
5. (а) Let 
х2 |x|? 
cosx = 1 — — + R(x), ROJ < —-. 
2 6 
Then if x satisfies cos x — x? we have 
x2 
(ж) х2-1- 3 + R(x). 


Ignoring the term R(x) gives the equation 
Зх? = 2, 


with solutions +,/2/3 = +/6/3. To find bounds on the error, recall first, from 
Problem 11-38, that |x| < 1. So (*) gives 


1 
|3x^ — 2| = 2|R(x)| < 3” 
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or 
1 2 ЭР 1 
3 73 
5 7 
- <3 2 < 
алийг 
45 v7 
— = | 225 
3 3 
We can get a better approximation if we write 
x2 x4 |x|? |5 
= | — — R R ee 
Bet aa eee рш 
If x satisfies cos х = x? we have 
2 4 
2 х х 
=1-—+ — + R(x); 
(жж) х 2 + 24 + R(x) 


ignoring R(x) gives the equation 
х — 36x? +24 20 


with the solution 


= 18 — 1045, 


so x is approximately 


(жээ) У 18 — 10/3 = +.82431 


(compared to 2/3 = .81649). 
Similarly, to find bounds on the error, we have 


1 x^ — 36x? + 24 1 
— «аана —— —— EG «ЧН 
120 7 24 — 120 
so x? lies between the solutions of 
у? – 36у + 24— 1) = 0 


and 
y^ —36y + (24+ 1) =0 


1.е., between 


and 


36 — У 1200 + + 36 — У 1200 — 1 
2 2 | 


thus between 


18— У300+1 and 18-4300--1, 


ү18-4300--1 < |х| < ү18-4300-1 


SO 
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ОГ 
82080 < |x| < 82780, 


so the error in (жжж) is at most .00351. 
(b) Writing 
sinx = x + R(x), 


the equation 2x? = x sin x + cos? x becomes 
= x4 2 
2х2 = x? + xR() -1— x? + PU R(x) + 2R(x) ( = >) | 


Ignoring terms involving R and R gives the equation 
х“ — 8х2 +4= 0 


ОГ 


8+ /64 — 16 
x) = = 4 $23. 


Since |x| < 1, we must have 
х? = 4 — 24/3 


x = +У4— 24. 








6. (а) 
1,1 
1 luz Ru d M 3 
arctan 5 + arctan 3 = агсїап | =] = arctan 1 = 4 
Since 
1,1 
1 = 5 scis s 5 
arctan < + arctan 5 = arctan = arctan 15, 
1 — 5 
we have 
3 43. 
1 12-57-12 1... 120 
4 arctan 5 = arctan 1.25 29 arctan «15, 
144 
$0 
120 1| T 
1 ARM 11 239 E E d 
4 arctan z — arctan 555 = arctan шт б-т | = arctan 1 = д 
119 °239 


(b) To compute л with an error < 10-6, we must compute л/4 with an error 
< 1079/4, so it suffices to compute arctan 1/5 and arctan 1/239 with an error 
< 1076/20 = 1077/2. Now 

3 (= 1)" х2"+! |x |22+3 


x 
TUN CR UN и с др. R| < | 
arctan x = x z^ 4 PET + | 152513 
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So for x = 1/5 and х = 1/239 we need 


1 1 
Qn + 3)52"43 < 2.107 
1 1 


Qn +3) (239)2"+3 ^ 2.107’ 


respectively. We can take п = 4 and n = 0, respectively. So л 15 


16 1 1 " 1 1 Л 1 4 1 
5 3.53 5.5 7-57 9.5? 239 


with an error < 10-6. To find the first 5 decimals of л we must convert each term 
in parentheses into a decimal. If we compute each one to 7 correct decimals, then 
we will introduce an extra error of at most 1077. Since we actually have 





1 1 
(2-4-4-3)52443 © 3.107” 
1 1 


3. (2398 `3.107' 


this extra error will Бе no problem. The calculations are as follows: 


+ = .20000000 
55 = .00006400 355 =.00266666 
533 = .00000005 757 =.00000182 
20006405 :00266848 
—.00266848 «——— —— —————————3À 
.19739557 515 =.0041841 
х 16 х 4 
3.1583280 :0167364 
— 0167364 = 
3.1415916 


The error in this result is < 10-6; consequently we can be sure that 14159 are the 
first five decimals of л (because of the fortunate circumstance that the next digit in 
our answer is not 9!). The first ten decimals of л are 


3.1415926535 


7. Clearly 
f(x) =a@—-1)---@-—k+1I)(14+x)**, 
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SO 





п glk) n а. 
О x f cC gt = Y a(a — 1) ны k+ 1) k 
k= : К--0 ` 


The Cauchy form of the remainder is 


(a —1)---(a—n) 


Rn o(x) = < ~ (1 4- 29777! (x — t)" (x — 0), 


and the Lagrange from is 
«(о — 1)... (“— п) 


а-п-1 __ ОП! 
(n1 (1 +?) (х—0) 7. 


К»,о(Х) = 


i 
8. (ii) Cj = >, ajbj_-;. 
]=0 


(iv) со = 0; cj = aj-1/i for i > 0. 


9. (a) Since 





R(x) _ 
x0 x2ntl i 
we have 
o- imn RO x ROD 
“ОЙ gaan = улу een 
Now 


sin(x?) = P(x?) + R(x”); 


since Q(x) = P(x?) is a polynomial of degree 4n + 2, it follows from the corollary 
to Theorem 3 that О is the Taylor polynomial of degree 4n + 2 for f at 0. 


(b) 
0, k x 4l 4-2 
(rw — гам 
f (0) = 20012 k — 442. 
(21 4- 1)! 
(c) 
0, k x: nl 


f (0) = 1 20(0)( 1) 


x ХООР: 
l! 
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10. 


0 ot 
€ 

=J — |x — t|" dt 
х N: 


0 |х =)" — 
= —— dt since e < 1 for x <0 
x п! 





x е! 
— (x — ty' dt 
0 n! 





Р T 
~ (00:41)! 


11. For —1 < x < t < 0 we have 
O<1l+%x%<14t <I, 


1 1 
О < —— < | 
-14171-4Хх 


Х tn 0 tl” |x |+! 
| a = | dt < ——————. 
o 141 E Lex (1 4- x)(n + 1) 





So 











12. (a) By hypothesis, 
—M (x — a)" < g'(x) x M(x — a)" for x >a. 
It follows from the Mean Value Theorem that 


-М(х 2 а)"+! М(х 2 а)"+! 
ыы. 4 — < L—————— 
Lr < g(x) — g(a) < ai 


i.e., that |g(x) — g(a)| < M(x — a)" t! /(n + 1). The case x < a is treated similarly. 


(b) For every € > 0 there is a 5 > 0 such that |g’(x)/(x – a)"| < e for |x — a| < 
ô. This means that |g’(x)| < e|x — a|” for |x — a| < 6. Part (a) implies that 
lg(x) — g(a)| x elx — ај"! /(n + 1) for |x — a| < 6. Since this is true for every 
ô > 0, it follows that 
| g(x) — g(a) 
im ——————- 
xa (x – а)"+! 


(c) Since 


n (i) 
eG) = ft) - Pe - ay, 


i=0 
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we have 


(i) . 
g'a) = f'a) - a Say 





ПТ (j+) 
Е f'(x) А Y: D RN a)! 


j—0 


n—l (fU) 
= f'(x) __ у, Je 2- a)! 


1-0 


= f'(x) — Pata, p (x). 


(d) Theorem 1 is true for n = 1, by the definition of f’. Now assume that Theorem 1 


is true for n — 1, and all functions f for which f'(a), ... , f ^^ (a) exist. If g is 
a function for which g'(a), ... , g™ (a) exist, then f = g’ is a function for which 
f'(a), ... , fU (a) exist. Consequently, 

tim £69 = Pata) _ 9 

xa (x — а)"-! 


Since (2 —– Р, а,в) = 8’ — Рита, в’, it follows from part (b) that 


lim 800)- Рьа,в(х) — 0. 


х-»а (х — а)" 


13. Suppose | {+1 | is bounded, by some M, on some interval around а. Then for 
x in this interval we have 


к,а) = T Ol apr, 
SO | 
DT < Mix —al, 
$0 
lim ne) _ 9, 


х-»а (х — а)" 
А similar proof works for the integral from of the remainder, and for the Cauchy 
form, if | / ^ *U| is assumed bounded. 


14. Problem 13-23 implies that 
X (n+1) t 
Rn a (x) = | о яг 1)" dt 
? n! 


(1-1 
= 22210 0 (x — t)” (x — a) 
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for some t in (a, x). Similarly, choosing ("+ /n! for f and g(t) = (x — в", 
we obtain the Lagrange form. (In both cases, however, we begin with the extra 
assumption that f+! is integrable.) 


15. (a) Taylor’s Theorem, with n = 1, gives 


fath = fet sont Oe -h-—t)h, t in (x, x +h). 
So 


Ol < иле 1 ло 1101 


(b) The best inequality from (a) is obtained by choosing that h > 0 which minimizes 
g(h) = 2Mo/ h +hM?/2. Thus, we choose h to satisfy 





2Мо М» 
0 = g(h) = — 
8 (h) ыт 
ОГ 
h = 24 Mo/ M» 


g(h) = 2V MoM. 
(c) The previous results can clearly be applied to any interval (a, со); for all x > a, 


we have 
|f ()] < 2V Mo, Ma, 


where | f"(x)| < M2 for all x > 0, and | f(x)| < Mo, for all > a. Since f(x) 
approaches 0 as x — оо, Мо, can be picked arbitrarily small by choosing a large 
enough. Thus f'(x) — O. 


(d) Problem 11-31 shows that Jim. f" (x) = 0, while part (c) shows that lim f'(x) 
— X> 00 
= 0. 


16. (a) This follows from 


f(a +h) = f(a) + f'(a)h + j е T ay Ra a(h), 
ОО 2 FD ор, (№), 
since 
lim Ro,a(h) = lim Ro,a(h) = 0. 





h0 h h—0 h? 
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(b) 
m РО+А) + f(0— А) — 2f(0) | й2 — #2 —0 = 
h—0* h? = h2 B 


and similarly for um 
—07 


(c) For sufficiently small Л we have f (a + h) < f(a) and f (a — №) < f(a) so 


аът + f(a-h) -2f(à) _, 
h? EE 


(d) Using the Taylor polynomial of degree 3, we have 


/// 3 
азе Fan. Өр 2+ re + Кз. (9) 
f’ гт — f" (а)? 


6 + R3 a(—h). 


Га — h) = f(a) - f'(a)h + —— 


Now subtract the second equation from the first. 


17. If f” > 0, then 


f(3 а fa) | f" (x — аг 
> Г(а) + f'(a)(x — a) for x жа, 


which says that the graph of f at x lies above the tangent line through a. 


18. The proof is almost exactly the same as the proof given in the text for the 
equation f" + f = 0. 


19. (a) 


fer) = 2- (ry a ТОО = 21 (5а pim + à, fp 
j=0 
п-1 
= Уу акый Ча S a; fO 
j=0 j=0 
п-1 
= У aia + аи —1а;) f. 


j=0 
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(b) Letting a_; = a_, = 0, we have 


п-1 


for?) — У aj + апла;) f Ó*? 
j=0 


n—2 п-1 
= ) (03-1 + ла 7959 + (02 нап?) У aj f 


j=0 j=0 
п—1 
— 2 | 
= у (aj—2 “р Qn—14j-1 + An—24; + an-ı aj) f ^^. 
j=0 


(c) From the equation 


п-1 
yer 2 Sob f” 
j=0 


we obtain 
п-2 
for?) = y 670+) Fora 
j=0 
п-1 п-1 
= X bja fO +b,-! У ajf” 
j=0 j=0 
п-1 
— Ў. bf, 
j=0 
where 


bj? = bj a! + Dn-1'a;, 
Ibj^| € Ibj-i!| + Ioni < 2N? +2№ € 4, 
The general formula is proved similarly, by induction on К. 
(d) Let M = Mj +... + Мил, where 
М; = sup(1f? (| :0 <t < x). 


(e) Clearly (0) = 0 for all k. Then by Taylor's Theorem, 





x n+k+1) 
T a (t) n+k 
= —— (1 ==] dt 
| 700) | (n 4 Ej! (x — t) 
М. 2541 ујан 
(n+k+1)! 
М. I2N x [te 


- (n+k+1)! 
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Since |2Nx|"+*+! /(n + k + 1)! can be made as small as desired by choosing k (and 
hence n + К + 1) sufficiently large, it follows that f (x) = 


(f) The difference f = f;— f» satisfies the same differential equation, and f /)(0) = 
Oforü0x jxn-—]1. So Х=0. 
[In the case n — 2, the equations 

f(0) = с + с 

Г’ (0) = o1c1 + о2с2 
can always be solved if o 4 o: 

fO- af- 70) 
2—0 ' | о — — 


The case п = 3 involves more complicated answers, but is equally straightforward. 
The general case, for those who know about determinants, depends upon the fact 
that the ““Vandermonde determinant” 


1 1 ists 1 
det 
a" ay"! нв а"! 


is non-zero if the a; are distinct—in fact, it has the value || о; – o.] 
ij 


20. (a) The second derivative of h(x) = (x — a)(b — x) is h”(x) = —2. Now 
applying Problem 16(c) to g with a maximum point y in (a, b), we have 


0 > Schwarz second derviative of g at y 
= (Schwarz second derivative of f at y) +2e 
= 0 + 26, 


a contradiction. 


(b) We want to show that 


год = fa Oaa, 
so we consider the function 
b 
a(x) = fe) - ӘӘ La, 


Then g(a) = f(a) and g(b) = f (a), and the Schwarz second derivative of g is 0 
at all points of (a, b). So part (a), g is constant. 
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21. (a) Clearly f = О up to order 2 at 0. The second derivative f"(0) does not 
exist because 


0, х =0 

"(x = 12 12 
ў б) 4х3 sin— —xcos—, x40 

x x 

and 

Rs 1 1 

4h sin — — h cos — 

lim h h 

h—0 h 


does not exist. 
(b) Choosing x = a + h and then x = a — h in (ж) we have 

201 211 

lim pil f(a +h) – f(a) + hf'(a)) = 0 = lim ;;U (a — h) — f(a) — hf'(a)]. 

It follows that 

| fla+h)+ (а - №) —2f(a) 
= SS Se s 

h—0 h? 


i.e., the Schwarz second derivative of f is 0. Problem 20 implies that f is linear, 
so f"(a) =0 = m(a) for all a. 


0 


(c) Let g be a function with g" = m. Then the function f — g satisfies (*) with 
m = 0. So f — g is linear, by part (b). So f" = g” = т. 
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1. (a) If «œ is a solution of the equation 
(1) anx” + aix" "+... +a) = 0, 
then Væ is a solution of the equation 


anx?” da dx “фаз pay = 0. 


(b) Га satisfies (1), then o + г satisfies 
An (х — г)" + an-ı (x — r)" | +++» ao = 0; 


this equation, with rational coefficients, has the same solutions as the equation with 
integer coefficients that is obtained by multiplying through by a common denomi- 
nator of the various coefficients. 

Similarly, or satisfies 


хул xX\n-l 
то нений 
r r 


2. Since 


(2. + V3) = 5 + 246, 
(V2 + /3)* = (5 + 2/6)" = 49 + 20V6, 


it is clear that V2 + V3 satisfies x* — 10x? + 1 = 0. 
Since 


|У2(1--4/3)| = 2(4 + 243) = 8 - 443, 
[V2(1-- /3a)]* -(8--443) = 1124 443, 
clearly /2(1 + УЗ) satisfies х — 16x? + 16 = 0. 


3. (a) If f(p/q) = 0, then 
anx” + йл”! Зээ +a = (х ын 2) (b, ix"! Tc bo) 


for some bo, ... , b, .,, which will be rational numbers. Since a — p/q # О, we 
have 
b, 107! +... + ро =0, 


contradicting the assumption about the minimal degree of the original polynomial. 


(b) Clearly f(p/q) can be written as a rational number of the form r/q". Since 
f(p/4) # 0, we have |r| > 1, so | /(р/4)| > 1/4". 


334 
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(c) If |a — p/q| < 1, then 


о: иар 
р/4-0 


< М, 


$0 
la — р/а| > |f(p/q)|/M > 1/(Mq"). 


4. If o satisfied a polynomial equation of degree n, then there would be some num- 
ber c with |æ — p/q| > c/q” for all rational p/q. Now 


+ Tc 
101! 102! 105! 
can be written as ? 
10%! 
for some integer p, and 
p 2 
0 SO тои < ТОКЕ! ` 


Thus for every К we must have 





C 2 
Or 

100! 2 

(108) ^ c’ 
Or 

(08)! 2 

(10#!)" = e 
Or 


(108) **177 < 2 
С 


which is clearly false for large enough п. 


5. (a) If the elements of A and B can be arranged in the respective sequences aj, 
42, аз, ад, ... and Бу, Ёо, b3, b4, ... , then the elements of A U В can be arranged 
in the sequence 

ат, bi, 84», bo, аз, b3, шал 


(except that repetitions must be thrown away, if А and В have any elements in 
common.) 


(b) Arrange the positive rational numbers in a list by following the arrows (deleting 
repetitions). 
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(с) Follow the arrows in the picture 


a 


(0,0) (0D (0-0 (0,2) (0,-2) 


Jf A 


(1, 0) 1,1) 


(—1, - Га 
Ў 


(1,2 (1, -2) 
1,-1) (1,2) (-1,-2) 


(2, 0) 2, 1) (2, —1) (2, 2) (2, —2) 


(d) Let the elements in А; be arranged in a list aj1, 412, aj3, .. .. Then the elements 
in A; U A2 U A3 U --- can be arranged in the array 


а а 413 14 
а] 422 423 04024 
аз 4033 433 азм 


Now use the same trick as in parts (b) and (c), deleting any repetitions. 


(e) Apply part (d) with Aj the set of all triples (m, n, i). (Aj is countable, by part 
(c).) 


(f) If the set of all n-tuples is countable, then the set of all (n + 1)-tuples is seen to be 
countable by applying part (d) with А; the set of all (n+ 1)-tuples (a1, a2, . . ., an, і). 


(g) Since every such polynomial function f(x) = anx” + - - - + ag of degree n сап 
be described by an (n+ 1)-tuple of integers (ao, .. . , an), these polynomial functions 
can be arranged in a list ру, po, ps, ... . For each pj, let дү, .. . , 0; п be its roots 
(if there are fewer than n roots, choose 0 for the remaining о; j). Then 


01,1, .. -Œl ns 02 1, . ээ 02 п, 031, .. -Q3 n, ... 


is a list of all the desired roots. Now delete repetitions. 


(h) Apply part (d) with A; the set of all roots of polynomial functions, with integer 
coefficients, of degree i. 
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6. If this number were in the list, it would be a, for some п. But it cannot be 
Œn, since it differs from o, in the nth decimal place. (This tricky construction, and 
others modeled on it, is known as the “Cantor diagonal method") 


7. (a) Suppose 0 < а! < --: «a, < l, and lim 


а-» аг 


f(x) — lim f(x) > в. Choose 
xa 
0 <a,’ <a, <a," <ar <а <a” <: <a, «a, <a,” « 1. 
Then 
f (ai^) — f (ai^) > в, 
SO 


fA) — РО) > У f(a") — fla’) > ne, 
i=1 
son «[f(1) — f(0)]/e. 
(b) Let А„ be the set of all a in [0, 1] with lim. Р(х) – lim f(x) > 1/n. Then 
xa xa 
Ay is finite, so by Problem 5(d), A; U A; U A3 U --- is countable. 


8. (a) There are only countably many such intervals, since each interval is deter- 
mined by a pair of rational numbers, and there are countably many rational numbers. 
Since each value f(x) can be described in terms of these intervals (as the maximum 
value on such an interval), there are only countably many values of f(x). 


(b) If f happens to be continuous, then f cannot take on two values, for if it did, 
it would also take on all values in between, and hence an uncountable set of values. 


(c) A minor variation of the proof in part (a) shows that if every point is either 
a local maximum point or a local minimum point for f, then f takes on only a 
countable set of values. So, again, if f is continuous, then f must be a constant. 
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1. (ii) 





(iv) If n is even, then 


mnc I (iy^. 


nr nn/2 . ,n/2 — yn/2 





similarly, if n is odd, then 


n! _ла@—1.--[(@1—1)/2!  [(-0/2! L oai 


n^ п("+1)/2. 1-02 7  gm-072 2 


2 


(vi) lim (logn)/n = 0 (since lim (log x)/x = 0, by Problem 18-12(b)). So 
noo Х-»ОО 
lim Уп = lim е@8”)/" = е0 (by Theorem 1) = 1. 
п>о n> оо 
(viii) Suppose а > b > 0. Then Va" < Va"+b" < Va"+a", ie, а < 
Va" +b" < 32а, and lim V2 --1, by part (v). 
n> Оо 


(x) According to Problem 2-7, 























n пр+! 
УГАР + An? + Впр! +... 
im *=!_ = lim pr 
n—>oo nP! n—oo np! 
| А В 1 
noo р+№ n m р+1 
2. (1) 
1 1 
22 222 06-22 мей сме 
п->со n + 1 n п->со п-+ 1 noo n 
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(11) 

СИК 2 ОИ a ea) 
n + J/n+aV/n+b 

€ n? — (n + a)(n + b) 

no n +/n+avn+b 


lim n—J/n+avn+b= lim 
novo noQ 

















— lim —(a + b)n Ш ab 
пэоо и + /nta/n+b n+Jn+taVn+b 
1 
С ee 
аж 14 vata «vn +b 
Jn Jn 
1 
= lim —(a + b) - Р 
п-» 
1+ j1+—/1+- 
n n 
_ (a+b) 
Bie =, 
(iii) 
(-1)" 
wD 1+7 d 
oo Wnt] L(—]ytl нэ» р 0» 
noo (10) п > ( 1) 
2п 
(iv) 
© (-1)"Vnsin(n") _ (-1)"sin(n") n 
lim = = lim ----ш---- = (2). ] = 0), 
п->оо n+l п-»ОО мп п+1 


(v) If a = b, the limit is О. If a = —b, the quotient is undefined for odd п, so the 
limitis meaningless. If |a| > |b|, then 


bN” 
a" — p" . i- (2) 1, 


ия = (5 пу 
js 2) 





Similarly, if |a| < |b|, then the limit is —1. 


(vi) Suppose first that c > 0. We have 


lim хс = lim e8*e% 8° — lim elo8*t* 198, 
Х-Э ОО Х-Э ОО Х-Э ОО 
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Now 
1 
lim logx + xlogc = lim x ( ne + loge) | 
x00 x— 00 X 
= lim xlogc = —oo, 
x-00 


so lim xc* = 0. In particular, lim nc" = 0. The result clearly follows also for 
Х-9 ОО n> ОО 
с < 0. 
(vii) Since 
әп? (2")" әп эп qn әп 
n! nm nm п-1 п-2 1 





and each factor is > 1, and in fact — oo, the whole quotient — oo. 


3. (a) The sequence {a} must be eventually constant, that is, there is some N such 
that all a, are equal for n > N. 


(b) АП convergent subsequences are of the form 
01, ps ll lb L boss 


Or 
а1,...,аһ,—1,—1,—1,—1,..., 


where а1,..., Од is some finite sequence of 1’s and —1’s. 


(c) All convergent subsequences are of the form 
а1,...,аһ, т, т,т,..., 


where а1,..., аи and т are natural numbers. 


(а) All o in [0, 1]. 


4. (a) Let (а, } be a Cauchy sequence, and suppose that lim an, = I. For any ғ > 
)-Э ОО 


0, choose J so that |l —an;| < &/2 for j > J. Then choose М so that |an —am| < 8/2 
for n, m > М. Let No = max(N,nj). If n > No, then |a, — an,,,| < €/2 and 
lan,,, — Ш < €/2. Consequently, |a, — I| < ё/2. 


(b) Suppose that m аһ = l, and let (л,) be a subsequence of {an}. If € > 0, 


then there is some "N ach that | —a,| < = for > N. Since nı < п2 <n3<- 
there is some J such that n; > М for j > J. Thus || —a,,| < e for j < J. So 


lim ay, = I. 
-» ОО 


6. (a) Using the inequality Vab < (a + b)/2, it is easy to prove by induction that 


а < An < аһ < Dn41 < Dn < Б. 
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Thus the sequence (а, | is increasing and bounded by b, and the sequence (Р, | is 
decreasing and bounded by ац. So both converge. 


(b) If / = lim a, and т = lim b,, then 
n-0o n> Co 


l= lim a = lim J/a,b 
n—- Оо nyl n> oo цайг 











so m = I. 
7. (a) П 
m 
ар---, 
п 
Шеп 
m+2n (m+n)+n n 1 1 
цог m+n m+n (iure "mI ЕРТ 
п 


(b) It is easy to check, first, that 


1 2 2\2 
if а? < 2, then (1+ = 2r > 2, 
l+a а+1 








and that the same result holds with the two inequalities reversed. Since a? < 2, we 
thus have ак < /2 for k odd and ак > 42, for k even. Moreover, 

Зак + 4 >a, foraj? <2 
2аџ + З 





ak42 = 
ш <а for a,” > 2. 
This shows that {a2,41} is increasing and < м2 and (aon) is decreasing and > /2, 
so they have limits / and т, respectively. 

To show that / = т, we note that for both even and odd n we have 











n -2 2a" 
a = = CO — = А 
п+1 п an "E n 1 Ға, 
Непсе 
a^ 2—т? 
l -m= lim, 1 

neven ] + Gp +m 

and also 
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This gives 

[+lm—m=2 

m+Im—I=2; 
hence | = т = V2. 
(c) This is a straightforward generalization of part (b). For convenience, let 

c — a? +b. 
We consider 
b _ аак t c 


=a, окы = а + = l 
а Нах ata 








Note that a,” < с. Also, the inequality 
(= + 3) 
| >с 
a+a 


(a? — с)о? > c(a? — c) 


is equivalent to 


or simply 


So we see that 





2 
ao + с 
ifo? < с then > с. 


So {d2n41} is increasing and < y а? + b and {azn} is decreasing and > У а? + b, so 
they have limits / and т. Moreover, 
ами + c c — On? 


Qn+1 — An = — Qn = 
a+ аһ а + Og 


for both even and odd п. As before, this gives 








[+ т-т=с 


m+Im—l=c; 


hence | = т = Ac. 


9. (ii) f^ et dx = e? — 1. 


(iv) O, since 





] 1 1 
п: 


1 
Бай шэг эшш ә, «©. 
оар т би = ^n 


1 
н? 


(vi) 


AE 
| — dx =л/4. 
0 14+ x2 
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10. (a) If a = 1-- h, then a” = (1 + h)" > 1 + пА. Since h > 0, clearly 


lim nh =o. 
n> oo 


(b) lim a" = 0, because lim 1/a" = œ, by part (a). 
n oo noo 


(с) If Ya = 1+h, then a = (1 + А)" > 14 nh, soh < (a — 1)/n. Thus 
1 < Vax1- (a — 1)/п, so lim Va = 1. 
n 
(d lim Va-1/( V 1/a) = 1, by part (c). 
noo 


(e) If 7/n = 1 + h, then 


lim 
n-»oo 


n(n — 1) 








ness 
SO 
2 
h < : 
“Үл-1 
SO 
2 
1x YVn<1+ 
n— 1 


so lim 2/n = 1. 
п>о 


11. (a) Suppose that lim an = l. Choose М so that |a, —1| < 1 for > N. Then 
|45| < max(|Z| + 1, |ai|,..., law) for all n. 


(b) Choose М so that |a, — O| < а for > N. Then the maximum of a), а2,..., 
ам 18 the maximum of a, for all n. 


12. (a) This relation is equivalent to 


1 п+1 1 1 
<f — dx < —, 
л x n 








n+1 
which is true because 
1 1 1 
а for x іп (n,n + 1). 


(b) Since 


1 
Qn — ап+1 = log(n + 1) = logn <= ЕТ 


> 0 by part (a), 


the sequence (a, | is decreasing. 
To prove that ал > 0, add the inequalities 


1 
log(j + 1) — log j < j 
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for j = 1,...,n — 1, to obtain 
1 
logn <1+4+---+—— 


n—1 


13. (a) Since f is increasing 
i+] 
fO< | годах «уа +1 
1 
add these inequalities fori = 1,...,n — 1. 
(b) From part (a) we have 


n 
log + +--+ login - 1) < | logx dx <log2+---+logn 
1 


log(n — 1)! < n logn — пу < logn! 
n 








= ! ! 
(n — 1)! « p eS 
So 
n" (n + 1)"+! илла 
— n! «------сү-ү-П70« К 
en—l еп еп-1 


14. (a) The tangent line has slope f'(xo) so it is the graph of 
g(x) = f'Gxo)(x — xo) + f (хо). 


So Хү is the solution of 


0 = g(x1) = f'(xo)G1 — хо) + f (ху) 





— = ТО) 
f' (xo) 

X] = X0 — fO) 

f' (xo) 


(b) From f'(xg) > 0 we immediately have xo > xı. We also know that f is convex 
by Theorem 2 of the Appendix to Chapter 11. So by Theorem 1 of that Appendix, the 
graph lies above the tangent line through (xo, f (xo)). So clearly хү > c. Obviously 
f' (xı) > 0, for otherwise the convex function f already has its (unique) minimum 
between хү and хо, so doesn't even have a zero. This shows that x; > x», etc. 
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(с) We have 
Ôk+1 = Xk41 — € = Xk — C + (Xk+1 — Xk) 
-— Ff (Xk) 
Ра) 
243104). fa) 
fe) Тю 
Непсе 
f (xx) / / 
д CEP RN. dB МЕЛЕН = 
H = РО [f (х0) — f (6 
2 Јо) m Ш 
= Ро f (nk) (xk — ё) 
= Гаю. : 
f'k) 
= f” (nk) ‚512 
f'(x) | 
(4) If 
бо = хо C < it 
= Хо М , 
then 
M 
— 64 =a < 1, for some oa. 
m 
Then from (ж) we have first 
M |.» 
61 < — ôo 
т 
М (E ) : 
— ô] < — do = Q 
m m 
Then 
M a? 
ô2 < —61 
m 


M мү, 
—07 = S d 0 
т т 


etc. Since a < 1 the powers 0“ — 0, so 5, — 0, i.e., Newton's method works. 


(e) 





Xn = А 


Xn+1 = Xn — 2x 
n 


15. To do this Problem you will need a calculator, of course. 
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(i) x1 = 1, x2 = .7081, хз = .6055, x4 = .5988 [f (x4) = 7.97 х 1075]. 
(ii) x, = 1, хо = .8382, хз = 8258, x4 = .8243; [f (x4) = 3.9 x 10-4]. 
(iii) x; = 1, x2 = .75, хз = .68604, ха = .68234; [f (x4) = 2.9 х 1075]. 
(iv) x, = 1, x2 = .6667, хз = .6527, x4 = .6527; [f (x4) = 9.13 х 10:91, 


16. If € > 0, pick N so that |an — 1| < £ for n > N. Then 


lan +an41+---+an+4m — МИ < eM, 























i 1 MI EM 
aglaw tana Hann- рМ < 

Choose M so that 
| Mi -41| <€ and | [a1 + ··· -- ayg]l < ғ. 
М+М М+М 

Then 


[a1 +--+ cc aN4 M] -Й < 35. 





уун 


17. Let a, = f(n + 1) — f(n). Then lim an = 0. So by Problem 16 
п-» 


ay +... + dg Рп) - fd) . fn) 
—— = lim —— — = lim —. 
n- oo n noo n noo n 


Since f is continuous, it follows easily that lim f(x)/x = 0. 
n-— oo 


18. Пе > 0, pick N so that |а, р/а, — l| < £ for > М. Then 








Qn+1 
l—e < — <l +e for n >N, 
an 
ЭН а а а 
n+m т-1 41 
(l є)" < рел. senec (ПАБЕ) 
аһ+т-1 4n+m-2 an 
SO 
а 
т nim -1 < E. 
ал 
Now 


ios ee a, 


an 


a m/n+m 
m n+m n+m 
= oe Уап. 
tES " 


Since lim "*4/a, = 1, it follows that "+/а„+ can be made within 26 of I by 


m- oo 
choosing т sufficiently large. 
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19. (а) Suppose lim аһ = l > 1. Since l — 1 > 0, there would be some n with 
п-» 


|l —a,,| < 1—1, and hence a, > 1, a contradiction. Similarly, we cannot have [ < 0. 


(b) a, = 1/n. 


20. Let us denote 
FFU... fo...) 
d 


k times 
by f*(x). Then by Theorem 1, 
fü) = f(lim 70) = lim f(f*G)) 


= lim f**!(x) =1. 
k— oo 


21. (a) Suppose f(x) > x. Since f is increasing, f (f(x)) > f(x). Consequently, 
FACE) > fF Q0), ес. Thus the sequence x, f(x), f (f(x), ... is increas- 


ing, and bounded by 1, so it has a limit. The proof when x < f(x) is similar. 


(b) There is some m with g(m) — m (by Problem 7-11). According to part (a), 
the sequence f*(m) has a limit /, which is a fixed point for f (using the notation 
introduced in the solution to Problem 20). Moreover, 


Рт) = f*(g(m)) = (7 (ту), 
since f og — g o f. Hence, by Theorem 1, 
|— lim f*(m) = lim g(f*(m)) = e(lim f*(m)) = 80). 


22. (a) 
c" on с" cU cue +c") 
c" (1 — c^-m) 


]—c 
ст сп+і 


1-с 


(b) Since |c| < 1, we have lim c" = lim c^*! = 0. 
n-o0oo n> оо 
(c) 


|x& — Xm] = |(х — Xn41) + (Xn41 — Xn+2) +++++ (Xm-1 — Xm) | 
< [xs — Хан + Ха — xa-2] + -+ + |Хт—1— xml 
Se aera. 


so lim |x, — хһ| = 0, by part (b). 


m,n-oo 
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23. (a) If c = 0, then f is constant, so continuous. If c Æ О and ғ > 0, then 
| f(x) — f(@| < = for |x — a| < c/c. 
(b) If f(D) =l and f(m) = т, then 
Il —m| = |Р) — f(m)| < cll — ml, 
sol = т, зшсес « 1. 


(c) If x is any point in R and 
Xn = f") = fU... РО)...)), 
Ne алхлан” 


n times 
then 
2 
[хи — Xn41| = | f (xn-1) — f Gan)! < с|хл—1— Xn| < C*|Xn-1 — Xn-2 
«лс [xq — хи. 


Consequently, Problem 22(c) implies that {x,,} is a Cauchy sequence, so converges. 
It converges to a fixed point, by Problem 20. 


24. (a) If f(x) = x and f(y) = y, then by the Mean Value Theorem, for some & 
between x and y we have 


1, 


FE) = f(y) —/® Е 


у — 
a contradiction. 


(b) The Mean Value Theorem gives 


79-70 = IF G)I Ix — yl for some & between x and y 
< c|x — yl. 


so the result follows from the previous Problem. 


(c) Let f(x) = x +1. 


25. Since f is continuous at b we have 


f(b) = lim f(b,) = lim Вин = lim b, = b. 
noo noo n-—-oo 


Choose n so that bn, bn+1, ... are all in the interval around b on which | f'| > 1. 
Then А j 
HO) 7 FO 1 Баъ — b| > [bn — 6. 
Ib, — b| 
Similarly, 


|на — b| > В — b| > lbn — bl, 
[43 — b| > lbn — bl... 
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This contradicts the fact that lim bm = b. 
m> оо 


26. (a) 


b ( lim 5, . 
а = а ^c = lim a 
П-Э ОО 


bn 


= lim 5,44 =b. 
n> ОО 


(b) If f(x) = x!/* = e(o83)/x. then 
1 орх «0 forx>e 
zi а 
Р(х) =x Р | | 


х? > 0 forx <e. 


Since (log x)/x — 0 as х — oo and —oo as х — 0+ (Problem 18-34), f(x) > 1 
as x — оо and f(x) > О as x > 0+. 
In particular, 0 < f(x) < e!/¢ for all > 0. So 0 <a < e'/e, 
(c) Since 1 < a we have 
ач а“, 1.е., b, < bo. 
And if b, < bn+1, then 
bn+ı = а?" х а" = bn+2; 
so by induction {b,,} is increasing. Moreover, if b, < e, then 


b,41 =a <а < (е!/%)ё = e. 


(d) Choosing f(x) = a* in Problem 25, we see that if b exists then 


If (b) 51, 
where 
f'(b) =a" (loga) = bloga = log(a?) = logb, 
SO 
—1 < logb x 1, 
or 


Since a = b we have 


Or 


350 Chapter 22 





(e) Since 
log x (log a)a* — a* /x 
ро) = wt (log / 
(log x) 
E log x lo 
— — а — — 
(log x)? Ere x 
‚ we need to show that 
1 
logxloga < — on (0, 1) 
x 
or 
loga > 
x log x 


Now x logx — —oo as x > 0* or x — 17, so the maximum of 1/х log x occurs 
for 


Thus we need to show 


loga > 


= 


e—! log(e—!) Е 


which is true since a > e ©. 


(f) We know from part (b) that the graph of g(x) = x!/* increases from 0 to 1 on 
10, 1] (and then increases further on [1, e] and then decreases to 1 on [e, оо)). So 
there is a unique b with a = b!/^ (we don't even need е < a for this, just a < 1). 
For 0 < x < 1 we have 1/х > 1 so x!/* < x (the signs reverse since log x < 0), so 


a=b! <b. 


For x « b we have 
50 


(the inequalities reverse since а < 1). Moreover, part (е) shows that for 0 < x < b 
we have 
a* a? 


log x ý log b 
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50 
ах logb > a’ logx (since log b, log x < 0) 
ах (log(a^) > blogx 
a*bloga » blogx 
a* loga » logx 
log(a^ ) > log x 


x 
a^ > х. 


In particular, 


0O<a<b 50 хаа! <b 


а 
а 


О<а? <b so a^-a^" <b, etc. 
So the sequence Ролі is increasing and bounded by Р, so has a limit 1. Clearly 


[= lim bon+1 = lim bon+3 
п-»ОО п-» 00 


( lim кн) 
= qun хаг Эн = а“ 


(2) Since a? = b we have ад = а? = b. Since we also have a^ = | we must have 
| = b by part (e). 


(h) 
. lim Роны! 
lim 552,45 = lim q?int! = qno = а? — b. 
noo n— oo 


27. (a) Clearly {y,} is decreasing, and bounded below (by a lower bound for {x,,}). 


(b) (i) 0. 

(ii) 0. 

(ii) 1. 

(iv) 1. 

(c) a = im Zn, Where zn = inf{xn, Xn41, Xn+2, ...]. Since Zn < Yn for 


each n, it is clear that lim x, < lim, оо Xn. 
n> оо 


(d) Suppose first that lim x, = 1. If ғ > 0 there is some N with |x, — [| < є for 
n> ОО 


п> N. Soxn <l+€,xy41 «lc е, ..., 50 ум € ld e. Similarly zy > 1 — €. 


Since this is true for all > 0, we have lim x, =1 = lim xp. 
п co noo 
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Conversely, suppose that lim x, = lim x, = l. Then for any є > 0 there is 
n— co n— oo 
some N with / — = < zy < ум < l+ =. This implies that | — = < x, < l + e for 


every n > М. 


(е) Let? = lim x, = lim ys. If a < l, then a < y, for all n. Consequently, 
n> оо n> Оо 


a < xn for infinitely many xn, so a is not an almost upper bound for A. On the 
other hand, if a > l, then a > y, for all but finitely many n. Consequently, a > xn 
for all but finitely many л, so а is an almost upper bound. Thus, [ is the greatest 
lower bound of all almost upper bounds of A. 


28. (a) First choose ô > 0 so that | f(x) — f(y)| < 1 for rational x and у with 
|x—y| < ô. Since x, — x, there is some N so that |x, —x| < 6/2 for n > N. Hence 
Ix, —Xm| < ô for m,n > N. Ѕо | (хь) – f(xN41)| < 1 form > N. This shows that 
the sequence {f(xn)} is bounded. It follows that it has a convergent subsequence, 
say f(xn,), Р(хһ,), ... approaches the limit /. We claim finally that the original 
sequence | f (x4,)) approaches /. In fact, for any € > 0 we can choose К so large that 
| f (xn) — l| < €/2 for > К and also choose д so that | f(x) — f(y)| < ё/2 for 
rational x and y with |x — y| < ô. Finally, we choose М so large that |x — x,| < 6/2 
for n > М. Then for n > М we have, for any k > К with хи, > М, 
[хи — Х| < [Xn — x| + |х, x! 
« 6/2 + 6/2, 
SO 


If xa) — И S If Ga) — Рб) LF On) — E 
< 8/2 + 6/2. 


(b) Given another sequence (y,) with lim y, = x, consider the sequence х], Ул, 
п>о 

х2, У, .... This also approaches х, so the sequence f(x,), f(y), f(x2), / (уз), 

... has a limit, which must be the limit of the two sequences ( f(x,)} and {f(yn)}. 


(c) Given £ > 0 choose д > 0 so that for rational x and y with |x — y| < 8 we have 


(1) If (x) — fO) < €/3. 


If z and w are any two numbers in the interval with | — w| < ô, then by ће 
definition of f we can choose rational x and y so that 


(2) If (x) — РОЇ < =/3 
(3) ІРО) — f(w)| < =/3. 


Moreover, by choosing x sufficiently close to 2 and у sufficiently close to w, we can 
insure that |x — y| < ô, so that (1) holds. It follows that | f(z) — f(w)| < €. 


29. (a) Since a? = a” * - a* we just need that a? > 1 for rational z > 0, and this 
follows immediately from the elementary definitions. 
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(b) Problem 10 (с), (d) shows that for large enough n we have 


l-e<a "<q" alpe а> 1 


1/п 


1-=<а!" -а "1-6 а «1. 


So, by (a), for rational x with |x| < 1/n we have |a* — 1| < e. 
(с) For rational x, y in the closed interval [— М, М] we have 
la* — a| = |а) |: |а* 7 — 1| 
< max(a™, -а Ма” > 2211 
Since |a?" — 1| can Бе made < e by making |x — y| sufficiently small, f is 
uniformly continuous on [—M, M]. 
(d) If x, and y, are rational and x, — x and y, — y, then x, + y, — x + у, so 
f(x + у) = lim f(xn + уп) = lim f(xs) fn) 
noo noo 
= lim f(x,)lim ЛО) 
n> Оо n> ОО 
= f(x) f(y). 


If x < y then we can choose rational x, — x and y, — y with all x, « all ym, so 
f(x) = lim f(x.) < lim Луи) = fO). 
To prove strict inequality choose rational x’, у with x < x’ < y’ < y. Then 


ға) < f@) =f) < fo) = f) < fo». 


30. (a) (i) O. 

(ii) О and 1/n for each natural number п. 
(iii) —1 and 1. 

(iv) No limit points. 

(v) All real numbers. 


(b) If there are infinitely many points a of A satisfying |x — a| < e, then there is 
surely one such a with а 5 x. Conversely, if there were only finitely many such 
points а1,..., an and є > 0 15 the minimum of all those |x — aj| which are Æ 0, 
then there would be no points a in A satisfying |x — a| < є. 


(c) For any ғ > 0, the number lim А — is not an almost upper bound of A, so there 
are infinitely many numbers y in A with y > lim A + €. Moreover, there cannot 
be infinitely many such numbers y with y > lim A + e, for in this case no numbers 
between lim A and lim A +€ could be almost upper bounds of A, so lim А+ = would 
be a larger lower bound for the set of all almost upper bounds. This shows that there 
are infinitely many numbers y in A between lim A — € and lim A + =. Consequently, 
lim A is a limit point of A. If there were another limit point œ > lim A, then no 
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number less that œ could be an almost upper bound so œ would be а lower bound 
for the set of almost upper bounds, a contradiction. The proof for lim A is similar. 


(d) Choose distinct points ху, x2, x3, ... in A. The sequence {x,,} is bounded, since 
А is contained in [a,b]. So there is a convergent subsequence {х„,}. Let | = 
lim хи,. For any є > 0 there is some J such that || — x,,| < £ for all j > J. Since 
joo 

the хи, are distinct, this shows that there are infinitely many a in A with |] — a| < e. 
(e) Choose a sequence of intervals Л, Го, 13,... with Л = [а, Б], and each /;+ а 
half of J;, such that each J; contains infinitely many points of A. If x is the point 
in all J;, then x is a limit point of A. 


31. (a) Choose x, with Л (хи) > n. There is а subsequence Ху, which converges to 
a point x, which is in [a, b]. Thus for every є > 0 there are infinitely many xn, with 
|x — xn;| < £, and consequently f is unbounded on [x — €, x + =], contradicting the 
fact that f is continuous at x. 


(b) Given ғ > 0, suppose there is no 6 > 0 such that | f(x) — f (y)| < = for all x, у 
with |x — y| < 6. Then for each n there are points xn, y, such that |x, — y,| < 1/n 
but |f (xn) — f(yn)| > в. Choose subsequences Ху, and Ул, converging to points х, 
y in [a, b]. Then 
|х — y| = lim |х», — Ул, = 0, 

J> 

so x = y, but 
If (x) — РО) =a If nj) — f On;)l 
= 6, 


a contradiction. 


32. (a) Let #(n) be the number of j for which j/n is in [a, b]. To estimate #(n), 
let j/n be the smallest such fraction in [a, b] and k/n the largest. Then (j — 1)/n « 
а < j/n and k/n <b < (k+1)/n. 








J 2 k к 
n n n n 
е ttt tt 
O a b 
So 
k k+1 — 1 
Эн шша fe 
n n n n 


k—jxn(b—a)«k-—j-2. 
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Since #(n) = k — j + 1, we also have 
k—j < (п) < К-у +42, 
SO 
|t(n) — n(b — a)| < 2. 
Adding these inequalities for 1, ..., п we obtain 
Н(1) +... +#() —[14+---+n](b—a)| < 2n. 

Consequently, 

#(1) +... + #(n) 2n 

(ра) <. 
Since lim 2n/(1+---+n) = 0, this shows that 

п-» 


#(1)+---+#(n) 
[oe i 
Of course #(1) +...-+#(п) = N(1 + ---+ n;a, Б). For an arbitrary number т, let 
n be the largest number with 1 +---+n < т. Then 


т — (1+... + п) <n. 


approaches (b — а). 


Clearly, 
|N(m; a, b) — [#(1) ----44001| < т- (+... +п) <п. 
Consequently 
(1) N(m;a,b) (#10) +---+#()] 22 
т т т 
п 
Х-------» 0, an> co. 
1+---+n 
Moreover, 
S(l)d fm) #0) +... +#(т) 14+---+7. 
m 2144-4450 т 
since 


1+---+n hae ааа 

Тэрэ Са ОЛ т Чр 

it follows that [#(1) +. --+#(n)]/m can be made as close to [#(1) +- --+#(n)]/(+ 

... + n) as desired by choosing т (and hence n) sufficiently large. Since the latter 

expression can be made as close as desired to b—a by choosing m sufficiently large, 
it follows from (1) that „Лт N(m; а, b)/m = b — a. 


= 1, 


(5) Consider the special case where s(x) = с for x in [a, b] and s(x) = 0 for other 
x in [0, 1]. Then 
"T N(n; a, b 1 
lim 4907 05699 oun с AOA”) ьа) = | Р 
п 0 


n— ОО п п-» ОО 
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This holds, in particular, when a = b. A similar proof works when s(x) = c for x 
іп (a, b). Any step function s can be written s = sı + ---+ Sm where sj is one of 
these special kinds. Then 


І m pl m 
Y Y 5:091) + +++ + 51 (ап) 
5 = 5; = Нп0------------ 

| i=l | "EIS п 


: 5(а1) + --- + 5(аи) 
= lim —. 
noo n 


(c) Let = > 0. According to Problem 13-16, there is a step function s < f with 
Г, bif — s] < є. Thus for sufficiently large п, 


E [ "m [`+ < s(a) +. | Sa) tisla) j 4 teen fan) | 


Similarly, since there is a step function s > f with f Es — f] < &, we have 


b b 
-264 | p< LONE t S <2e+ | f 


for sufficiently large n. 


33. (a) If there were infinitely many such points a in [0, 1], then the set of all such 
points would have a limit point x in [0, 1]. For every 6 > 0 there would be some a 
with |a — x| < 5/2 and | lim f(y) — f(a)| > e. Consequently there would be a’ 
ya 
with |a’ — a| < 6/2 (and consequently |a’ — x| < 8) such that | f (a^) — f(a)| > e. 
But since lim f(x) = І for some l, there is some ô > 0 such that | f (y) — l| < €/2 
yx 
for |y — x| < ô. In particular, if |a — x| < ô and |a' — x| < ô, then | f (a) — f(a’)| < 
|f (a) — 1| + | f (a) — И < £, a contradiction. 
(b) By part (a), the set А, of points a where | lim f (y) — f(a)| > 1/n is finite. By 
ya 


Problem 21-5, the union A, Ч А U Аз Ц... is countable. This union is the same 
as the set of all points a at which f is discontinuous. 


СНАРТЕК 23 


1. (ii) Convergent, Бу Leibnitz’s Theorem. The series is not absolutely convergent, 
since 
СЕХ № а ОСЕ Е Т 2 (22520528 
3 5 7 2. 4 6 в 32 234 }]` 
(iv) Convergent, Бу Leibnitz's Theorem. (The function f(x) = (log x)/x is de- 
creasing for x > e, since f'(x) = (1 — logx)/x?.) The series is not absolutely 
convergent (see (viii)). 


(vi) Divergent, since 
1 1 


ret => | 


(viii) Divergent, since 


Г log x 5 (log N)? 
— Х e НЕБАРЫ. 
2 
1 


X 


— oo as N — oo, 


and f(x) = (log x)/x is decreasing for x > e (see (iv)). 


(x) Divergent, since 
1 1 


(log n)* ИГ” 
for sufficiently large п (Problem 18-12). 
(xii) (Absolutely) convergent, by (xi). 


(xiv) Divergent, since 


n 
for sufficiently large n. 


(xvi) Convergent, since 


Г ! 4 | + ! — N — oo 
————3á dx = — — + —— as 
2 x(log x)? logN 1082 log 2 





(хуш) Convergent, since 


fi (п + 1)!/(п + 1)"*! 204 1)п" 


n—->00 п!/п" поо (п + 1)"t! 


by Problem 18-16. 
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(хх) Divergent, since 


ЗА (и + 1)!/(n 4- 1 2 3(n+1)n" 
lim. ——————————— — = lim —————— 
n— ОО 3"5!/n" поо (n + 1)" 
3 3 
= lim 


by Problem 18-16. 


2. (a) According to Problem 22-13, 





so the series certainly diverges. 


(b) Since 
x nd prout p ep" 


um п" /a" n! — „0 a(n 4- 1)n" 
1 I 
= lim 21143) 2. 
п- оо а л а 
the series converges for а > е and diverges for а < е. By Problem 22-13, 
n" (n 2 (9 цал, п" 


епп! (n+1)+ епп! (п + 1)"+1 
1 ( п ) 1 1 
= —— | —— =-————————;> ——— 
n+1\n+1 IY 2е(п +1 
(n+ 1) ( + 3 ) 
п 
for sufficiently large n, so У^, n" /e"n! diverges. 


3. (a) The function f(y) = е? /y? is decreasing for у > 1, since 
ye — е’у? +1059) е? 

ro) = = = —(- log у). 
y у? 


Now the series > (e /n)" clearly converges, since (e/n)" < e?/n? for n > 2, so 
the integral also converges. 


(b) Since f(x) = (log x)~ 985 is clearly decreasing for x > 1, the series converges 
if Jo (log х) *8* dx exists. The substitution y = log x, dx = е? dy, changes this 
integral to 


which exists, by part (a). 
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(c) The substitution у = log x, dx = е? dy changes /?° (log х)” 98008: dx to 
оо су 
| yey © 
е? е? 


а ОУ (ОВУ). „у(1—(ову)*/у) 
yey — е(ову)? | 


Now 


Since lim (log y)?/y = 0 (Problem 18-12), it follows that e”/y'8» is close to е? 
y 00 


for large y, so the integral certainly diverges. 


4. Note that 
1 1 1 


п!+1/п поп 





and apply Theorem 2 to a, = 1/(n!*!/^) and b, = 1/n: We have 


1 
lim a,/b, = lim —— = 1 (Problem 22-10(e)). 
n—>00 n—oo ni/n 


ОО 
Since ` 1/n diverges the given series also diverges. 
n=1 


5. (b) Define {an} inductively as follows: 


a, = [10x], 
а, = [10"x — (10"^!a, +---+ 10a, 1)]. 


For each n we have 

0 x 10"x — (10° а 4 --- 4-102") — a, < 1, 
50 
(ж) 0 < 10"*!x — (10"a, + --- + 107a,_; + 10an) < 10, 
50 0 < аһу < 9 for each n. Moreover, from (ж) we have 


0 < x — (21107! + 2107? +... + 10-"а,) < 1077, 


ОО 
so x = ` ад107. 
n=l 
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(c) Let æ = 10*a, +---+ 10a, у + ay. Then 


оо a 7) a 
=n — 0 —À — ——— eee 
2 alo = 10571057 10% * 


22 oe IY, 
7108 10 10 нэ 





a 1 
т i 
~ 10 
Ш 9a 
71081 


(d) The number a, in part (b) satisfies 
10” 
= (00 1 +--+ + 10an—1 аһ) < 1. 
q 


Now 10" p/q can be written as k + r/q where К is an integer and 0 <r < q — 1. 
In this case а„—1 = [10r/q]. Since there are at most а different fractions r/q, there 
will have to be some т and n with т > n and адаг = [10r/q] = ааа. It is easy 
to see that we will then have a,42 = ат-2, etc. 


6. The proof of Leibnitz’s Theorem shows that if N is even then 


оо 
SN < У ("На < $N41, 
n=l 


so [5720 (-1)" На, — sy| < sN41 — 5м = ами < ам. (Strict inequality holds 
unless sy = 5м+1, Or ах-1 = 0.) The proof is similar if N is odd. 


7. Suppose r < 1. Choose s with r < s < 1. There is some N such that 1/ал < s 
for n > N. Then a, < s”, so 


со оо 
у аһ < У’ 87 
n=N n=N 


converges. If r > 1, and r > s > 1, then there is some N such that 4/ад > s for 
n > N. Thus a, > s” > 1, so Уа аһ does not converge. 


8. We have 


1 
ЕЕ, ——. 
kn +1—k b TA 
We can easily obtain estimates on the individual terms in this sum. In fact the 
minimum of J/x4/n + 1 — x [occurs at the minimum of x(n + 1 — x) which] occurs 


n ¢__1\k¢__1\n+1-k n 
ie 
k=1 


Chapter 23 361 


at x = (n+ 1)/2, so each 


1 1 2 
и: Завь ый ро a АШЫ ыш. 
МЕ 1-Е ` jn+1 [п +1 п-+ 1 

2 2 


There аге п such terms, so 


2 
а > 1 
n+1 


9. The sequence 1, —1, —1, 1, —1,... is Cesaro summable to 1/2. 


10. Say |na,| x M. We have 
LU UU CC puce. mace аа ар 


n 
n n 


SO 
n па (n — 1)а» аһ 


n+1 n+1 п +1 7041 























n (n — 1) 1 
{з= 1- eee on Е 
( т aja Ч i)e 


а +2a+---+na, 
n+1 

(the essentially irrelevant factor n/(n + 1) was simply used to get this rather than 
an expression with a + 2аз + · · · in the numerator). So 

n n 

М. 

n+1 0-1 
hence is bounded. Since {o,,} approaches а limit, |о„| is bounded. Hence |s,| is 
bounded. Since a, > 0, this means that У 7^ а, converges. 





Sn с 








11. (a) Choose т so that а], ..., an appear among В1,..., Dm. 


(b) This follows immediately from part (a), since У` , an is the last upper bound 
of all partial sums 5п. 

(c) The reverse inequality У)? , bn < У а, follows from part (b), since (ад) is 
also a rearrangement of {Би}. It follows that У 7- Б, exists and equals У) , ад. 
(d) Let {pn} and {qn} be the series formed of the positive and negative terms, re- 
spectively, of {an}, and let (рд | and (q,') be defined similarly for (b,). Then (Рд | 
is a rearrangement of {рп} and similarly for {qn}. So by part (c), >> р„ = Y Pn 
and > qn’ = У qn, the sums on the right existing because {ал } is absolutely conver- 
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gent. Therefore, (Р, | is absolutely convergent, and $e bn = > Pr} Q = 


> Pn – }; 4 = Ge 


12. (a) Let Бу = a,;. Then 
[bj | [Ву +--+ + [be] = lan; | + lanl + ++ + lang | 
< |an; | + [dn 1l F [апу+2! poo lan, |. 


Consequently, lim |b;| +... + || = O. 
j,k—oo 


ОО 
(b) If $` a, does not converge absolutely, then either 9 p, or У` qn diverges, 
n=1 
where 5 ' p, is the series of positive terms, and 5 ' q, is the series of negative terms. 
Choose the appropriate one as ) Dy. 


(c) The series а +a3+a5+--- and аз а. - ag +: -- both converge by part (a). The 


same is true of the series а 4-04- a3 43-0 4- as 4---- and О+а2 Р0+а4+0-+а +: · ·, 
whose sum is У үн. 


13. For every N, we have 








OO N 
Since ` a, = lim 7 a, the result follows. 
п=1 №00 n=] 


14. Choose ô > 0 so that | sin x| > 1/2 on (Ал + л/2 — 8, Ел + 71/2 +5). Then 








Кл +x /24-6 
sin x 
и 
х ~ krn +л/2 
kr +r /2—8 
Since the series 
Со 1 
22-06 
Гат Кл +л/2 


diverges, the same is true for the integral. 


15. Let f be the function whose graph is show below. 
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16. For the partition 


2 2 
P= 0, ———,...,—,1 
| (2n + 1)л л | 


we have 


£f, Р) ы ate a i КК. 
тэ TUE "T INN t MN НЫ i vr ——— — |, 
| л Зл (Qn+1)x m 3 2n+1 


and these sums are not bounded. 








rkt! 
k+1 | ra(a—I1)---@—k)/(kK+1)! о 


AE (а 10). (а 2+1) Г 
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Clearly 
a—k 
li E 
posean | 
SO 
“кн 
К-1 
lim ———————— = jr] 
К-» ОО a k 
j 
(b) 





a 2 
ІК, о(х)1 = (, i: Jesu га хаан 


< а хээ! 
71141 


(с) We have 0 < 1-+х < 1+# < 1. На-—1 > 0, then (1+7)%! < 1. Ifa—1 < 0, 
then (1 + 2)%"! < (1+ х)° 1. So (1 + 0*7! < М,во|Хх(41--0051 < М. 
Moreover, since —1 < x and t < 0, we have 


-» 0, by part (a). 








—t > xt, 


O>x-t>x4xt, 
xX =f : 

0 < — <1+ft, since x < 0 
x 


O<1-t/x<1+t, 
1—t/x 








0----- <], i 1-1»0. 
< i4}; = since 1415» 
Thus 
1 гү” 
В, 0(0)| = 1 1+ 0*7 
|R4,0(0)| = |(n + (,“ ‚= +1) (=) 
и — 1 
< |naM| - ( Je -» 0 by part (а). 
n 








19. (a) According to Problem 19-35(b), if m < а +---+ a, < M, then 
Бут < ayby +--+ фа, € bM. 


Since lim b, = 0, this shows that lim ayby +---+ a,b, = 0. 


k— oo k,n—oo 


(b) Let a, = (—1)"*!; the partial sums are bounded. So if bj > b2 > Рз > --- > 0 
and lim b, = 0, then) 77? ,(—1)" *! b, converges. 
n- ОО 
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(c) Choose b, = 1/n and a, = cosnx. The partial sums of (ад) are bounded 
because, by Problem 15-33, 











sin(n+1/2)x 1 sin(n + 1/2)x 1 

тын, а es 25 

а 2sinx/2 21| 2sinx/2 2 
1 1 


< ——— ф -, 
7 2| sinx/2| " 2 
(d) It clearly suffices to consider the case where (Р, | is nonincreasing. Then so 
is (b, — b), and lim b, — b = 0. Since $`? а, converges, the partial sums of 
noo 


{an} are surely bounded, so by Dirichlet's test So Anbn — anb converges. Since 
Ў anb also converges, this implies that 22 Anbn converges. 


20. Since 
ат = A2 > аз > Q4 > аѕ > ав > ат > AR > А 
we have 
a < а + а2 
2а4 < аз + а4 
4аз < as + ag + аз + ag, 
etc. 

So 


2N оо 


М 
Уу Уа Уа. 
n=l k 


-1 k=1 


21. (a) By Problem 2-21 we have 
|аһЬһ + ··· + аһЬм| < Мал” +... m? УБ, +... + Dm’. 


This shows that the Cauchy condition for (ан ) and {b,7} implies the Cauchy con- 
dition for {аби}. 


(b) Apply part (a) with b, = 1/n*. 
22. Choose n so that a, + --- + ат < € for m > n. Then 


(m — плат < an +... dT dm < е. 


Since lim m/(m + n) = 1 and 
m-oo 


ў (т NE n)an, 





m 
тат = 
т —п 


it follows that тат < 2e for sufficiently large т. 
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23. Let {an} be 


24. We can assume ак — 0, for otherwise we will not have ак/(1 + ак) — 0, so 
that divergence will be automatic. We might as well assume that ак < 1 for all К, 
so that 1 + ах > 2а. Then 


ak а? ay? ak 


К = P EI IA 


1--ад 1+ ак 2аџ 2" 








$0 








у; ак К=1 
< 
Су Так 2 


Thus, the partial sums on the left are unbounded. 
The converse hold trivially, since ак > ag/(1 + ax) (for ax > —1). 


25. (a) Since 0 5 1 = lim p, we have 
n> оо 


lim (1 +a) = lim — = 22 — 2-2]; 
n—> 00 n-00 Dn-1 lim Pn-1 | 
п>о 





consequently lim аһ = 0. Note, in particular, that 1 + an > 0 for sufficiently 
n 


large п. In the remaining parts we assume 1 + a, > 0 for all л, which 1$ really по 
restriction, since a finite number of terms do not affect the question of convergence. 


(b) We have 
n 
log Pn = >. log(1 + an). 
i-1 
If p, — 1 52 0, then 
n ОО 
log! = lim log p, = узай +а) = У`ю8 + а). 


• 


1=] 


Conversely, if 


ОО п 
8-2 108(1 +41) = lim > `108(1 +41) exists, 
i=l i=1 
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Шеп 


lim 2 , log(1+a; 
0ze- im. i=ı 8l +a ) 


= lim e 
n—- оо 


= lim е!98 Pn 
n> оо 


lim Pn. 
п>о 


PIA 


t=] 


log(1+q;) 


(c) We have 





a 
1 on < log(1 + ап) х аһ, 


367 


by looking at а lower and upper sum for log(1 + a,) = у= 1/х ах. Soif У`а, 
converges, then »`102(1 + ад) converges, and hence the product converges by 
part (b). Conversely, if the product converges, then 9108 (1-8 ад) converges, so 
У`а„/(1 + an) converges. It follows from Problem 24 that У a, also converges. 
Counterexamples without the hypothesis a, > 0 can be obtained as follows. Since 


x? x3 
log(1 = x — — + — —... 
2(1++х)=х 3 5 
we have 
li x—log(1 +x) 1 
0 x2 - 


so for sufficiently small x we have 


(ж) ix < x —log(1--x) < 3 х2. 


Now suppose that both У` а, апа У `102(1 + an) converge. Then by the Cauchy 


criterion we have 


m 
lim 25 а; — log(1 + aj) = О. 


m,n 


i=n+1 
It follows from (ж) that 
m 
„ы 2 =й 
i=n+1 


so that У `а„^ must converge also. Now 
ОО (-1 п 


2 y 





converges, 


but У 1/n diverges, so 





E ( + 2) diverges. 
2 Уп 


n= 
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[We can actually conclude from (ж) that if ` a, converges, then У `102(1 + an) 
converges if and only if Y a,” converges. Also, if Y an? converges, then Y^ log(1+ 
аһ) converges if and only if 9 a, converges.] 

We can also find an example where 97 a, diverges, but [ [(1 +an) converges. The 


simple first guess, a, = —1/n, doesn’t quite work since 
on 1 
Ие 
п=2 д 


doesn’t converge by our definition. In fact, if $^ a, is divergent with all a, < 0, 
then $` log(1 + an) is also divergent. In fact, writing (ж) as 


1х? — x € —log(1 + x) 


we see that 
оо оо оо 
X —log(1 + an) > —аһ+ 1 a? = оо. 
п=1 п=1 n=1 


Here is a simple genuine counterexample (compare the answer to Problem 23): 


2d ug е КЕ ee De te К 
lan} = 1, —5, 3, —4› 3) —4› 3, a 5) 6 8597-6959 бэ??? 
— ———- 


1 pair 3 pairs 5 pairs 


This clearly diverges, since 


1—1 — 1 
2 72 
1 1 1 1 1 1 3 1 
а Ag 
1 1 5 1 
то оо -1-6 =% 
But 
ОО 
| [a +a) 
n=1 
1 1 1 1 1 
25(1:51):11:5225 ум 01 a Pali a ee == 
a«»- (1-5) (1+3) 073) (145) (15) 
201 1 4 3 6 5 
i 2 3 4 5 6 


2 z) п 2—1] zr (k — D(k4- 1) 
Т == = — = —————————— 
 @2@-)2F) 8-1)3-1) (-Donctl 


2-2 3.3 п.п 


Chapter 23 369 


Each factor (k + 1), except for (п + 1), cancels a k + 1 in the denominator of the 
next fraction, and each factor (k — 1), except for (2 — 1), cancels a k — 1 in the 
denominator of the previous fraction, so the product is just 

1 n+l 

2 n 





which approaches 1/2. 
(b) Note that 
(1+х?)(1+х*)=1-+х?+х°* 4 xe 
(1+ x2)(1 + x1 + x8) = (1 + x? + xf + x8) + x8) 
= (1- x? Hrt x6 4 x8 Hr xp y 

and in general 

Па +x”) = 1 Hx А. y 

k=1 
so the infinite product is 


1 
1 2 4 6.6. Е o —. 
+x +x + T 


27. (a) If 1/(n+ 1) < p/q < 1/n, then пр < q and 
p 1 рї-р-4 


4 п-1  q(n4l) 


The numerator pn + p —qis < q + p —q = p. Of course, the numerator may be 


even smaller when the fraction is expressed in lowest terms. Notice, moreover, that 
р 1 1 1 1 
<-- = —, 
q n+l n n+l п+1 


so that p/q — 1/(n + 1) must be a fraction with denominator > n + 1. 











(b) Part (a) proves the result for x < 1. For x > 1, since У 1/k diverges there is 
some n > 1 with 








Кш a е И ae nd 1 
- — eee — X — — ... - : 
1 2 n  --u'2 n n+l 
If either inequality is an equality we are done. Otherwise 
1 1 1 
O<x—-—{1+=+-:-+-]< 
2 п n+1 


It follows from part (a) that x —(1+1/2+---+1/n) can be written as a finite sum 
of distinct numbers of the form 1/k with k > n, which gives the desired expression 
for x. 
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1. (1) f(x) = lim. fn(x) = 0. The sequence {fn} converges uniformly to f (in 
n 

fact, is eventually 0) on [a, b], but does not converge uniformly to f on R. 

(iv) 


1, =0 
f(x) = lim e"* = | х 
п-500 0, x£0. 


(fn) does not converge uniformly to f. 


2. (i) f(x) = lim f,(x) 20,since lim x" = 0 for 0 < x < 1 and x" = x? for 
n- oo n-oo 
x = 1. The maximum of ў, (х) — f (x) occurs when 


nx"! — Inx?"-! =0 


xml 472: 
the maximum is 1/2 — 1/4 = 1/4. So convergence is not uniform. 
(ii) We have 


nx 
Еа 
f(x) Ши 
Since um 
ЛОО nix 


is close to x — n for large x, convergence is not uniform. 
(iii) f(x) = lim f,(x) =x. We could write f (x) — f,(x) = х- Ух? + 1/п? asa 
n> oo 


fraction (as in the hint), by multiplying and dividing by x + Ух? + 1/n?. Actually, 
it's easier to apply the Mean Value Theorem: 


1 
f(x) — fix) = Vx? — хос 


1 
2232 
for some 5 with 


1 
Хо Оо 
п 


hence x < \/Ё, or 


1/х > 1/,/Ё. 
50 
11 
Хо) — fae) < => 2x 
1 
2n?a 
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So convergence is uniform. 
(iv) f(x) = |x|. As in (iii) we have 


|f (x) — ЛО < 2 on (—оо, a] and [a, оо). 
2п?а 
On [—a, а] we have 


1 
If) — fal < a+ уа? + > 


< 3a for n large. 
So by first taking a small, and then n sufficiently large, we can make | f (x) — fa(x)| 
as small as desired on all of R. 
(v) f(x) =0 and 


1 
F(x) - fale) = Мх — xt — 
1 


= х <& <х+- 
2n /E n 
1 


2nx 
1 
Энд! 
So convergence is uniform. 
(vi) Convergence is still uniform, arguing as in (iv). 


(vii) We have 


(ж) пое) =n t. ЕТЕ 


50 





: 1 
(х) = um Љ(х) = 58 


Moreover, оп [а, со) we have 


1 | 1 
на m 
1 1 
(24x 2% 
MEN. 
2x УЕ 


AE o, 
2a 


1 
ачх-ё«х-4- 
n 


by (*). 
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So convergence is uniform. 


(viii) For x = 0 we have 


ЛОО) = "n = Jn, 


so lim / (х) does not exist. (Convergence cannot even be uniform on (0, оо), for 
n- 2000 


each f, is bounded, so certainly not close to f(x) = 1/24/x near 0.) 


3. (ii) log(—a) E Е ie а a | 
(їу) (С Чэ ж 


4. (ii) 1/(1 + x°). 


5. (1) 5шсе 


the sum is с0$(2л) = 1. 


(ii) Since 





we have 





n=0 
so the sum is (e + e !)/2. 
(iii) Since 
ОО m ntlyn 
log(1 +x) =) үш. AULA 
п=1 n 
ОО п 
log1 -x) = - У), 
=] n 
we have 
ОО ent 


“2841 ол Sloga + x) — log(1 — x)], 
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so the sum is 





(iv) If 
f(x) = Ў nx" 
n=0 
then 
f(x) ЭН У ner = 22 
x n=1 n=1 
Е ( x V Ш 1 
7 =) (1-х)? 
50 
х 
f(x) = ü xy 
so the sum is 
0/2 _ 
(1-1/2)? © 
(v) If 
оо x" 
/(х) = 2, zi 
then 
oo n+l 
xf(x) — TERT EE — log(1 — x) 
n=0 
SO 
2 log(1 — x) 
f(x) = Lco 
so the sum is 
ES = —3102(2 /3). 


(vi) If 


! 
"о п. 
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50 
f(x) = 2xe* + e*, 


so the sum is 
2. L. ее — 2, 
2 


7. (а) 
(1-3) f'G) = (0 4- x) (8) 
2 E (9) ee D(t e 
= Defi) = af (x). 
(b) 


oy 9+0" 769 - Лођа + х) 
Ne (14 x) = 


so g is a constant c. Thus f(x) = с(1 + х)“. Since / (0) = 1, we have с = 1. 


by part (a), 


8. The maximum and minimum of 


g(x) 


Е х 
— n(1+nx?) 
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occur when 
0=и(1 + nx?) — 2n?x? 
x=+1//n 
so the maximum and minimum have absolute value 
1 
2н3 122 
Since 


ye 
3 
n=1 т? 
converges, by the Integral Test, we can apply the Weierstrass M-test. 


9, (a) For x > a we have 








Зах 








hence 











ОО 
Since >> (2)" converges, we can apply the Weierstrass M-test. 
n=1 


(b) For x = 2/(13") the terms 


. 1 | 1 1 
sin зү? sin 3N+1,’ sin 3N32,' 
are 
. Л ve ced 
sin —, sn, sin —, 
2 6 18 
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all > 0 with зшл/2 = 1. So 


= 1 2 
У `2" зіп — > 2, when x = — у. 
—N 3" x лЗ 


So У^? y cannot be made arbitrarily small on (0, oo) simply by choosing N suffi- 
ciently large, i.e., the sum does not converge uniformly. 


10. (a) The maximum of x/(1 + пх?) on (0, oo) occurs at x = 1/п2, and the 
function decreases to 0 after that. So if a > 0, then for all but a finite number of п 


we have 


nx Е па Р 1 | ) 
—— < ——— < -ш- on fa, оо). 
1+ntx? T 1+n‘ta2 T ma | 


Since У`1/п? converges we can apply the Weierstrass M-test. 
(b) For f(x) = Y? опх/(1 + ntx?) we have 
1 
1 "у 
f (x) > Y: —— since all terms are positive. 
n>J/N 1+ n 


Moreover, for n > Уу М we have 





1 
4 
ma =! 
50 i 
4 4 
l+n 7 < 21 NIC 
SO 
1 
1 Шү: N 1 
:(5)г ГЕ 
п>/М 21-95 n>J/N 


If M is the smallest integer > им ‚ then 


1 ze d 1 
У 52052] = 
n>/N n=M ” Me 
SO 
> I N 1 ] N 
pn T 2 2M? 4M?’ 


rather than 1/4 as stated. But this is hardly significant: obviously N/M? > 1/2 for 
large enough N, so we always have /(1/М) > 1/8 for large enough N. Conse- 
quently, the series cannot converge uniformly to 0 on [0, оо). 
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(c) This series is much easier. The maximum and minimum of nx/(1 + n?x?) 
occur at п = +n~*/?, and the maximum absolute value is 577572, Since 3^ n 3/2 
converges, the series converges uniformly on all of R. 


11. (a) Problem 15-33(c) shows that for x in [e, 2л — €] we have 














1 1 
|sinx +---+sinnx| < ra es = 
кал] sin | 
Problem 19-35(b) then shows that 
Y sin kx 1 
тас e e wm 
i=k k k sin >. 


for x in [e, 2z — Е]. So we just need the following result: 


ОО 

Suppose that $` /,(х) satisfies a “uniform Cauchy condition" on an interval (4, Б], 
n=0 

1.е., for every є > 0 there is some N such that 


(ж) | fn) +++ fin(x)| < 
оо 

for all n, т > N and all x in [a,b]. Then У` у, (х) converges uniformly to some 
-0 

f on [a, b] " 


оо 
Proof: Certainly Y. ў, (х) converges to some f(x) Юг each х in [a, b] since (ж) 
n=0 


ОО 
shows that for each x the sum Y f, (x) satisfies the Cauchy criterion. Now given 


n=0 
€ > 0, choose М so that (ж) holds for ¢/2 and all x in [a, b]. Then for n > N we 


have 
У AG) 


k=n+1 


= <= 


Ро) – У Лб) 


k=0 














ОО 
for all x in [a, b], which shows that $` f(x) converges uniformly to f on [a, b]. 
К--0 


(b) The terms 
sin (к) k — N,...,2N 
N 

can be written as 

i (IN +=.) j ( +E) k=0,...,N 

sin —)=sin(z — EUN 

N N 

and hence are the negatives of the positive terms 


dup 0-2 
N 
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Now for x =л/М we have 





sin (77 s sin ( ) 
N 1222 е 
2 
Y: sinkx — BRE Му ылу by Problem 15-33. 
k=0 


For М large this is 














1 1-1 N 
> —.— шш --, 
2 A л 
2N 
So for x = 2/N and М large we have 
- sin kx sin kx 
k=N k k=N k 
| 2N 
> — — sin kx 
2N [өү 
1 A 
» 2М gm 
] N ] 


» = —. 
2М л 2л 

This shows that we cannot have a uniform Cauchy condition for the series on [0, 2л], 

50 it cannot converge uniformly. 


12. (а) a, = f™(0)/n! = 0. 


(b) ао = f(0) = lim f(x,) = О, since f is continuous at О. Thus 
n> ОО 


оо оо ОО 
f(x) = 2- at" = «(Y а!) = (Y асна”) = xg(x). 
n=1 n=1 n=0 
Now g(x,) = О (for all x, = 0), so by the result just proved, ат = 0. Thus 
оо 
Р(х) = х? У алох", 
п=0 
SO a? = О, etc. 
(c) Apply part (b) to f — g. 


13. If f is even, then f™ is odd for n odd, so a, = f™(0)/n! = 0 for n odd. If 
f is odd, then f (^) is odd for n even, so a, = 0 for n even. 


14. The power series for f(x) = log(1 — x) is 357 )(—1)"anx", where Xpo anx" 
is the power series for h(x) = log(1 + x). Since ) 77 a,x" converges only for 
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—] < x < 1, the power series $7- 4(—1)"a&x" converges only for —1 < x < 1. 
Since g(x) = f(x) — A(x), its power series converges only for —1 « x < 1. 


15. (a) Clearly a,_; < an. Hence 











Qn+1 < 2an < 2. 
аһ а, 
(b) 
n 
lan 41x | < 2|х| ET for ixl E 1/2. 
|аһх"—1| 
(с) We have 
ОО 
f(x) = a =1+x4+2x743x74+---, 
n=1 
ОО 
xf (x) = У anx" = х + x^ 0X9 екы 
n=1 
ОО 
x f(x) = У ах" = 2+ ж+..., 
n=l 
SO 


f(x) = 14+ xf (x) = x* f(x). 


(d) Геге = (—1 — V5)/2 and B = (—1 + V5)/2. Then 


гс at ак 
TOO = eel BON (= 
х | ——— x — | —— 
2 2 
_ МУ$ 1/45 





|» х-а х-В 
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(e) Consequently, 
































16. If we have a 
f(x)g(x) = У ` сах", 
n=0 


1 
Сп = —(f +8) (0) 
п. 


1 п 
M (;) FOO) . g^ (0) 


k=0 


n 


1 п! 
у‘ FUO. 50-9 
5312-86-61) Ое 70) 


vf MO) g(—O (0) 
E k! — (n—k)! 








k=0 


n 
= > akbn-k. 
k=0 
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17. (а) We have 








п-1 п-1 
k -4 
[bs xo^ | = › Бүад-кХо | < у | Бсхо” д-кХо" 
К--0 К--0 


n—1 
<м У lbs |. 
К--0 
(b) By induction оп п. It is clear for п = 0. Suppose true for all numbers < п. 


Then by part (a) 


п-1 
buxo" | < M У M” 
k=0 


Since M > 42 we have М? > 2, so M? — 1 > 1, so 
lbnx0"| < M(M™"~? — 1) 








< M? 
« M^. 
(c) We have 
n 
Ib." = К. 
|xo|" 
Па? 
х : 
|хо| 
so if 
|х| 1 
Ра 
Ixo]  2М? 
we have i 
|b, x" | х 2п” 
so Y^ |b,x"| converges. 
18. On [—a, a] the series 
2 3 


х х 
И ее о жи ы 
02(1 — x) RC LEE EE 
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converges uniformly and absolutely, so the same is true of the series 


оо 2n+1 со 2n+2 


24 2п +1 L 2л +2 








consisting of the odd powers, and even powers, respectively. Hence the same 1$ true 
of 


Y ntl 
= 2п +2 


which is just the value of the second series at ./x. It is easy to check that because 
convergence is uniform and absolute, we can rearrange the series 


ОО yn yn! 


27-1 2-2" 





n=0 
The odd powers can be paired as 


yt x (2n)+1 x^ | ;) 





2441 20)-2 21-11 2 
| хан 
72 2п0+1' 
while the even powers appear once as 
п | x2 








E 20 4), 
от № 


thus giving altogether 1/2 the sum of the terms in the series for log(1 + x). But for 
x = 1 we have 


Y 1 ЕЕ 1,1] ] 
^— 1+1 2+2 1 2 3 4 5 6 


= 1082. 








19. If O < x < 1, then > x? > x? >... > 0. Consequently Abel’s Lemma 
shows that |amx” + ---+a,x"| < £ if las +---+a,| < в. The latter condition is 
true for sufficiently large m and n. Consequently, |атх” + a&41x"*! +- | < € 
for sufficiently large т and all x in (0, 1]. This means that for all x in [0, 1], 


оо 
уда" (ау) > 


п=0 


for sufficiently large т. This is precisely the assertion that ? ^^^ ах” converges 
uniformly in (0, 1]. 
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20. Let a, = (—1)”. For 0 < х < 1, we have 








= 1 

Ў аах" = 1-х х +: = 

= 1--х 
SO 

Оо 1 1 
li "= | =-, 
-D eee 
21. (a) (i) By Problem 4(11) we have 
2 yo x4 


+) юв +2) -к-2-1-2215 Е for |x| < 1. 


Now the series оп the right does converge for х = 1, so by Problem 19, 
1 1 1 





узш иг Sees Оо ОО. 

2.1 3.2 4.3 is 
(ii) If 

Az та Et 

харгы хай 
then for |x| < 1 we have 
по) Те 42° = e by Problem 4(ii) 
1+ x? 
1 


^ (x1 0G -x41) 

1/3 —x/3+2/3 

| x41 х2-х-1” 

— 13 1» 2-1 1 





50 
f(x) = : log(x + 1) — : log(x? — x + 1) 
RE 33 агсїап ий + 33 агсїап 2 
16 \/3/4 16 /3/4 
= ; log: +1) – : log(x* — x +1) 
ЭГ 3v3 arctan шавыг + Wir 
16 \/3/4 16 6 
Consequently, 
АЕ 


384 Chapter 24 
(b) Let 
Ро) =) ax |х|<1 
п=0 


оо 
g(x) = У bx" |х| <1. 
-0 


Then, as оп page 505 of the text, 


оо оо оо 
> cnx” = (а) (X) Ix| « 1. 
n=0 n=0 n=0 

It follows from Problem 19 that 


| 
Y 
x 


22. (a) Choose N so that if n > М, then | f(x) — f4(x)| < 1 for all x in [a,b]. 
Since fy is bounded, there is some M such that | fy(x)| < M for all x in [а,Ь]. 
Then |f(x) < lfr@)|+1< М+1. 


(b) Let /,(х) = nx for 0 < x < 1/4n, and f(x) = 1/x for 1/./n < x < 1. Then 
lim f4(0) = 0 and lim. fn(x) = l/xforO «x <1. 
n> oo п-» 


\ 





23. Let №. (х) = [f(x + 1/n) — Л) ИЦ /”п). 


24. Let {an} be the sequence 
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Let f,(x) =O if x aj,...,a,, and let falaj) = 1 forl<j <n. 


25. (a) Given є > 0 choose f, so that 


(*) KG) — FOI « зург) for x in [a, b]. 
Also choose a partition P of [a, b] such that 

0) U(fs, P) — Ц, P) < É. 

It follows from (ж) that 

(2) IU (fs, P) — Uf, Р) < 7. 

(3) IL(fs, P) - МУ, РУ < 3. 


From (1), (2) and (3) we obtain 
IO(f, P) — L(f, Р)| < е. 


(b) The hypotheses of Theorem 3 say that { f;) converges uniformly to g, and the 
proof shows that я = f’. Thus, {f/} converges uniformly to f’. Now since 


f(x) = уба) + | f'G) dx 


Е | f) dx 
we have 


ОО | <) — Голая 





X 
E 
+ | 2(5--а) ах Гог large enough п 


(c) Since we аге still assuming that ff converges uniformly to g we have for any x 


in [a, b] 
x x 
| g = lim f 
x 0 


= tim [fn(x) - fn(xo)]. 


Since | = lim /, (хо) exists, it follows that 
n> оо 


f(x) = im fn (x) exists 
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and 
x 
| 5 = р(х) – 1, 
Хо 
so f’ = р. Notice that this proof works even if [a, b] is replaced by an infinite 
interval. 
(d) If 
Sn(x) = ( | 
p * TJ 


and {з}, i.e., the series 





converges uniformly on [0, оо) by the Weierstrass M-test. So by part (c), {sn} 
converges uniformly on [0, оо), i.e., the series 


converges uniformly on |0, оо). 


1 1 
lim | Jn -| Í, 
n> оо 0 0 


1 
lim fn = 0. 


n--oo 1—1/n 


First of all, choose д > Osothat | f(x) — f(1)| < 1 on[1—6, 1]. Then for sufficiently 
large n we also have | f, (x) — f(1)| < 2 on [1 — ô, 1]. Then | fn(x)| < f(1) +2 on 
[1 — ô, 1], so for 1 — ô < xo < 1 we have 


1 
| fn (x) dx 


26. Since we have 


we just have to show that 





1 
< | |ҺО)|ах 





1 

5 | 1/500| dx 
1—6 

<5. (1) +2). 


So we just have to choose 6 so that this product is < є, and then п so large that 
1-6 <1- I/n. 
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This 15 not true if convergence is not uniform. If {и} is the sequence of functions 
in Figure 4 on page 492 of the text, then 


8п(х) = fn(1— x) 


give a counterexample. 


27. (a) If convergence is not uniform, then for some = > 0 there are arbitrarily large 
n with fa(x) > 6 for some x on [a,b]. So we can choose distinct x1, x2, x3,... 
and n, < n < пз <... with 

fn (xk) 2» E. 


Some subsequence of the {хк} converges to a point x in [a, b]; simply by throwing 
away terms from the original sequence and renumbering we can assume that the 
original sequence xy — x. Now 7 (Х) — f(x) = 0 so there is some n such that 
fn(x) < =. Since f, is continuous we have /,(у) < = for all y close enough to x. 
Hence, in particular, 


Јһ (хк) < € 
for large enough К. But if К is also large enough so that лк > n then 
fn, (Xk) < fn(Xk) < е, 
a contradiction. 
(b) Apply part (a) to the functions { f, — f}. 


(c) The functions in Figure 1 on page 491 of the text give a counterexample on (0, 1] 
when f isn’t continuous. They also give a counterexample on the open interval 
(0, 1), with f = 0. 


28. (a) Since x, — x and f is continuous, for any є > 0 for large enough п we 
have 


(1) |f (x) — fn(x)] < €/2. 
Moreover, for large enough п we have 

IFO) — ЉО) < €/2 
for all y on (a, b], and in particular 
(2) |f xn) — fn(xn)] < €/2. 
Adding (1) and (2) we obtain 

|f (x) — (хл)! < =. 


(b) No, in fact, just choose all ў, to be some function f which is not continuous 
at x, and choose x, — x such that f(x,) — f(x) is false. 
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(с) Choose x, as in the hint, so that 


(ж) | (Ха) — f Qxn)] > 5. 


By the Bolzano-Weierstrass theorem some subsequence of ће {х„} converges. By 
throwing away terms of the sequence and renumbering, assume that x, — x. Then 
by assumption f,(x,) — f(x), so (ж) gives 


2 lim |а) — fn)! = |/(х) — ЛО = 0. 


29. (a) Suppose {ио,..., ит} contains (19, ..., ta}. For each i we have 
Ц = Ug < Ua+ı <... < Ug = fii 
for some ug, ...,ug. Then f has the constant value s; on each (ug4.j—1, Uæ+j). 
n m 
Thus the sum 2. Si(ti — tj 1) is the sum 2- s;(uj — uj—1) where 5) is the con- 
stant value of f on (и;—1, uj). To deal with the general case, consider a partition 
containing both (uo, ..., Uum} and {ю,..., tn}. 


(b) Choose N so that for n > М we have | f (x) — 5, (х)| < €/2 for all x in [а,Ь]. 


(c) From |s,(x) — 5т(х)| < = it follows easily that 
b b 
| Sn — | Sm 

a a 


(d) Choose N so that for п > N we have both | f(x) — 5, (х)| < €/2 and |f (x) — 
Sm(x)| < €/2 for all x in [a, b]. 


< &(b — a). 








(e) For any = > 0, choose М so that if n > N, then 














b b 
| = 
lim J Sn -| Snl <r, 
noo Ja P 3 
4 2 = 
lim | th -| tn < =. 
n> Ja 4 3 
Is.) — t GO] < и for all x in [a, b]. 


The last equation implies that 





b b 
a a 


b b 
lim | S, — lim | th 
n-» oo a n> Оо a 





E 
< -. 
3 


It follows that <E. 
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(Г) Let 


А = {у: а < у < Б апа there is a step function s 
оп [а, у] such that | f(x) — 5(х)| < = for all x in [a, у] }. 


Let a = sup А. Since f is continuous at о, there is ад > 0 such that | f(x) — 
f(a)| < = for |x —a| < 6. There is some y in A with a —ó < у < о. Thus there is 
a step function s defined on [a, y] with | f(x) — s(x)| < = for all x in [a, y]. Define 
51(х) = s(x) for x in [a, y] and 51(х) = /(а) for y < x < а. Then sj is a step 
function defined on [a, и] with | f(x) — 51(х)| < = for all x in [a, a]. This shows 
that œ is in A. Similarly, if æ < b, then pick ё as before, and let s be a step function 
defined on [a, æ] with | f(x) — s(x)| < = for x in [a, о]. If s1(x) is defined as s(x) 
for x in [a, a] and as f (œ) fora < x < a + 0/2, then | f(x) — s1(x)| < = for x in 
[a,x + 8/2]. So a 4- 8/2 is in A, contradicting the definition of œ. So a = b, which 
completes the proof. 

[The class of regulated functions can be determined more explicitly, as follows. 


A step function 5 has the property that lim s(x) and lim s(x) exist for all a. It is 
xat х-»аг 


not hard to show that a uniform limit of step functions must have the same property 
(the proof is a simple modification of the proof of Theorem 2). The converse is also 
true—if f has right and left hand limits at every point, then f is regulated. Notice 
that the class of regulated functions is smaller than the class of integrable functions. 
For example, if f(0) = 0 and f(x) = sin1/x for 0 < x < 1, then f is integrable 
on [0, 1] (by Problem 13-19, for example), but is not regulated.] 


30. The function f, is shown below. The length of each fn is 2, since two sides of 
an equilateral triangle have a total length of twice the other side. 





СНАРТЕК 25 


1. (ii) 13-40 11 = 1/13 + 4i| = 1/5; Ө = —argument of 3 + 4i = — arctan 4/3. 
(iv) (V3 F 4i | = 7/|3 + 4i| = А/5:0 = (arctan 4/3) /7. 


2. (1) (х2)2 + x? + 1 = 0, so 


ХЕ 
2 
| —1+ Wi -1- 45i 


2 i 2 


Er uuu eT i ust 
= cos — + i sin — or cos— + isin —. 
3 3 3 3 
So x is one of the square roots of these numbers, so x is one of 


as СЫЙ ! 
- 1 ==: ушшш ШШ 
3 3 2 


UR . 4л 
cos — + isin — = — 
3 3 


бы а . 2л 
— і $1 — = — 
3 3 


ай бын as | j 
— ІП — =- — —l. 
зао 
(iv) 
7 4 
донна, 
3 3 
1 
а 


3. (ii) All z with |z| = 1. 


(iv) The ellipse consisting of all points the sum of whose distances from a and b is 
c, if c > |а — b|; the line segment between а and b if |а — b| = c; Ø if |a — b| > c. 


6. For one value of 4 —i the point z4/ —i is obtained by rotating z by an angle of 
—л /2, so the diagonal goes into the real axis under multiplication by 4 —i. Simi- 
larly, for one value of Ji, multiplication by Vi is rotation by 2/2. So Vi - zv —i 
is obtained by rotating the plane until the diagonal lies along the real axis, then re- 
flecting through the real axis, and then rotating back by the same amount. Hence 


390 
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z and SiN z« —i are reflections of each other through the diagonal; we obtain the 
negative of this answer for the other choices of У —i and Vi. 


7. (a) Since ao, ..., аһ are real, we have 
0 = (a + bi)” + ania + bi)- +--+ + ao 
= (ac bi) +a,1(a+bi)” ++ 
= (a — bi)" + a, (a — bi)” +... + ag. 
(b) Since a + bi and a — bi are roots, z” + аи1=" 1+... + ар is divisible by 
z — (a + bi) and z — (a — bi), and by their product 
[z — (a + bi)] - [z — (a — bi)] = z? — 2az + (а? +5) 


8. (a) Suppose that a+ b/c = а + b'A/c. If b = b', then also a =a’. If b 55, 
then we would have ~c = (a — a’)/(b — b’), contradicting the fact that Ac is 
irrational (Problem 2-17). 


(b) The proofs are almost exactly the same as parts (1)-(6) of Theorem 1. 
(c) Since ao, ..., аһ are integers, we have 
0 = (a + b/c)” + asi (a + be)" + +--+ 
= (a bye) + (atose) +: +a. 


9. The 4" roots of i are 
с080 + i 51п Ө 


for 


We have 


using Problem 15-15(b) we then have 


„Z |14м2/2. ү2-42 
8-6 2 B 2 
om [2/3 422 
n — = ——— E —— 

тетү 2 2 


we 
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SO 


10. (a) Ко" = 1, then (w*)" = @"Ё = (w")* = 1. 


(b) There are two primitive 3 roots and 4 primitive 5% roots (in each case, all roots 
except 1); there are two primitive 4th roots (i and —i) and six primitive 9" roots 
(if о is the root with smallest argument, then 1, w°, and o are not primitive). [In 
general, the number of primitive n™ roots is the number of numbers from 1 ton — 1 
that have no factor in common with п.] 


(c) By Problem 2-5, 


1 
1-0-----40771- -0 





11. (a) The assertion is clear if the line is the real axis, because in that case the 
imaginary parts of z;,..., к are either all positive or all negative, so the same is 
true for the sum. In general, let 9 be the angle between the line and the real axis, 
and let w = cos0 + i sin0. Then z;w7!,..., ги! all lie on one side of the real 
axis, so the same is true of z}w7!+---+zgw ! = (zi +---+z,%)w~', which shows 
that zı + --- + zy lies on the corresponding side of the original line. 


(b) z^! is above the real axis if and only if z is below the real axis, and conversely. 
This proves the assertion when the line is the real axis. The general case then follows 
as in part (a). 


12. The hypotheses remain true when each z; is multiplied by the same w. So we 
can assume that z, is real, in fact, that zı = 1. It follows that z2 + z3 15 real, so 
z2 =a + bi, z3 =a — bi. Moreover, 2a + 1 = 0, so а = —1/2; since a? + b? = 1, 
we have b = 4/3/2. The points 1, —1/2 + i4/3/2, and —1/2 — i/3/2 do lie on the 
vertices of an equilateral triangle. 


СНАРТЕК 26 
1. (a) If |x — xo] < ô, then | (х) — a(xo)| < 8. Similarly, if |y — yo| < 6, then 
IBO) — 800) < ô. 
(b g= foo; h= Гор. 
2. (а) g is a continuous real-valued function on [0, 1] with g(0) = f(z) and g(1) = 
f (ш). So в takes on all values between f(z) and f(w) on (0, 1]. 
(b) Let f(x +iy) = х +i(y + x?), on [0, 1] x [-1, 0]. 





3. (a) There is, by the Fundamental Theorem of Algebra, some number z, such 
that zı” + 4дл-121777-------40-20. Then 


z” + aj az" +... + ao = (z — zi bs oz" ? + +++ + bo) 


for some numbers bo, ..., bn—2 (as in Problem 3-7). Using an inductive argument, 
we can assume that 


n 
Но" ? bo = | [G- zi) 
i=2 


for some numbers 22,..., Zn. 

(b) According to Problem 25-7, the non-real numbers zi, . .. , Zn from part (a) occur 
in paris which are conjugates of each other, and (z — z;)(z — z;) has real coefficients. 
4. (a) is obvious. 

(b) If f = 5^; hi? and g = У? kj, then 


/в = У Уһ). 


i=1 ј=1 


(с) If f(a) = 0, then f(x) = (x — a) ћ (х) for some polynomial function fı. Then 
fi(x) > O for > a, and fi(x) < 0 for x < a. So fi(a) = 0. Thus every root of 
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К 
f is a double root, so f(x) = J] (x — a;)*g(x) where g(x) > 0 for all x. Since g 
i=1 
has no roots, Problem 3 shows that g is a product of quadratic factors х? + ax + b 


without roots. Thus a? — 4b < О, so we can write 
2 2 
х?+ах+Ь= («4 2) + (У?—а/4) : 


which is a sum of squares. So f is a product of sums of squares, so f is a sum of 
squares. 


5. (a) Follow the procedure given in the hint, to obtain a decreasing sequence of 
rectangles [a;, bi] х [ci, dj], each containing infinitely many points of A. By the 
Nested Intervals Theorem (Problem 8-14), there is a point x in all [aj, bj] and a 
point y in all [c;, dj]. Then z = (x, у) = x + iy is in all [a;, bj] x [ci, di]. If € > 0, 
then for some i the set [a;, bj] х [ci, dj] is contained in (a : |z — a| < £}, so there 
are infinitely many points of A in (a : |2 — a| < $}. 

(b) If f were not bounded on [a,b] x [c,d], then there would be points a, in 
Га, b] x [c, d] with | f(a,)| > N. If z is a limit point of (ад: n in М}, then for every 
€ > 0 there are points a, with |a, — z| < в, so f(a,) > N. This contradicts the 
fact that f is continuous at z. 


(c) Let æ = sup( f(z) : z in [а,Ь] x [c, d]}; this exists by part (b). If o Æ f(z) for 
all z in [a, b] x [c, d], then g(z) = 1/(f(z) — о) would be a continuous unbounded 
function on [a, b] x [c, d]. 


6. (a) If c = o + Bi, then z =a + bi satisfies z? = c if and only if 
а? – b? =a, 
2аЬ = В, 
which can be solved to give 


a = y2a 42v а? + В? a = —V 2a + 2Va? + В? 


В ог - —B 


2y 2a + 2V o? + В? 2V 20 + 2V o? + В? 


(b) If = 2k, then a solution of z* — Jc = 0 will be a solution of 22" — c = 0. 
(If k is even, we can continue until we reach an odd number.) 


b= 


(c) For this f we have 
g(z) = f(z + zo) = (2 + zo)" — c = (zo" — х) + (nzo)z +... ! 


(d) Suppose, for example, that —c = a + Bi with a, > 0. If 8" < a, then 
| — c — "| < |—c|. The same argument works for all other cases. 
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7. (а) 
k 
го) = Y! mae — a)" «(2 — za)". (а ак)" 
a=1 
k 
= У ma — a)" ...(z — Za) ...(z — ZR (Z —z9) | 
a=1 
k 
= @—@)"...(@—гЮ”"+*- У) male — za). 
a=1 
(b) If z1,..., 2% did all lie on the same side of a straight line through z, then 
Z —Z1,...,Z — zy would all lie on the same side of a straight line through 0. The 


same would then be true of тү "(= — Z1)... m, (z - 24), since mı, ... Mk > О. 
By Problem 25-11, this would imply that g(z) 5 0, a contradiction. 


(c) If z satisfied f'(z) = 0 but z were not in the convex hull of the set {21,..., zx}, 
then there would be a straight line through z containing the points z,,..., гк. This 
contradicts part (b). 


8. The proof is exactly the same as for real-valued functions defined on R. 


9. (a) Let zo = хо + iyo. Since 
f (Zo + z) — f (о) 


а +В = f'(zo) = lim 
2-0 2 


it must be true, in particular, that for real 5 we have 


ыг f (Zo + 8) — f (шо) 


oy Р = 2n д 
zum = +8) бә), бо +8) — - 
5—0 6 ô 
= g'(xo) + ih'(xo), 


so œ = g'(xo) and В = h’ (xo). 
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(b) We also have 
f (Xo + 81) — f(z) 


a+ip= him 7; 
— [im be +ô) = Ko) | ; O0 +6) — w | 
78-20 ói ói 
= 2 + l'(yo), 


so Г(уо) = о and K'(yo) = —-— 


(c) Part (b) shows that u and v are constant along horizontal and vertical lines. 


10. (a) ; : 
Гис (рки 
дүү ЭМ ил 
ТО) (a [ОН s G+ БЕ). 


(b) 
arctan% (0) = f &-U (0) 


NS ED 1 1 
21 (—1)* -8) 


ТУАН — 
= ai + (=! 


[If k is even, then arctan = 0. If k = 21 + 1, then arctan@+ (0) = (21)!(—1)!.] 
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1. (ii) Absolutely convergent. 
(iv) Absolutely convergent, since |1/2--1/2| = 42/2 « 1. 


2. (ii) The limit 
zl! /(n + 1) n 
e то | ИЕ 
n— oo |z|” /n n>œon +1 
is < 1 for |z| < 1 and > 1 for |z| > 1. 
(iv) The limit 
a (el Ge De 2) п+1+ 27"! 
lim ЗЭ im [2] 


п-»ОО |z|” (n + 27") noo п+ 2" 
is < 1 for |z| < 1 and > 1 for |z| > 1. 


3. (ii) Since 








= |z| lim -= — (by Problem 22-13), 


the radius of convergence 18 e. 
(iv) Since 
lim Nn? |а] 
n> Оо \/2 п 


the radius of convergence is 2. 


= |z| „ип -——— = — (by Problem 22-1(vi)), 


4. (a) Since lim. V/a"||z| = lim. */\a,z"|, Problem 23-7 shows that the series 
-» n 


У 20 o nz" converges (absolutely). 


(b) If lim. V |anz"| = 1 + £ for € > 0, then there are infinitely many n with 
n 
V lanz^| > 1+ 8/2, so |anz”| > (1 + 2/2)" for infinitely many л, so the terms anz” 


are unbounded. 


(c) Since the terms y |a,| are unbounded, the same is true for 4/|4д27| for z Æ 0. 
This is all the more true for |asz"|, so > 77 о anz” diverges. 


5. If z is on the unit circle, then |z"/n?| < 1/n?, so Y ^7 , |z,|/n? converges by the 
comparison test. 
The series Y 77 , z” certainly diverges for z = 1. If z # 1, then by Problem 2-5 


N N 


2:2 = 2. - | 


n=1 
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If lim у, z” existed, then lim z^" would exist, which is impossible, since 
М-»со -» ОО 


| = lim 27 would imply that zl = „іт zt = рогз = 1. 
N — oo N— oo 
The series У`?2 2" /n diverges for z = 1 and converges for z = —1. 


6. (a) We have the absolutely convergent series 
E 
sx» X 
k=0 

Theorem 23-9 holds just as well for complex series, so e* - e" is given by any sum 


containing all pairs of products. In particular, we can choose the Cauchy product 
ОО 
Žo Сп, Where 


| 
Me 
=| § 


n zk wrk 


= k! (n= k)! 





Cn = 


But this is exactly the power series for 


= п! 
since 
zk aynk 
(zw) lk 
n! E- n! 
n! скит 
emo n! 
К! (n — к)! 
(b) 


sin z cos w + cos z sin w 


еї 2 e iz el" дЕ e iw e + e İz el" 2 e tw 
eae ee ed 


ei (Z+w) ЭЭ e 2+1) 


= === = sin(z + ш) 
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COS z cos w — sin z sin w 
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Е еі = e iz el" + e iw ei + e İZ ei" 2 e i" 
i 2 2 2i 2i 


ей (2+) ES e itv) 


=—— = cos 
2; (z+ ш) 
7. (a) Since e" = cosy + isin y, the problem is just a restatement of Prob- 
lem 15-22. 
(b) | | 
16“551|-416"-е91-416"1-1сов у + i sin y| = [ех |. 


8. (a) If z Æ 0, then z = r(cos0 + i sin Ө) for some г > 0. Then exp(logr + i0) 


= Z. 


(b) We have sinz = w when 


2i 
(e)? — 2iwe® — 1 = 0, 


i; 2ш 4ш +4 
е  —_——— 


2 
= мш + у 1 — ш. 


This equation can always be solved for z, by part (a), since iw + 1 — ш 50. 


9. (1) We have 


22 zí 


о 
and if we write 


1 
—— = 1 t aoz? а +... 


COS 2 
then we find 
1 
5р 0 
a2 1 
d4 — 2! + 4! 0 
leading to 
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Непсе 


(ii) If we write 
У1-2-01-ан-а20-4-- 


Шеп 
1-2= 1+ 2412 + (2а + az +- 


so 2a, = —1 and 2a; + a4? = 0, hence 
jd 
vi-z=1-577 37 Tida 


Then if we write 








1 
=1+ +b +... 
15-52 
we have 
1 
b, —= =0 
2 
bj 1 
cx cl us 
058 
50 
м 
= -14-2 
41:22 2 8 


We could also get this from the binomial series (Problem 24-7), which holds for 


|2| < 1: 
(1—2) 1 =1+ Gels: + ve. E 


2221 (С1/2-12-1 5 
ан иж! 


Finally, we have 


1 3 
Е 12 EE ; 
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(iii) 
3 2 
2 
. Z ( 6 (z—-:-) 
sinz _ | = Oud i 
е (: g T )* 2 + 6 F 
3 2 4 3 
< 2 2 2 
=O Rp i 
2 4 
2 < 
cu pe ap 
50 
esinZ — 1 1 3 
СЕЕ, 
< t3 p 
(iv) We have 
g^. > 
loe(1 Eni i i eas 
og(1+z)=z 273 


(we know there will be some power series for log(1 + z), so it must be this one, 
since this works for z real). Hence 





2 3 
2 2 
Cle ee ин И 
og(1 — z) ыс С 
50 
4 6 
2 2 
106(1:-2225ү:2:22 д 
og(1 — z^) (os 
(v) 
3 5 3 5 
хере (зн, IN ES cR ЭР, 20" 15227 
iv: = (z 6 * 120 )(: 6 107 ) 
4 6 
ИЕ В дё 
22-315" 
50 
ne ч zo 
2o 3 45 
(vi) From (i) we have 
1 22 4 
QT Qt җылкы ды e 
COS Z ЭЛ СУ E 


SO 
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SO 





sin(z : ? 2 
(=) -(:-: к) (13) 


zcos?z 6 120 3 
1 
—-ibIra 4 lv +. 
2 
(vii) We have 
11 
z4— 27243 3 22*. g 
3 3 
_ 1 к 222 2“ " 27 2 " 
3 3 3 3 3 
SC Б» 
3 9 2 


(viii) We have 


1/2 1/2 1/2 
Иена sie (De (Da (а 
1 1 5 
2571-32-42 фе шушы uk cud 
+5 82 + 162 mg T 


$0 
1 1 
(2-0 131 2145 25523 CL 
: Ё 8° * 16^ 1282 * ) 
1 1 А | 1 3 
LED LN 
a6 52 t ) ‚ (с 52 t ) 
2 6 
21 20-01. р 1 Ld: 
ub. 8 8J* 16 16 48J- 
: 5 1 КҮ 
128 128 64)° 
1 1 з 4 
m + 482 64° + 
1 1 1 
= маан ie. 93 
-|е 2 48- 64* i 


10. (a) This follows from Problem 26-9 with yo = 0. 


(b) This follows from (a) by induction. 
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(с) Applying (b) we have, with a, = 1, for real х, 
n 
у `а&|й®(х) +16 (a) | = o. 
k=0 
Since 4? and 009 are real, the real and imaginary parts of the left side are 


n n 
У aua (x) and у; ayo (x), 
k=0 k=0 


so these must both be 0. 


(d) If a = b + ci is a complex root of z” + a4 z^ "+... +a = 0, then 
as in Problem 18-42, the function f(z) = е = е? coscz + ie? sincz satisfies 
(ж). So (assuming the а; are real) it follows form (c) that g(x) = е?* coscx and 
h(x) = е?“ sin cx also satisfy (ж). 


11. (a), (b) e? = ех = e*(cosy + isin y) = w means that ех = |w|, so x = 
log |w], and y is an argument of w. In particular е^! = ех НУ! if yo and y, are 
arguments for w (for example, e? = е?7'), so exp is not one-one. 


(c) Suppose that there were a continuous function log defined for |z| = 1 such that 
exp(log(z)) = z for all z with |z| = 1. Then we could write log(z) = a(z) + iB(z) 
for continuous real-valued functions œ and В. We must have a(z) = О for |z| = 1, 
and В(2) an argument of z for |z| = 1. This contradicts the fact that there is no 
continuous argument function. 


(d) If 0 is an argument for a, then one logarithm of a is 
log |а| + 10. 


It is easy to see that 
етПов |a| +10] 


is indeed the product of е!0в lali? with itself m times, i.e., а”. Moreover, any other 
logarithm of a is 
log |а| + i0 +1. 2kz 
for some К, and 
elog (01440-4-2Кл | =q". е2Ктлї 
zu. since т is an integer and е2" = 1. 
(e) As we know from the proof of Theorem 25-2, the п? roots of a have absolute 
values «|a| and arguments 


1 
—(0 + 2kr)i, От 
п 
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50 Шеу аге 
els Vialt+;(O+2kx)i — о. [loglal+(0+2kr)i} к=0,...,п—1. 


The logarithms of а consist of 
log |а| + (0 + 2kz)i. 


So a™/" consists of all values 
e » По8 la|-- (0 -2kz )i] 


where we can clearly consider only К = 0,...,n — 1. Then these numbers are Р” 


for 


bes ел [log |а|+ (6 -2kzr)i] 


1.е., for b an nth root of а. 


(f) The logarithms of a are 
istara: | 2kzi, а > 0 
og la 

Ё (k+ Dri, а <0. 


So the values of a? аге |а|? times the numbers 
orkbni (or genie! | 


Since b is irrational no two exponents differ by an integral multiple of 277, so all 
these numbers are distinct. 


(g) The logarithms of i are numbers of the form i(2km + 2/2), and the values of i! 


are the real numbers 
e ОКл-л/2) 


(h) 17 has the values е' 2579) = e—?*7, The logarithms of these real numbers have 
the values —2k7 --21л1. So (1')' has the values 
gi? ni) - e ^. 


But 17! has only the values e 0579 = 1, 


(1) The elements of a’ are е?сЁ, where 2 15 a logarithm of a, so that 
g 
= 4а. 


But then 

еб? 22 (е2)? 22 a’, 
so bz is a logarithm of a^, so е?С2 = е?2С is an element of (a”)°. It is not generally 
true that а?С = (a^) N (а9)?, attractive as that hypothesis might seem. It fact, part 
(h) shows this is false when a = 1, b =c =i. 


12. (a) |x - i| = 1+ x?, and an argument for x +i is arctan 1/x = л/2 — arctan x, 
while an argument for x — i is arctan(—1/x) = — arctan 1/x = — (7/2 — arctan x). 
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(b) From part (a) we obtain 


1 1 
= llog(x — i) — log(x D] = 5: - 2i (5 — arctan x) 
= arctan x — л/2, 


which differs by a constant from the usual answer, arctan x. 


13. (a) Since a, — ат = (bn — Dm) + i(Cn — Cm), we have |Б„ — bm| < lan — am| 
and |с, — ст| < lan — aml, so {bn} and {cn} are Cauchy if {an} is. Since we also 
have |а, — am| < |bn — Вт| + |с, — cnl, it follows that {an} is Cauchy if (Р, } and 
{сп} are. 


(b) If {аи} is Cauchy, then {b,,} and {сп} are, so {b,} and {c,} converge to œ and В, 
respectively. Thus {аһ} converges to a + ip, by Theorem 1. 


(c) The hint is the answer. Since Cauchy sequences of complex numbers are the 

same as convergent sequences of complex numbers, there is a Cauchy criterion for 

convergence of complex series: У`?0 а, converges if and only if lim |а + 
m,n-—oo 


...Нат| = 0. Now write down the proofs for the first halves of both Theorems 23-5 
and 23-8, interpreting all numbers as complex numbers. 


14. (a) We have 


п-1 
У el = el* | У (е?) 
К--0 


11: етх 


] — eix 





еїтх/2 . e inx2(1 2 етх) 

2 el. g-ix[2(] — еіх) 
—тх/2 _ „їпх/2 

— „їх/2„їпх/2 е 221 
= e e ae ee дог оос 

e i*/2 — gix/2 


sin (Zx) 
— е("+1х/2 , 2 
- ar 
sin — 
2 


by the formulas on page 555 of the text. 
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(b) The real and imaginary parts of this equation give 


sin (Fx) РЕ ) 
——À — -cos Бо: 





С05Х-4-:---4-0050Х = x 
sin — 
2 
sin (7x) 1 
sinx +++ +sinnx = 24 sin (= 3l 
51 7 


To transform the first, we note that by Problem 15-14 we have 


1 23 1), —[—= 
2sin (Za) cos (HE) = si {тшшн РА (" ын п) 


= sin(x + ix — sin > 








50 
. /n 1 ЭР. 
sin (24) " (" + Ч) Е sin(n + 5)х — sin 5 
EE 2 = 2023 
sin — 2 sin — 
2 2 
sin(n + ix 1 
2 sin - 2 
2 
15. (a) 
1 
IEEE аг GLA BUG MET аа =, 
An+1 An+1 An+1 Fn 
(b) If r = lim r, exists, then 
n> оо 
1 1 1 
г = lim м = lim 1+— =1+-— mb 
noo n— oo Үл lim r, r 
п>о 


sor—(1+ 45 )/2 (clearly r > 0). To prove that the limit actually exists, note that 
Ши, < (1+5) /2, then r,* —r, — 1 < 0, so 





2rn +1 
Tn < = Гп-+2. 
га +1 
Thus лу < r3 < rs <... < 2, so lim рпф exists. Similarly, lim r5, exists. 
n> оо n> ОО 


Moreover, the equation 7,42 = (2r, + 1)/(r, + 1) leads, as before, to the fact that 
both limits are (1 + М5) /2. 
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(с) The limit 


lan41Z 


n00 janz") 000 2 аһ 


is < 1 for | < 2/(1+ М5) and > 1 for |z| > 2/(1+ V5). 








сэр. lim +1 = 45 
EL 


12| 


16. (а) 











ered. Me ae. dare? xu 

e*—1 (e*-Deé l-e 6-1 
These formulas show that z/(e* — 1) = —z/2+h(z) where Л is even. Consequently, 
the power series for h contains only even powers of z. Thus —1/2 = b; is the 
coefficient of z in the power series for z/(e* — 1), and b, = 0 for odd n > 1. 











(b) If n > 1, then the coefficient of 27 must be 0. But this coefficient is 7-5 (7)bi. 


(c) 
COS Z (е + е2) [2 
sinz ^ (еі — e-iz) 21 
—2iz е212/2 ү e 9 
2 е212/2 — g-2iz/2 





e Боп n Zn 
= Sane 


n=1 


(d) From the formula tan 22 = 2 tan z(1 — tan? x) (Problem 15-9) we have 


1 — tan? z tan” z 





cotz —2cot2z = — — = tan z. 


tan z tanz __ tanz 


(e) 


tan г = cotz — 2cot 2z 


= Рон n42n ,2л-1 = bon n^2n 227- 1 
1) "2 1)"2 
=) оп) po ws -2. олу! jy 


= Y (—1у712(0" — pst, 
n=1 ( п)! 
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17. (a) Applying (ж) to f we obtain 
(k+n) 
f9 +10) – у®(х) = узраш 3 2 


Thus 
(k+n) 
у pb a D т9л. 


“05 


The coefficient of f D (x) is bg/0!1! = 1. The coefficient of f (x) for j > 118 
7-1 1-1 
= 0, Бу Problem 16(b). 
ag uz (0) ý 


(b) 
/' 0) ++ f'n) = > [f(x + – r^c) 


х=0 \k=0 


-Mu н +1) – f@)] 


=>. ГС + 1) – fP ON. 


рии: 


(c) Let f be a polynomial function with f’ = g. Then f(n +1) — f(0) = bm 8. 
Since bo = 1, part (b) becomes 


n+1 ОО 
£0) ees = | ear Aiea + D - £70) 
К-1 ^" 


(d) g(x) = pIxP-* /(p — k)! for < p, so part (c) applied with n — 1 instead of 
n gives 


pt, 


п-1 n+ 
КР — Pd p-k41 
2, o i ты n 


T1 
- пр+! 45 * ( р ам 
k : 


р+І 4+ k\k-1 





Thus 





n "TAE РН р р "T 
) КР = шиг йг („г yr 
k=1 р +1 | І 


1 
ў р+ b 


k —k+1 
Ее 
рт А \k 
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18. (a) Clearly 9д,(0) = bn. If n > 1, then 


Ип "ү үп п п 
аг 0-4 08 «Cl 
24 | 24 ; k n—k 
n—1 


e 


= пф, _1(х). 


To prove the last equation, note first that 


1 1 
0:1-3)-01-3У-01-3)4с-х7-25-41-14546 


=x? xc cdi. 
Now suppose that ф, (х) = (—1)"¢,(1 — x) for some п > 1. Then the function 
g(x) = ф,+1(1 — x) satisfies 
8 (x) = —on4i (1 — х) = —(n + 1)ф„(1—х) 
= (-1)** (n + 1)ф, (х) = (—1)" F'n (x). 


Moreover, 8(0) = ¢n41(1) = Раны = фл+1(0), so g(x) = (-1)" 1,441 (х) for 
all x. 


(b) Substituting from (*) we have 
N N N—k p¢(k+n) N 
bk (k) (k) bk f (x) by k 
24017 (x1) - f = уй “наан (x). 


The coefficient of f'(x) in the double sum is bo/O!1! = 1. For 1 < j < М, the 
coefficient of f(x) is 


1-1 by 
У ————~ =0 Бу Problem 16(b). 
— KW — k)! 


(c) The term Ry. 4^ (x) is the remainder Ry kx (x + 1) for the function f (0. Thus 


x41 ¢(k+N—-k+1) 
в | f (t) 


“aN Dl Y + 1- 1)" dt. 
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50 


24 5 br n ¢(N+1) 
D —k K(x) = | Lm 1 t7? / (t) dt 


_ [^ фм 1 — 1) 


n; РОМ (р) dt. 


(d) From parts (b) and (c) we obtain 


N 
Го) +. + /'(х+п) = у LPOG + +1) – 186) 


ko K 


х 


Applying this to g = f’ we obtain the desired formula. 


(e) If t is in [x - j, x--  - 1], then x—t isin [—j—1, —j]. Therefore, by definition, 
VuN(x — t) = óu(x t j +1 1). 


19. (a) Apply Problem 18(d) with g = log, x = 1, n — 2 for n and N — 2. We 
obtain 


log(n — 1)! = log 1 + --. + log(n — 1) 
4 bi bz 1 
= logt dt + 7 (logn — log D 7, --1 
1 21 \п 


TE "Чч 20 3d 


i ] (1 n W(t) 
= 1 єй —|--1 dt 
| og bit )* | 212 


1 1 /1 t 
=nlogn -n1- юл + 15 (1-1) + | "Od 








(b) Consequently, 


1 1 t 
logn! = login — 1)! + logn = (л + ют" m | "NO 





t. 


So 





n! "yx, 
log (аник) 1 E = G ‚ 2? an 
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(c) Since y», is periodic, it is bounded. Thus Ih V2(t)/2t? dt exists, since 
ЇГ 1/t? dt exists. So we have 


п! 11 5° palt) © palt) 
o(a) 1; + | get e 

















11 © Wot 
eee yat) 
12 J, 2? 
ОО 
t 
= logo — уг) dt, 
„ 2? 
or 
n! 5° р) 
log (carer | = — dt. 
апп *1/2e-nt1/12n Я 212 


(4) Part (с) implies that 





| ын t n! 
пеш БҮР at = lim tog (sate) 
SO 
ЕЕ ызы мй Е 
noo (уп! +1/2е—п+1/12л — п-»оо gg 1/29 
Thus 


| m 08 =l 
2-0 a2n2ntle—2n — 
Replacing п Бу 2n and taking square roots we have 
(2n)! Ш 
эг о(2пула1/2е-2н  ' 
50 
ji (ny)? 22л 
im ———.— 
noo (2n)! J/n 


2п+1 e ^" 22п 


AJ Л == 
| о?п 
= lm — 


п2?л+1/2 Jn 22" 
=a lim 


п-»ОО 22n A2 g2 12 п 
a 


v 


(e) By Problem 18(а) we have фз’ = 24». Also фз(0) = b3 = 0, and 
фз(х) = —$3(1 — x), 
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from which it follows Ша 
фз(1) = 0 
$з(5) = 0. 


It follows immediately that 
1/2 


1 
p(t) dt = | hdt =0. 


Clearly 
>0 Їог0«х«1/2 


ie = | үа: E for 1/2 <х <1, 


with y(n) = 0 for all n. 





Moreover, w(x) = —w(1 — x) on [0, 1], since y = $3/3, so 
x 
(x)= | ф(04:»0 оп 10, 1], and hence everywhere, 
0 


и 


and V (n) = О for all n. Now we have 


ОО 1 Е П ia CO _ 1 
| 0 aa dt = 40-55] +] Vo) 5 di 





e rs 1 
-| V - 5 di 


1 


= v(t): 3 


ОО оо _ 1 
8 |, : t 





(f) The minimum of ¢2(x) for x in [0, 1] occurs at x = 1/2, where ф(х) = —1/12, 
and the maximum occurs at x = 0 and x = 1, where ¢2(x) = 1/6. Clearly 


99 Wot EE ї ca 1 
| Yatt) е < | аи < | даг. 
л 2? x. 2? л 122 12n 
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(2) From parts (с) and (4) we have 


1 п! 
ET © log ( x ou) <0 


ВЕ п! 
е 1/12л z <1 


Рт n”+!/2e7"+1/12n 


т n^ *12657n < п! < Ат n^ *1265-7n*lfl2n. 


SO 


Or 
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СНАРТЕК 28 


1. It is clear that a +b = b +a, since the table for + is symmetric. Clearly a +0 = a 
for all a, and condition 2(ii) is satisfied because each row in the table contains 0. 
To check that (а + b) +c = а + (b + c) it suffices to consider only cases where 
a,b,c #0. Because x + у = y + x, this equation clearly holds when a = c. This 
leaves the cases 

(+b) +2=1+(Ь +2), 

(2+b)+1=2+(b+1), 
which are equivalent to each other, either of which can be checked by letting b = 1 
and 2. Conditions (4)-(6) are checked similarly. Finally, (7) is clear if a = О or 1. 
For a = 2 we can assume b,c # 0 and the condition is clear if Р = с = 1. This 
leaves only the cases а = 2, b = 2, с = 2 and a = 2, b = 1, с = 2 anda = 2, 
b = 2, c = 1, the last two being equivalent. 

Е cannot be made into an ordered field because 1 = 12 would have to be positive, 

but 1+14+1=0. 


2. F will not be a field because we will have 2-2 = 0. 
3. As in Problem 1, conditions (2), (3), (5), and (6) are clear. Condition (1) can be 
checked case-by-case. To check (5) we can assume that а, b, c Æ 0,1. This leaves 


only the cases (о • B) + м = (о • В) -œ and (о • B) B = о • (В • В). 


4. (а) а+а=а: (1+1) =а·0 = 0. 
(b) 0 = а-!.0 =a} (a +a) = 1+1. 


5. (а) The assertion is obvious when п = 1. Suppose it is true for п. Then 


A+.. f+---+1): (1+...+1) = (1+.. 14-41). (114--41141) 


т MERI n+1 times m С п times 
-(14--41)-(14- EDT +1 +1) 
m times л times т о 
= 1) = 1 | 
= (1+. +++. +1 +1)= 1+...+1 
mn times m o ea тп+т=т(п+1) 


times 
(b) If m were not prime, so that т = kl for some k,l < т, then 


0-114--41)-114--41). 14-41 +0 =а:Ь. 


m=kl times k times Т шш times 


Therefore either a = 0 or b = 0, contradicting the assumption about т. 
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6. (a) If this were not true, then Р would have infinitely many distinct elements, 
namely, those of the form 


for all n. 


(b) Suppose m > n. Then 
14--41-0114--41)-1(14--41)-0. 
Å —— —MÀ— —M—M 


m—n times m times n times 


7. The solutions are 
x + (ad = Bb) - (ad = bc), 
у = (ac = Ва) • (bc = ad)". 


8. (a) One, namely 0. 


(b) If a has one square root b, then it also has the square root —b. Moreover, if 
c? = a = b?, then (c — b)-(c +b) = 0, soc = b or c = =b. Consequently, b and 
—b are the only square roots; these are distinct precisely when 1 + 1 0. 

9. (a) isa straightforward check 

(b) In part (a), the symbol 2 means 1 + 1, which is 0 in Р; the solution in part (a) 
is correct only if 1 + 1 5 0. 


10. (a) Most conditions require only a straightforward check. The element (0, 0) 
will play the role of 0 and (1, 0) will play the role of 1. To verify 5(ii), note that if 
(x, y) Æ (0, 0), so that x Æ 0 and у Æ 0, then x? ~ ay? 40, since a does not have 
a square root. Then 


(х, у) © Gar wa) = (1,0). 


x? — ay?’ x? — ay? 


(b) is a straightforward check. 


(c) (0, 1) is a square root of a. 


11. (a) The inverse of (a1, a2, a3, a4) is 


where у = aj? + a2? + аз? + a4”. 
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(b) Each entry in the following table is the product а - b where а is on the left and 
b is above. 





[If we denote 1, i, j and К by vi, v2, v3, and v4, then the definition of multiplication 


can be written 
4 4 4 
(Уа) s (Lev) = 2: a,b; (vj vj). 
i=1 j=! 


i,j=1 
This allows a simpler proof that multiplication is associative, by first checking that 
it is associative for +1, ti, +], +k.] 


СНАРТЕК 29 


Since the detailed examination of other constructions of the real numbers was 
recommended only for masochists, detailed answers to the two problems in this 
chapter will not be given. 
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СНАРТЕК 30 


1. (а) f(0) = fO +0) = /(0) + / (0), so f(0) = 0. Since f is ап isomorphism 
and 0 Æ 1, it follows that f(1) 5 0. Consequently, the equation f(1) = f(1-1) = 
РО) • Га) implies that /(1) = 1. 

(b) 0 = f(0) = f(at+—a) = f(a) + f(—a), so f(a) = —f(a). Similarly, 
1= f(1) = f(a-a™) = f(a)* f(a“), so f(a) = f(a). 


2. As an example, a proof for (a) will be given. If а? + 1 = 0 for some o in Fj, 
then by Problem 1, 0 = /(0) = f(a? +1) = f(a-a) + f(1) = f(a)* 1, so f(a) 
is a solution of the equation x? + 1 = 0 in F}. 


3. (1) If x Æ y, then f(x) = f(y), so gCf(x)) з 8(f(y)), so (ёо Ј)(х) x 


(8 o P)O). 
(2) If z is in F}, then z = g(y) for some y in Fz, and у = f(x) for some x in F}. 


Then z = (g о f)(x). 
(3) 


(во f)(x + у) = #(/(х + У)) = #(/(х) + fO) = 8(7090)-44(70)) 
= (во f(x) + (8 ° P)O), 
(во f)x-y) = g(f(x-y) = 5 (ГОО). /(у)) = 8aCf Go») - 8Cf 
= (g о f)(x)- (во f)(y). 
(4) If x < y, then f(x) < f(y), зо g(f(x)) < 8Cf D), i.e., (во f)(x) < (во P)O). 


4. g lof is ап isomorphism form В to R, sog !of = І, 50 в = f. 


5. Let f(x +iy) 2 x — iy. [Since i? = —1 we must have f(i)? = f(—1) = —1, 
so f(i) = i or —i, which suggests the answer. This particular isomorphism is 
the only one, aside from the identity, which any one can write down, but there are 
actually infinitely many others. This is one of those facts which requires, aside from 
a knowledge of algebra, some of the sophisticated theorems from set theory which 
will be found in references [8] and [9] of the Suggested Reading. | 
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